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Abstract 

In this paper determinant theory and the adjoint of non-square fuzzy matrices have been 

studied. Some properties of the adjoint of non-square fuzzy matrices are discussed. A new type 

of compatible norm .C  distributive law and equivalence of the non-square fuzzy matrices. 

1. Introduction 

The concept of fuzzy set was introduced by Zadeh [10] A. Arunkumar, S. 

Murthy, G. Ganapathy [1] introduced determinant for non-square matrices. 

In 1995 Ragab. M. Z and Eman [8] introduced the determinant and Adjoint of 

square Fuzzy Matrix. Nagoorgani A. and Kalyani G. [5] introduced the 

binormed sequences in fuzzy matrices.  A. Nagoorgani and A. R. Manikandan 

[6] introduced integral over Fuzzy Matrices. A. R. Meenakshi [3] some 
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concept of matrix theory and applications in fuzzy matrices. Dennis Bernstein 

[2] introduced compatible norm in matrix mathematics theory, facts and 

Formulas. A. K Shymal and Madhumangal Pal [9] properties of triangular 

fuzzy matrices. Some concept of Madhumangal Pal and Rajkumar Pradhan. 

[4] triangular Fuzzy Matrix sNorm. A. Nagoorgani and A. Pappa [7] 

introduced determinant for non-square fuzzy matrices with compatible norm. 

In this paper the concept Adjoint of non-square fuzzy matrices with 

Compatible Norm discussed. In section [4] adjoint of non-square fuzzy 

matrices properties are given. In section [5] distributive law of non-square 

fuzzy matrices with compatible norm. In section [3] equivalence of non-square 

fuzzy matrices using compatible norm. 

2. Preliminaries 

We consider  1,0  the fuzzy algebra with operator  ,  and the 

standard order “≤” where    babababa ,min,,max   for all ba,  in 

   is a commutative semiring with additive and multiplicative identies 0 

and 1 respectively. Let mn  denote the set of all nm   NSFM over .mn  In 

short mn  is the set of all NSFM of order nm   define “+” and Scalar 

Multiplication in mn  as  ijij baBA   where  ijaA   and  ijbB   

and  ijaccA   where c is in [0,1] with these operations .mn  Forms a linear 

space. NSFM Multiplication is number of columns in the first Matrix must be 

equal to the number of rows in the second Matrix with the operations mn  

forms a linear space. 

3. Determinant Theory and the Equivalence of Non-Square Fuzzy 

Matrices 

Definition 3.1. An nm   Matrix  ijaA   whose components are in the 

unit interval [0, 1] is called Fuzzy Matrix. 

Definition 3.2. The determinant A  of an nn   Fuzzy Matrix A is 

defined as follows;      .2211  
nS nnaaaA   Where nS  denotes the 

symmetric group of all permutations of the indices  .,,2,1 n  
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Definition 3.3. A Non-Square Fuzzy Matrix [NSFM]  ijaA   of order 

nm   over .mn  If .mn   Then the Matrix A is called horizontal Non-

Square Fuzzy Matrix. Otherwise A is called Vertical Non-Square Fuzzy 

Matrix. 

Definition 3.4. To every Non-Square Fuzzy Matrix [NSFM]  ijaA   of 

order nm   over mn  with entries as unit interval [0, 1] Determinant A  

of nm   over .mn  Fuzzy Matrix A is defined as follows. 

       
nS nmaaaA 2211  (where nS  denotes .mn  

Definition 3.5. The NSFM  ijaA   be the order nm   over .mn  If 

the order .3 nm  The minor of arbitrary element ija  is the determinant 

of the value. 

Definition 3.6. Non-Square Fuzzy Matrices of minor:  

The NSFM  ijaA   be the order of nm   over .mn  The minor of an 

element ija  in det A  is the order    11  nm  NSFM formed by 

deleting i-th row and the j-th column from  ijaA   denoted by .ijM  

Definition 3.7. Cofactor: 

The NSFM  ijaA   be the order of nm   over .mn  The Cofactor of an 

element ija  is denoted by ijA  and is defined as   .1 ij
ji

ij MA


  

Definition 3.8. (Compatible Non-Square Fuzzy Matrices). Compatible 

Fuzzy Matrices which can be multiplied for this to be possible. The number of 

columns in the first Non-Square Fuzzy Matrix must be equal to the number 

of rows in the second Non-Square Fuzzy Matrix (NSFM). The product of 

.pm  Non-square Fuzzy Matrix and .np   Non-Square Fuzzy Matrix has 

order nm   Non-Square Fuzzy Matrix over mn  we consider  .1,0   

Definition 3.9. (Compatible Norm .
c

  Let mn  is the set of all 

 nm   NSFM over  .1,0  Define the norms "
,,

ccc
   on the order 

nppmnm  ,,  over mn  respectively, are compatible if for all mpA   
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and .pnB   Then 

.
"ccc

BABA   

Definition 3.10. Let A be in NSFM  ijaA   be the order of nm   over 

mn  defined as  ,1 ij
c aA   where  .ijaA   

For all 1i  to 1, jm  to n. Then cA  is known as the complement 

Matrix of A. 

If 



















2.05.03.08.0

5.07.0091.0

6.04.00.05.0

A  then 



















8.05.07.02.0

5.03.01.09.0

4.06.00.15.0
cA  

Definition 3.11. Let  ijaA   and  ijbB   NSFM over Amn  is 

defined greater than B if BAB
cc

  is greater than A if .
cc

BA   

A and B NSFM are said to comparable if either cc
BA   (or) 

.
cc

AB   

Example 3.12. If .BA   

If 





































5.06.04.09.0

6.08.09.03.0

7.05.08.06.0

2.05.03.08.0

5.07.09.01.0

6.04.00.05.0

BA   

6.0
c

A  

.8.0
c

B  

Theorem 3.13. Let BA,  NSFM over .mn  Then 

.
cccc

BBABA   

Proof. cc
BA   then     .,max BbbaBA ijijijcc

  

Conversely, if cc
BBA   then ,ijij ba   that is, .

cc
BA   

Thus .
cccc

BBABA   

Example 3.13.1. If  
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



































5.06.04.09.0

6.08.09.03.0

7.05.08.06.0

2.05.03.08.0

5.07.09.01.0

6.04.00.05.0

BA   

8.0

5.06.04.09.0

6.08.09.03.0

7.05.08.06.0




















c

BA  

.
cc

BBA   

Theorem 3.14. Let BA,  be NSFM over .mn  If 
cc

BA   then for 

any 
ccnp BCACC    and for any .

ccpm DBDAD    

Proof. If cc
BA   NSFM for C is the compaitable NSFM then 

     .jkijijcc
cCbBaABCAC    

Since ijijcc
baBA  ,  for 1i  to m and 1j  to n by NSFM 

compaitable 

jkijjkij cbca   

for 1k  to p. by NSFM addition we get  k k jkijjkij cbca .  

Thus cccc
DBDABCAC   can be proved in the same 

manner. 

Theorem 3.15. If A and B are NSFM is the set of all nm   over .mn  

We consider  1,0  and any Scalar in [0, 1] we have 

If "
~~

ccc
xAxA   

(i) "
~~

ccc
AyAy   

(ii) "
~~

ccc
xAxA   

(iii) .~~~~
ccc

xBxAxBxA   

Proof. 

(i) If 1m  the norms pnpnccc
 ,,,,,

"
   respectively, are 
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compatible if for all .ppn yA    Let y  be any fuzzy vector in nm   

over .mn  

Then it is enough to prove that 

ccc
AyAy ,  

 ijcc
ayAy   

.
"cc

Ay   

(ii) If 1n  the norms pmpmccc
 ,,,,,

"
   respectively, are 

compatible if for all ., pmp xA    

If  in [0, 1] then  ijaA   

 
cijc

xaxA   

 
cij xa  

.
cc

xA   

(iii) If 1n  the norms pmppccc
 ,,,,,

"
   respectively, are 

compatible if for all  
cijcpmp xaxAxBA  ,  and 

 
cijc

xbxB   

   
cijijc

xbaxBxA   

   
cijcij xbxa   

.
cc

xBxA   

4. Adjoint of Non-Square Fuzzy Matrices with Compatible Norm 

Definition 4.1. The Adjoint Matrix of an nm   NSFM over Amn  is 

denoted by the  thji,  entry adj A and is defined as 

,jiij Ab   

where jiA  is the determinant of the    .11  nm  Fuzzy Matrix formed 
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by deleting row j and column i from A and .AadjB   

Remark 1. We can rewrite ijb  of  ijbBAadj   as follows  

   


imjn ijS mnt
ttij ab ,  

Example 4.1.1. 

If 



















2.05.03.08.0

5.07.09.01.0

6.04.00.05.0

A  

jiij AbadjA   

minor of ijij bM   

6.05.05.0 312111  bbb  

5.06.07.0 322212  bbb  

6.06.08.0 332313  bbb  

5.05.08.0 342414  bbb  

.6.0

5.05.08.0

6.06.08.0

6.06.07.0

6.05.05.0





















 jiij AbAadj  

Theorem 4.2. For an nm   NSFM A and B we have the following  

(i) BA   implies BadjAadj    

(ii) 
TT

BA   implies 
TT

BadjAadj    

(iii)  BAadjadjBAadj   

(iv)  TT adjAadjA    

(v)     .
T

AadjAAadjA    
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Proof.  

1. Let AadjC   and BadjD   that is 

   


imjn ijS mnt
ttij ac ,  

and  

   


imjn ijS mnt
ttij bd .  

It is clear that ijij dc   because    tttt ba    for every ijmnt   

2. Let 
T

AadjC 1  and 
T

BadjD 1  that is 

 
   


jnim jiS nmt

ttji ac ,  

and 

 
   


jnim jiS nmt

ttji bd .  

It is clear that jiji dc   because    tttt ba    for every .jinmt   

3. Because ,, BABA   it is clear that  BAadjadjBadjA ,  and 

so   .BAadjBadjAadj   

4. Let AadjB   and ,TAadjC   then 

   


imjn ijS mnt
ttij ab ,  

and 

 
   


imjn ijS mnt

ttij ac ,  

which is the element ijb  hence   .TT
AadjAadj   

Similarly we prove following properties. 

(i) If 21 AAA   then 21 adjAAadjAadj   
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(ii) If 21 AcAcAc   then .21 AadjcAcadjAadjc   

Theorem 4.3. Let A be a NSFM and adj A of NSFM, the multiple A and 

adj A is equal to a Square Fuzzy Matrix. 

    .
cc

AAadjAadjA   

Proof. Let  AadjAC   and  AAadjD   then 

 


n

j
jiijij AaC

1
 (Square Fuzzy Matrix) 

and 

 


m

i
ijjiij aAd

1
.  (Square Fuzzy Matrix) 

Example 4.3.1. 

If 



















2.05.03.08.0

5.07.09.01.0

6.04.00.05.0

A  





















5.05.08.0

6.06.08.0

6.06.07.0

6.05.05.0

c
Aadj  

 





































5.05.08.0

6.06.08.0

6.06.07.0

6.05.05.0

2.05.03.08.0

5.07.09.01.0

6.04.00.05.0

c
AadjA  



















6.05.05.0

6.06.07.0

5.05.06.0

 

its .33   Square Fuzzy Matrix 

  .6.0
c

aadjA  
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 





































2.05.03.08.0

5.07.09.01.0

6.04.00.05.0

5.05.08.0

6.06.08.0

6.06.07.0

6.05.05.0

c
AAadj  

 





















6.05.05.05.0

6.06.06.06.0

6.06.06.06.0

5.05.05.06.0

c
AAadj  its 44   Square Fuzzy Matrix 

  .5.0
c

AAadj  

Theorem 4.4. For any nm   NSFM A, the NSFM  AadjA  and 

 AAadj  is compatible. 

Proof. 

(i)  
"ccc

AadjAAadjA   

   6.06.06.0   

6.06.0   

(ii)    
ccc

AAadjAAadj 
"  

   6.06.05.0   

6.05.0   

(iii)     
cc

AadjAAadjA 
2

 

  



































6.05.05.0

6.06.07.0

5.05.06.0

6.05.05.0

6.06.07.0

5.05.06.0
2

c
AadjA  

 
c

AadjA



















6.05.05.0

6.06.06.0

5.05.06.0

 

(iv)     
cc

AAadjAAadj 
2
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  







































6.05.05.05.0

6.06.06.06.0

6.06.06.06.0

5.05.05.06.0

6.05.05.05.0

6.06.06.06.0

6.06.06.06.0

5.05.05.06.0

2
c

AAadj  

  .

6.05.05.05.0

6.06.06.06.0

6.06.06.06.0

5.05.05.06.0

c
AAadj



















  

5. Distributive Law of Non-Square Fuzzy Matrices with Compatible 

Norm 

(i)  
ccc

CABACBA   and  
"ccc

CBACBA    

(ii)  
ccc

ACABACB   and   .
"ccc

ACBACB    

Then the NSFM are over  A1,0  and    CBCB  ,  and A 

compatible in mn  

(i) CBA ,,  are pnpnnm  ,,  respectively   .
ccc

ACABCBA   

Let    jkij bBaA  ,  and  jkcC   such that the ranges kji ,,  

are 1i  to 1, jm  to 1, kn  to p respectively. 

   jkjkjkjkc
cbcbCB ,max  

(ik)th element in the product of A and  CB   that is  CBA   is the sum of 

the products of the corresponding elements in the ith row of A and kth column 

of CB   

  


n

j
jkjkij cba

1
 

    


n

j
jkij

n

j
jkij caba

11
minmin  

= (ik)th entries of  thikAB   entries of AC 
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= (ik)th entries of  ACAB   

ccc
ACABBCAB   

(ii) CBA ,,  are pnpnmp  ,,  respectively   .
ccc

CABAACB   

Let    jkki bBaA  ,  and  jkcC   such that the ranges kji ,,  

are 1i  to 1, jm  to 1, kn  to p respectively. 

   jkjkjkjkc
cbcbCB ,max  

(ji)th element in the product of  CB   and A that is  ACB   is the sum 

of the products of the corresponding elements in the jth row of CB   and ith 

column of A 

  


n

j
kijkjk acb

1
 

    


n

j
kijk

n

j
kijk acab

11
minmin  

= (ji)th entries of  thjiBA   entries of CA  

= (ji)th entries of  CABA   

  .
ccc

CABAACB   

6. Conclusion 

In this paper new definition for the Equivalence of Non-Square Fuzzy 

Matrices and its properties are suggested in Fuzzy environment. A numerical 

example is given to clarify the developed theory and the proposed Adjoint of 

Non-Square Fuzzy Matrices with Compatible Norm. 
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