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Abstract

In this paper, we define bi-periodic Mersenne sequence and bi-periodic Mersenne-Lucas
sequence. The Binet’s formula and generating functions for these sequences are given. Some of
the identities like Cassini, Catalan and d’Ocagne and some related formulas are given.

Introduction

In [6, 7, 8], we can notice many different varieties of sequences whose
applications take part in many fields of science and arts. In 1988, Horadam
introduced Jacobsthal and dJacobsthal-Lucas sequences [5]. In [6], he
demonstrated the properties of the same in detail. In [7], Khoshy elaborated
Fibonacci and Lucas numbers. In [4, 10], Edson and Yayenie defined the bi-
periodic Fibonacci sequences. In [1], Bilgici defined the bi-periodic Lucas
sequences and also, he found some interesting properties of sequences [2, 3,

9], these results have motivated as to work on this area.

Now, in this paper we define bi-periodic Mersenne and bi-periodic
Mersenne-Lucas sequences. We will then proceed to find the generating
functions as well as Binet’s formula. Some of the identities like Cassini,

Catalan and d’Ocagne and some related formulas are given.
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Method of Analysis

The bi-periodic Mersenne sequence is defined recursively by

if nis even

3am,_1 —2m,,_o
m =
n if n1s odd

3bmn,1 — Zmn,z
The first few elements of the bi-periodic Mersenne sequence are

mg =0, m =1, myg =3a, mg =9b -2 my = 27420 —12a,
ms = 81a%b%54ab + 4, mg = 243a°b? — 216a%b + 364, ...

The bi-periodic Mersenne-Lucas sequence is defined by

n

309Mm,, 1 —29M,,_o if niseven > 9
n
3aM, 1 —29M,,_o if nisodd

The first few elements of the bi-periodic Mersenne-Lucas sequence are
My = 2, My = 3a, My = 9ab — 4, My = 27ab — 18a, M, = 81a2b?
—72ab + 8, My = 243a°b? — 270a%b + 60a, Mg = 729a°b> — 972a%H>

+324ab + 16, ...
The recurrence equation for the bi-periodic Mersenne sequence and the
bi-periodic Mersenne-Lucas sequence are given as
x? - 3abx + 2ab = 0

3ab + V9a2b% — 8ab 3ab — V9a2b% — 8ab
and B = 5

with roots a = 5

The Binet’s formula for the bi-periodic Mersenne sequence and the bi

periodic Mersenne-Lucas sequence are
al—e(n) (an _ BnJ
nll a-B
(ab)LZJ

m, =

and
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e(n)
a n n
n+1J (a +B )

m, =
(abﬂT

where |[a] is the floor function of a, and e(n)=n - 2[% J is the parity
function.
The bi-periodic Mersenne sequence satisfies the following relations
Mg = (9ab — 4)m, 9 — 4my,
m, +2m, o = 3a1_€(")b€(”)mn_1

Also, o and B satisfies the following properties

o+ B = 3ab, off = 2ab

2 2
_97 o 5 _ BT
Bu—-2="—r,30-2= "7

(30-2)(3p-2) = 4

200 = (3o — 2)B, 2B = (3B — 2)a
The generating function for the bi-periodic Mersenne sequence is given by

x + 3ax? + 2x°
m(x) = 5 1
1-(9ab — 4)x* + 4x

The generating function for the bi-periodic Mersenne-Lucas sequence is
given by

M(x) = 2 + 3ax — (9ab — 4)x? — 6ax>
1—(9ab — 4)x? + 4x*

Main Results

Theorem 1. For any integer n > 0, we have
mg, Mo, = My,
Proof.
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al—e(2n) a2 B2n ae(Zn) on on
mo, My, = tg_nJ o—B {Q,H_IJ a” +B )
(ab)- * (ab)- 2
~ a—e(Zn)+e(2n)(a4n _ B4n _ g2ng2n 4 o2n Zn)
2n | | 2n+1
O A
~ al—e(4n)(a4n _ B4n) =

4n

@) ha-p
Theorem 2. For any integer n > 0, we have

2n
_ Myp+1 — 2

mo, Moy 41 =

ab
Proof.
1-¢(2n) 2n 2n e(2n+1)
_a a™ —PB a 2n+1 | p2n+l
Moy Mopi1 = {2_nJ ( a-B ) t2n+1J B )
(ab)- * (ab)-
al—e(Zn)+e(2n+1)(a4n+l _ B4n+1 _ OL2n+1B2n " dan2n+1)

4n+2

(th)L ? J(OL—B)

al—e(4n+1)(a4n+1 _ B4n+1) ~ al—e(Zn)+e(2n+1)a2n _ BZn(a _ B)

4n+1 ab)2 (g —
@) T aop (ab) e p)

2n
_ Mgy —2
ab

Theorem 3. For any integer n > 0, we have
2
Mo, Mopio = Mypye — 3a(27").

Proof.
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a1—€(2n) (oczn—ﬁsz a€(2n+2) 0L2n+2 B2n+2)

mopMop iy = f_nJ o—p t2n+3J *
(ab)-? (ab)- ?
al—e(Zn)+e(2n+1)(a4n+2 _ B4n+2 _ OL2n+2B2n " OL2nl32n-¢—2)
: Biey
(ab)- 27t 2 Ya-p)
a175(4n+2)(a4n+2 _ B4n+2) a2 2n(a2 _ B2)

4n+3 4n+3

(ab)t ? J(OL—B) (ab){ ? J(cx—B)

a(2)?"(3ab)
= Mypi9 — T

2
= My, — 3a(2)™".

Theorem 4. For any integer n > 0, we have

m2n—1m2n+1 = My, — 3a(2)2n—1.
Proof.
1-€(2n-1) 2n-1 2n-1 e(2n+1)
_a o -B a 2n+1 | p2n+l
Mo, 1Moy = th_lJ ( a—B J {2n+2J +B)
(ab)- * (ab)- *

al—e(Zn—1)+e(2n+1)(a4n _ B4n _ 0L2n+1B2n—1 " 0LZn—IBZrHl)

4n+1

(ab)t ? J(<>t—l3)

a1—6(4n)(a4n _ B4n) aaZn—IBZn—l(a2 _ BZ)
- (ab)*"(c. ~ B)

(ab){ 2 J(cx ~B)

B a(2)2"_1 (3ab)
ab

= My,

= my, — 3a(2" L.

Theorem 5. For any integer n > 0, we have
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n
m2n9312n =mg, — 2 my,.

Proof.
oy = S (B g
(ab)bJ (ab)L >
_ al—e(n) (OLSn _ BSn _ OL2n[3n " 0LnBZn)
w215 =B

alff(Sn)[a3n _ BSn] alfe(n)(2ab)n[an -p"]
3n 3n

(ab){ ? J(a -B) (ab){ ? J(a -B)

=mg, — 2"m,,.

Theorem 6. For any integer n > 0, we have

e(n) e(n)
mg,M,, = (%) ms, — 2”(%) m,,.

Proof.
—€(2n 2n 2n e(n
Moy = @ (Zn) - a :E . (ni—l (™ +B")
(ab){TJ (ab){TJ
_ al—e(n)[OLSn _ ﬁBn — "B - )]
{Sn-#lJ ’
(ab)- % Ya-p)

If n 1s odd,

a2[a3n _ BSn n OLan(OLn _ Bn)]
3n

@)

ale™ ~ ™) | a(2ab)"(@" - B")
3n 3n

b(ab)bJ(a -B) b(abﬂﬂ(a -B)

mg, M, =
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aalfe(Sn)(OLSn _ BSn) a(z)nal—e(n)(an - B")
3n + 3n

b(ab)t 2 J(a -B) b(ab)bj_"m -B)

e(n) e(n)
= (%) msg, — 2"(%) my.

If n is even,

a[a3n _ B3n ;—OLan(OLn _ Bn)]

(ab)L ? J(a -B)

mg, M, =

ale™ —§7) . al2ab)'(a” - §")
3n 3n

<ab>t7j<a ~B) (abﬂﬂ(a - B)

al—e(Sn)(QSn _ BBn) (Z)nal—e(n)(an _ Bn)
3n + 3n

(ab)bJ(a -B) (abﬂﬂ(a ~B)

e(n) e(n)
(g 2(5) e

Theorem 7. Let m and n be any two positive integers, we have

a e(m+1)e(n) m
W, My = (3) Mopmin — 27 M),
Proof.
al—e(m) a™ _ Bm ae(m+n) mn nan
M m+n = {EJ o—PB VH”_HJ(OL +B+)
(ab)-* (ab)t 2
al—e(m)+e(m+n) a2mn _ B2m+n _ 0LmBm(OLn n Bn)
m |, | m+n+l — ’
a2 “r

If m and n are even, m + n is even,

Advances and Applications in Mathematical Sciences, Volume 22, Issue 3, January 2023



758 B. MALINI DEVI and S. DEVIBALA

2m+n 2m+n m
a a - a(2 -
Wy My = p - ( ) b

2m+n (@ —B) 2mtn (Ot B)
(ab){ 2 J (ab)[ 2 J
al—e(2m+n) o 2mn _ B2m+n al—e(n)(z)m o — Bn

:(ab){zn% «-p) (ab)EJ (0 —p)

_ m
= Momip =2 My,

If m and n are odd, m + n is even,

2m+n 2m+n m n n
a a -B 2 a’ —P
m, M = - ( )

R RN 20 S e

a1—5(2m+n) o2m+n _ B2m+n ~ al—e(n)(z)m o — p"

G 2”@ h)

(ab){
= Momyn — 2mmn-
If m is odd and n is even then m + n is odd,

2m+n 2m+n m n n
a a -B 2 a” -B
m,, M, = - 2)

2m+n (@ —B) gmin | (o= P)
(ab){ 2 J (ab)[ 2 J
al—e(2m+n) a2m+n _ B2m+n al—e(n)(2)m a — Bn

=(ab)fn% «@-p (ab)EJ )

_ m
= Momin — 2 my,.

Finally if m is even and n is odd then m + n is odd,

a2 OL2m+n _ B2m+n (OLB)m _ B

Al @ p) _<abfm2+"J “h
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_a al—e(2m+n) o 2m+n _B2m+n a al—e(n)(z)m o - p"

b (ab){ngnJ (o —B) b (ab){%J (o —PB)

a a
= Em2m+n - (2m)3 my,.

m
Mom+n — 2 mn)

a)e(m+1)e(n)

Hence, m,9M,,., = (3

Theorem 8. For any integer n > 0, we have

on-3
(0 — B)* Mgy 3Ma,_3 = My, — (27 M.

Proof.
a1—6(2n+3) a2n+3 _ B2n+3 a176(2n+3) a3 _ B2n73
Mop43Mon_3 = LM J a—P - LG—?)J o—B
(ab)- * (ab)- *
~ 1 (a4n _ B4n _ oL2n—3[32n+3 _ 0L2n+3 T BZn—B)
2n+3 | | 2n-3 2 ’
(ab){ 2 JJ{ 2 J (o =P)
4n 4n 2n—-3p2n+3(,.,6 6
2 _ o+ BT - (0 + )
Hence, (a - B) Mop+3Map-3 = (ab)Z”
~ ae(4n) (a4n ~ 134’1) (2ab)2n—3ae(6)(a6 _ [36)
4n+1 2n
(ab){ el (a)

2n—-3
= My, — (2)7""Me.
Theorem 9. For any integer n > 0, we have

b e(n)
231 = 300 53, (2] g 105 - 2 (0ab + 2)

b E(n)
Proof. (5) My 1M, .o
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_ (b)e(n) al—e(n+1) (anﬂ _ BnHJ ae(n+2) (an+2 . Bn+2)

a n+l a-pB n+3
(ab){ 2 J (ab)t 2 J
~ (é)e(n) o2 a2n+3 _ (aﬁ)nﬂ(a —B) - B2n+3
\a 2{”—HJ+1 a-B
(ab) b 2
~ (ab)e(n) a2n+3 _ B2n+3 ~ (ab)e(n)(aB)rHl
- (ab)n+1+e(n) o-PB (ab)n+1+e(n)
al—e(2n+3) a2n+3 _ l32n-¢—3 el
- {2n+3J ( o—B J -2
(ab)- 2
= mgy,3 — 2"

1-e(n+2) [ n+2 _ an+2 e(n) n o on
3bm,,, M, = 3b| 2 V_ﬂ[“ a_g j av_ﬂj(a +B")
(ab)- (ab)- ?
__3ab aZn+2 _ (ocB)n(Ot2 - 132) o
(ab)n+1 o-f

_ 3a1—e(n+2)b [a2n+2 _ B2n+2j . 3ab(2ab)n(a n B) ((1 _ B)
(ab)"*! =P (ab)"*! (0~ B)

= 3bm2n+2 + 2”(9ab)
b €(n) N
(5) m,, 1 M,,.9 — 3bm,, oM, + 2"(9ab + 2)

= Mg,,3 — 3bMy, 9 = —2mg, .

e(n)
Hence 2mgy,, = 3bm,, 99N, — (%) m, 19,9 — 2" (9ab + 2).

Theorem 10. For any nonnegative integer n, we have
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M, = (Mg — Z)al_e(n)be(n)mn +3 — 8m,,.
Proof.

my,.g = (9ab —4)m, 4 —4m, o
= (9ab - 4) (3", 5 —2m,, o)~ 4m,,. 5
= 3(9ab — 4)a1_5(")b6(n)mn 43— 29ab —4)m,, .o —4m, 5
= 3(9ab — 6)a1_6(”)b€(n)mn +3—(18ab —4)m,, .5 + 6l (Wpen )mn +3
= 3(9ab — 6)a! WMy o — (18ab — 4)m,, 5
+ 6al ) (3glensBpelnsdy g
= 3(9ab — 6)a " p My o —18abm,,, o + 18a ()-clntd)pcln)te(ntad)y,
—-8m,,
= 3(My — 2)a o~ 8m .

Theorem 11. For any integer n > 2, we have

RECRSY VT_IJ n-l

g Z( ! ]3m-21-1<ab>{ﬂ”’<sn2—4)]1

m, = .
= 2] +1

Proof.
Since 20 = 3ab + /ab(9ab — 8) and 2B = 3ab — ab(9ab — 8)
We get (2a)" = (3ab + Jab(9ab - 8))"

n k

- Z(Zj (ab)*"2(3)" " (9ab — 8)%

k=0

(2B)" = (3ab — Jab(9ab — 8))"
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n

_ Z[Zj (@) 3 (3)" (- 1):(9ab - 8.

k=0
Therefore, we obtain

n

o - @ = Y[ ) @ 26 0ab - 201 - (1))

k=0

2]

9 (o" — ) = (a—B)jZQ: (2 +J( By (3% (9ab — 8.

272—1

By using Binet’s formula for bi-periodic Mersenne sequence
- al—e(n) o — Bn
n H o-B
(ab)-?

gl { J
) (2” 1)

= o .
S [, e ey iom, - 4y

(ab)m J=0
oo 2 EEIT.
= Z [2 +1j @y ab) oz ~ Y-
j=0

Theorem 12 (Catalan’s Identity). For every positive integers n and r, with
n >r, we have

ae(n+r)b1—e(n—r)mn_rmn+r _ ae(n)bl—e(n)m% _ _2n—rae(r)b1—f(r)m%

E(TH—I') e(n) n—r
A A =
a b (ab)’

Proof. By using Binet’s formula for bi-periodic Mersenne sequence

e(n—-r)pl—e(n—-r
a ( )b ( )mn—rmn+r
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_ ae(nfr)blfe(nfr) alfe(nfr) al*ﬁ(n"’r) (anr _ anr j (arHr _ Bnﬂ“]

n-r n+rJ

wm7ﬁ(wﬂ2

a27e(n7r)blfe(n7r) |:a2n _ OLnﬁrrﬁnfr _ anfrBrHr + B2n:|

(ab)n—e(n—r) (OL _ B)Z
~ a |:a2n _ (aB)n—r(OLZr n BZr) " B2n:|
(ab)* ! (a - B)?
2
gnple)y2 _ qelpi-c(n) o= (o — B“]
n a-p
(ab)-?

_ ae(n)bl—e(n) a2—25(n) I:a2n _ Z(GB)n " BQni|
(Otb)2 %J o [3)2

_ a I:OLZn —2(aB)” + BZn:|
(ab)"™ (o - By’

ae(n—r)bl—e(n—r)mn_rmn+r _ ae(n)bl—e(n)m%

a |:a2n _ (aB)n—r(a2r + B2r) + B2n:| _ a |:(x2n — 2(op)" + B2nj|

" (ab) (o - )2 @ (a-pP
_ { a H(aﬁ)”_r(— o —p¥ 4 z(w)’)}
(aby* (o~ p?

,_
o~
—_

2
:{ —a }(mb)’” (ab) = 2

(ab)n—l a2—26(7‘) r

9l I
_ _2n—ra—1+26(r)(ab)—n(ab)n—r(ab) {ZJmIZA

_ _2n7ra71+25(r)(ab)1—e(r)m’2d
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- ()2
__on rae(r)bl E(r)mr'

Similarly, by using Binet’s formula for bi-periodic Mersenne-Lucas

sequence we obtain

b e(n+r) 9 9
[a) m, M, = (ab)ﬁn(oc n o B n o an+an—r n OLn—an+r)

e(n)
(2] 2 = (@) (o + 2ap)” + ]

e(n+r) e(n)
(g) 9:nn—ri)nnﬂ" - (2) m?z

a

_ (ab)—n[a2n " BZn " OLn-%—r[?)n—r 4 0Ln—rl3rz+r _ 0LZn . 2(0.[3)” _ BZn]
_ (ab)"(2ab)”{[3—r i 2}
o Br

2n7}“

ro_ r2‘
(ab)'"[ Bl

Theorem 13 (Cassini’s Property). For every positive integer n, we have

b G(n—l) G(n) n—
4] mm ) ot {5

e(n+1) e(n)
(g) M, 1M,y g — (%j M2 = 2"1(9ab - 8).

Proof. The proof of Cassini’s Property is obtained by substituting r =1

in Catalan’s identity.

Theorem 14 (d’Ocagne’s property). For any positive integer m and n,
with m > n,

ae(mn+m)be(mn +n) ac(mn+n)be(mn+m)m

m,,M, — m+1My = 2na6(m_n)mm—n
ae(mn+m)b5(mn+n)mm+1mn _ ae(mn+n)b5(mn+m)9ﬁmmn+l

= 2™ ) (9gb — 8)YM, .
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Proof. We have the following equalities

o c(m)+e(n+1)—2e(mn+m)=elm+1)+e(n) — 2¢(mn + n)

=1-¢e(m—n)

e ¢(m—n)=e(mn+m)+elmn+n)

m-n—em-n) _ mJJFLn_Jrl

5 B 5 J—e(mn+n)—n

m-n-em-n) _ m+1J+Lg

3 3 —J—e(mn+n)—n

m-n-em-n) _ m—nJ
2 =2

By using the Binet’s formula for bi-periodic Mersenne sequence and the
above equalities we have

ae(mn+m)be(mn+n)mnmn+1

_ ae(mn+m)be(mn+n) al—e(m) o™ — M al—e(n+1) s Bn+1
=P Elece
(ab)" 2

m
2

) ?)

_ abe(mn+n)ae(mn+n) (am+n+1 + ﬁm+n+1 _ Mt OLmBn-H]
(ab)%(m_n)%—e(mn+n)+n (OL - B)2

a(ab)—n (am+n+1 i Bm+n+1 _ (OLB)”(OLﬁm_n i am—nB)J

()" 2" (- p°
a(ab)—n (am+n+1 + Bm+n+1 _ (aﬁ)n(aﬁm*n T amnﬁ)j
- m-n 2
me2J (=)
a&(mn+n)b5(mn+m)mm+1mn
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_ aE(mn+n)be(mn+m) al—e(m+1) [amﬂ _ Bm+1j al—e(n) (an _ BnJ
m+lJ o — B o — ﬁ

(aub)LT (ab)EJ

m-n—e(m-n)

~ abe(mn+n)ae(mn+n)—e(mn+n) o+l Bm+n+1 _ Bm+1an _ OLerIBn
(ab)T+e(mn+n)+n

B (a - B)?

a(ab)—n |:am+n+1 " Bm+n+1 _ (aﬁ)n((xm—n-ﬂ " Bm—n+1):|

@)l by

m+n+1 m+n+1 e(mn+n)ze(mn+n
o +P MMy — A ( )b ( )mm+lmn

alab)™ |:((1B)n(— G~ B 4 gL Bm—n+1):|

m-n 2
(ab) 5 (o —B)

_ a(ab)”J (zab)n{a’”‘”(“ ) B)}

@ T @

_ N [am—n _ Bm—nj
(ab)vgnJ o

= Z”ae(m_”)mm_n.

Similarly, by using the Binet’s formula for bi-periodic Mersenne-Lucas

sequences we obtain

ae(mn+m)be(mn+n)9ﬁm+1mn

1 m+n+1
m+n—e(m-n) (o

) b(ab) 2

+ Bm+n+1 Bnam+1 an+1)

+ + o

ae(mn+m)be(mn+n)mmm

n+l1

_ 1 m+n+1 m+n+1 n+lpm n+l _m
B m+n—e(m—n) [ +P + o TR+ BT

b(ab) 2
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ae(mn+m)be(mn+n)mm+lmn _ ae(mn+n)be(mn+m)mmmn+1

— m+1l_6(m_n) [aan+1 + ﬁnam+1 _ 0Ln+1[3m _ Bn+1am]
blab)” 2
= OB e g )
blab)” 2
- ﬁ (=) = ")
b(ab)- 2

= 2" ™) (9gh — 8, ..
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