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Abstract

Let D(p, q) be a digraph. A function 7:V — {1,2,3,..., p + ¢} 1s said to be an in degree

prime labeling of D if at each v e V (D), ged [f(u), f(v)] =1V ; e E(D). In this paper, we
investigate in degree prime labeling of some special directed graphs. We prove that the directed

graphs such as Instar 1k, , Inwheel 1w,, Upcomb U, (P, @ kK;) and Incrown I(C, ® K;)

graphs admit Indegree prime labeling.
1. Introduction

All graphs in this paper are finite and directed. A finite graph is a graph
G (v, E) in which the vertex set and the edge set are finite sets. A directed

graph D(V, A) is an ordered pair of set of vertices (nodes) v (D) and the set
of arcs (directed edges) A (D). Any arc (x, y) 1s a directed edge from x to y.
The pair (x, y) is an ordered pair in which the first component (initial vertex)

x is called the tail of the arc and the second component (terminal vertex) y is
called the head of the arc. A digraph D is a Strict Digraph if it has no loops
and no two arcs with the same end vertices. Throughout this paper we
consider only strict digraphs. A digraph D with p vertices and q arcs is

denoted by D(p, q). The indegree 4 (v) of a vertex v in a digraph D is the
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number of arcs having v as its terminal vertex. The outdegree d* (v) of v is

the number of arcs having v as its initial vertex [6]. A graph labeling is an
assignment of integers to the vertices or edges or both subject to certain
conditions. The notion of a prime labeling originated with Entringer and was
introduced in a paper by Hameeda Begum N. Tout, R. Rubina and M. I.
Jawahar Nisha Dabboucy and Howalla. A graph with vertex set V is said to
have a prime labeling of its vertices if its vertices are labeled with distinct
integers {1, 2, 3, ...|V |} such that for each edge xy, the labels assigned to x

and y are relatively prime [4].

2. Preliminaries

For the following preliminary definitions we refer [1] and [5]

Definition 2.1. Let D(p,¢q) be a digraph. A function

f:V > {1,2,3, ..., p+q} 1s said to be an indegree prime labeling of D if at

—

each v e V (D), ged [f(u), f(v)] = 1Vuv e E(D).

Definition 2.2. A star graph K in which all the edges are directed

1,n

towards the root vertex is called an Instar and is denoted as K , .

Definition 2.3. A wheel graph w, in which the edges of the outer cycle

are directed clockwise or anticlockwise and the spoke edges are directed
towards the central vertex (Hub vertex) is called an In wheel and is denoted
by w, or 1(C, © K, ,).

Definition 2.4. A comb graph P, ® Kk, in which the path edges are

directed in one direction and the pendent edges are oriented away from the

end vertices is called an Upcomb and is denoted by U , (P, © K).

Definition 2.5. A crown graph ¢, © kK, in which the edges of cycle are

directed clockwise or anticlockwise and the pendent edges are directed
towards the cycle is called an Incrown and is denoted by 1(C, © K,).

For the following remarks we refer [2]

Remark 2.6. 1 is relatively prime with all natural numbers.
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Remark 2.7. 2 is relatively prime with all odd natural numbers.
Remark 2.8. Any two consecutive natural numbers is relatively prime.
Remark 2.9. Any two consecutive odd natural numbers is relatively
prime.

3. Main Results

Theorem 3.1. Instar IK | ,(n > 3) admits Indegree Prime Labeling.

Proof. Let D be an Instar IK,, with  vertex  set

V(D) = {v, vy, vy, vg, ..., v, }, Where v is the root vertex and the arc set be

—_— — — _—

E(D) = {vyv, vgv, vgv, ... , v, V}.

Then the Instar K, , is as in figure 3.1(a)

R V.,
Figure 3.1(a). Instar &, ,.

Here p=n+1,¢q=n. So, p+q=2n+1. We define a function

f:V > {1,2,8, ...,2n+1} by f(v)=1 and f(v;) =i+ 1,1 <i < n. Indegree

ofvis n, d (v) = n. Indegree of v; is zero, d (v;) = 0, V1 < i < n.

—_—

Then by remark 2.6, at v e V(D), ged [f(v;), f(v)] = 1, Vv,o € E(D), since

ged [ +1,1]=1V1 <i < n.

Therefore, In view of the above labeling pattern, it is evident that the

Instar Ik, , admits an In degree Prime Labeling.
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Illustration 3.1.1. Indegree Prime Labeling of ¥, ;, is shown in Figure

3.1(b)

12,

11e

10

Figure 3.1(b). Instar K | ,, .

Theorem 3.2. In wheel 1w, (n > 3) admits Indegree Prime Labeling.

Proof. Let D be an Inwheel 1w, with the vertex set

V(D) = {v, vy, vy, vg, ..., v, }, Where v is the central vertex and the arc set be

_ — — _

E(D) = {vyv, vgv, vgv, .. , v, 10, 0,0 U {vy0y, Vgvg, UgVy, ... , U, 1V, , U, 0y}

—_—

In general, E(D) = {v,v/1 <i<n}U{v;u,,, /1 <i<n-1,0,0,}.

Then the In wheel 1w, is as in figure 3.2(a)

Vis1

Vi

Figure 3.2(a). In wheel w .

Here p=n+1,9q=2n. So, p+q=3n+1. We define a function

f:V > {1,2,8,...,3n+1} by f(v) =2 and f(v;) =2i-1,1<i < n.
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Indegree of vis n, d " (v) = n.
Indegree of v, is 1, d " (v;) = 1, V1 < i < n.

Then at v c V(D). ged [£(v;), f(v)] = ged [2i ~1, 2] = 1, ¥ v;0 < E(D), where

1 < i < n. (by remark 2.7)

Also at v, e V(D) for 2<is<n;ged [f(v;_;) f(v;)]=ged [2i-3,2i-1]=1,

13

Vv, ,v; € E(D), where 2 <i < n (byremark 2.9).

Also at v, € V(D). ged [f(v,), f(v,)] = ged [2n —1,1] = 1, 0,0, € E(D), (by

remark 2.6).

Therefore, in view of the above labeling pattern, it is evident that the

Inwheel 1w, admits an Indegree Prime Labeling (irrespective of n being odd
or even).

Ilustration 3.2.1. Indegree Prime Labeling of w,, is shown in Figure

3.2(b)

Figure 3.2(b). In wheel 1w ;.
Theorem 3.3. Upcomb U , (P, © K,) admits Indegree Prime Labeling.

Proof. Let D be an Upcomb U ,(P, ® K,) with the vertex set
V(D) = {vy, Vg, Ug, coe s Uyy Uy, Ug, Ug, .o s Uy ), 1e., V(D) = {v;, ui/l <i < n},

where v, represents the vertices of the path and u; represents the pendent

vertices corresponding to each v, respectively and the arc set
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E(D) = {vyvg, vgUg, VgV, .., U, 10, } U {uqgvy, ugvy, gvg, ..., Uy, 10, 1, U, V,}

—_— _—

ie., E(D) = {v;u; /1 <i<n-1}U{uv;/1 <i<n}.
Then the Upcomb U , (P, © K,) is as in figure 3.3(a)

Vi v, Vs Va . : Y V2 Vo v

=
=4
=

1 2 3 Vs u, u . Una u,

Figure 3.3(a). Upcomp U , (P, © K ).
Here p =2n,g =2n-1. So, p+q =4n-1. We define a function
f:V 5> {1,2,3,...,4n -1} by f(v,)=2i-1,1<i<n and f(u;)= 2i,

1 <i<n Indegree of u; is 0, d (u;) = 0. Indegree of v, is 1, d (v;) = 1,

since u;v; 1is the only arc giving indegree to v,. Indegree of v, is

_—

2,d (v;) =2, V2 <i<n, since v, ;v; and u;v; for 2 <i < n, are the only
two arcs giving indegree to v,.

_—

Then at v, € V(D), ged [f(uy), f(v;)] = ged [2,1] = 1, uyv, € E(D) (by

remark 2.6).

Also at v, e V(D) for 2<i<n,ged [f(v; ;) f(v;)]=ged [2i-3,2i-1]=1,

13

Vo, v, e E(D), where 2 <i<n. (by remark 2.9) and

_—

ged [f(u;), f(v;)] = ged [2i, 2i ~1] =1, Vu,v; € E(D), wWhere 2<i<n (by
remark 2.8).

Therefore, in view of the above labeling pattern, it is evident that the

Upcomb U , (P, ® K,) admits an Indegree Prime Labeling.

Illustration 3.3.1. Indegree Prime Labeling of U ,(P;; ® K,) is shown in

Figure 3.3(b).
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Figure 3.3(b). Upcomb U , (P}, © K).

Theorem 3.4. Incrown 1(C, ® K,) admits Indegree Prime Labeling.

Proof. Let D be an Incrown 1(C,®K,) with the vertex set
V(D) = {vy, vy, Vg, ... , U, Uy, Uy, Ug, U, }, l.e., V(D):{vi,ui/lsiSn},
where v; represents the vertices of the cycle and u, represents the pendent

vertices corresponding to each v, respectively and the arc set

S Uy U, 1, U, U, )

E(D)={v vy,0903,0g0,,...,0, 10,,0, 0 U{ujv;,ugvy,ugvyg,..

<

iLe., E(D)={v,u;,,, /1 <i<n-1,v,0,}U{u;v,/1 <i<n}.

Then the Incrown 1(C, ® K,) is as in figure 3.4(a)

Figure 3.4(a). Incrown 1(C, ® K,).

Here p=2n,g=2n. So, p+q =4n. We define a function
f:V > {1,2,8,...,4n} by f(v;)=2i-1,1<i<n and f(u;) = 2i,1 < i < n.
Indegree of u; is 0, d (u;) = 0. Indegree of v, is 2, d (v;) = 2, V1 < i < n.
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-

Since v;_jv;

; and u,v; are the only two arcs giving indegree to v,, for
2 <i<n and v,v; and u,v; are the two arcs giving indegree to v, .

_—

Then at v, € V(D), ged [f(v,,), f(vy)] = ged [2n - 1,1] =1, Vv,v; € E(D)

(by remark 2.6).

_—

Also at wv; e V(D), ged [f(u;), f(v;)] = ged [2i, 20 —1] = 1, V u;v; € E(D),
where 2 <i <n. (by remark 2.8) and at v, € V(D), ged [f(v;_1). f(v;)]
= ged [2i - 3,2 -1] =1, Vv, v; € E(D), (by remark 2.9).

Therefore, In view of the above labeling pattern, it is evident that the
Incrown 1(C, ® k,) admits an Indegree Prime Labeling.

Ilustration 3.4.1. Indegree Prime Labeling of 1(C;; ® K,) is shown in

Figure 3.4(b)

32 4

28

26

24

20
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Figure 3.4(b). Incrown 1(C,; © K,).

4. Conclusion

It is very interesting to investigate the directed graphs and its families
which admit indegree prime labeling. In this paper we have proved that the
Instar 1k, ,, Inwheel w,, Upcomb U , (P, © K,) and Incrown 1(C, © K,)
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graphs admit the Indegree prime labeling. To investigate similar results for

other families of directed graphs is an open area of research.
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