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Abstract 

Let G be a cyclic group, in this paper, we study the Herbrand quotient and 1-th cohomology 

group on finitely generated G-modules in some cases. When G is of order 2, the order of the 

cohomology group is explicitly related to some invariants, and this relation is used to study unit 

groups over quadratic extensions of number fields. We also give some applications on Pell 

equations and class number of number fields. 

1. Introduction 

The 1-th cohomology group  AGH ,1  and the Herbrand quotient 

 AGh ,  for a G-module A are very useful for studying arithmetic when A is 

an arithmetic object, e.g., A is related to elliptic curves or number fields. 

However, their calculation are usually not easy, even when G is a group of 

order 2. 

Let G be a cyclic group of order n with a generator , and let  ,A  be a  

finitely generated abelian group, we denote    .rank AAr   We assume that 

A is a G-module. Throughout this paper, for a set S, we denote its cardinal by 

.S  For an arbitrary abelian group B and a positive integer m, we denote 

 BbmbmB  :  and    .0:  mbBbmB  For a G-module A, one 

has the following Tate cohomology groups:    AGHAGH ii ,,ˆ   if ;1i  
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  ,/,ˆ 0 ANAAGH G
G  where   


GG GN ,  and  G  is the 

group algebra of G over . 

Since G is a finite cyclic group,    .,,ˆ 11 AGHAGH   The Herbrand 

quotient of the G-module A is  
 

 AGH

AGH
AGh

,ˆ

,ˆ
,

1

0




  (see [1] and [11]). 

For the Herbrand quotient and the 1-th cohomology group of a G-module 

A, we have 

Proposition 1. Let G be a finite cyclic group, and A be a G-module. If 

there exists a G-submodule B of finite index in A which is a finitely generated 

free abelian group containing a G-invariant -basis  rxxX ,,1   (i.e., 

XX  for all ,G  or in other words, X is a G-set). Then 

  ,, 




GXx

xGAGh   and  
 

,
:

,1

 



GXx
x

G
G

G

ANA
AGH


  

where  xxGGx  :  is the stabilizer of x. 

The proof will be given in Section 2 (see Proposition 2.1 in the following). 

When G  is of order 2, for a G-module A which is a finitely 

generated abelian group, we simply denote    ,:1 AaaaANA   

   ,:1 AaaaAAN  ,GAA 
and    ,rank 

  AAr where 

 .: aaAaA  Obviously,      ,ArArAr        AAA 2  

 ,2 A       .2:2::   ANAAANAAA  

Proposition 2. Let G be a group of order 2, and A be a G-module. If A is a 

finitely generated abelian group. Then 

  
   

 

   

 





 







ANA

A

AAA

A
AGH

ArAr

2:

22

:

22
,1 

  

           ,:2:2
2

NAANAA
ArArArAr 

   

and      


 ArAr
AGh

2
2,  
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In particular, if   0 Ar  and    ,2 OA   then   AAA  and 

 AGH ,1    
  ArAr 22  

Proof. This is a consequence of the Theorem on Herbrand quotient (see 

[1]), for the detail, see the proof of Theorem 1.5 of [8] on a special case.      

Remark. For the case that G is a group of order 2, the result in 

Proposition 2 is unconditional, and more explicit than the one in Proposition 

1 above. For a cyclic group G of order bigger than 2, at present, by the same 

way as in Proposition 2 above, we only has a relatively crude result as 

follows, 

 
    

 
,

:

1:
,1

G
NN

AnNA

AA
AGH




  

         ,1:1:: AAAAAAnNA NN
GG   

where the G-module  ,A  is a finitely generated abelian group, 

 GNN G   as above,    .:,0: AaNaNANaAaAN   

The proof of Proposition 1 (see Proposition 2.1 below) is given in Section 

2, and some examples are given there. In Section 3, we apply the formula in 

Proposition 2 above to study unit groups over quadratic extensions of number 

fields (see Corollary 3.1 below), from which we give different proofs for some 

known theorems about number fields (see the proofs of Theorem 3.2 and 

Theorem 3.5 below), as well as some applications of Pell equations, units in 

CM number fields and class number of number fields (see Proposition 3.3, 

Proposition 3.4 and Proposition 3.8 below). 

2. 1H and Herbrand Quotient 

Let G be a group, and X be a G-set. For each ,Xx   the G-orbit of x is 

   ,: Gxx   and the stabilizer of x, denoted by ,xG  is the subgroup 

 .: xxGGx   If X is finite, then    ,: xGGx   the index of 

xG  in G. Moreover, the number N of G-orbits of X is given by            

the following formula:   


G
F

G
N ,

1


 where for each ,G  



DERONG QIU 

Advances and Applications in Mathematical Sciences, Volume 24, Issue 9-10, July-August 2025 

72 

   xxXxF  :  (see [9, pp. 56∼59]). In the following, we denote the 

set of G-orbits of X by ,GX  and we write  rxxGX ,,1   if each ix  is 

a representative in a G-orbit, and rxx ,,1   represent all distinct G-orbits of 

X. 

Now we come to prove the Proposition 1 above, that is, the following 

result. 

Proposition 2.1. Let G be a finite cyclic group, and A be a G-module. If 

there exists a G-submodule B of finite index in A which is a finitely generated 

free abelian group containing a G-invariant -basis  rxxX ,,1   

XX   for all ,G  or in other words, X is a G-set). Then 

  ,, x

GXx

GAGh 


   and  
 

,
:

,1

 



GXx
x

G
G

G

ANA
AGH


  

where  xxGGx  :  is the stabilizer of x. 

Proof. From the exact sequence of G-modules ,00  BAAB  

by Herbrand’s theorem (see e.g., [1, p.109]),      .,,, BAGhBGhAGh   

By assumption, BA  is finite, so   ,1, BAGh  and then 

   .,, BGhAGh   So we only need to work out  ., BGh  

For each ,GXx   its G-orbit is    .: xGGxx   Let 

  ,xxB
xGG     then obviously,  xB  is a G-submodule of B, and 

 xBB GXx  as G-modules. Note that x  is a trivial xG -module, and 

     ,xIndxxB G
GGG

xx
    that is,  xB  is the induced G-module by 

the xG -module x  (see [2, p.67], [7, pp.10, 11]). So by Shapiro’s lemma (see 

[2, p.136], [7, p.11]), we have       .1,0,ˆ,ˆ  ixGHxBGH x
ii   Hence 

     ,,, xx GxGhxBGh    the last equality follows easily from the fact 

that x  is a trivial xG -module. Therefore, by Herbrand’s theorem, 

        





GXx

x

GXx
GXx

GxBGhxBGhBGh ,,,,   
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hence   .,  


GXx xGAGh  Moreover, by definition,   ,,ˆ 0 ANAAGH G
G  

so  
 

 
 

,
:

,

,ˆ
,

0
1

 



GXx x

G
G

G

ANA

AGh

AGH
AGH




  and the proof is completed. 

A question here is on what conditions does a G-module satisfy the 

assumption of the Proposition 2.1? 

Example 2.2. For a finite cyclic group G, let X be a finite G-set. Let 

xA Xx   be the free abelian group with the -basis X. Let G acts on A by 

the following way:      .,,    xXx xXx x aXxGxaxa  

Then A is a G-module satisfies the assumption of the above Proposition 2.1, so 

   


GXx xGAGh .,   

Example 2.3. Let K  be a cyclic extension of degree n, its Galois 

group    KG Gal  with a generator .  We denote the integral 

ring of K by .KO  Assume that K has a normal integral basis, i.e., there is an 

element KO  such that      1,,, n  is an integral basis of K. 

Then KO  is a G-module which is a finitely generated free abelian group 

containing a G-invariant -basis     .,,, 1  nS   Obviously, S is 

a transitive G-set, i.e.,   ,1GS  so  GS  and  .1G      Hence 

by Proposition 2.1 above, the Herbrand quotient  KOGh , 1 G  and  

the  order  of  the  cohomology  group  
 

1

:
,1 KG

G
K

K
ONO

OGH   

 .: KK OTr   Here  


G KG TrN  is the trace of   for 

every .KO   

Such cyclic number fields with a normal integral basis include the 

quadratic number fields K with odd discriminant     ,2,i.e. KdKd   and 

the cyclotomic number fields  ,n , where pn   or pp,2  is an odd prime 

number, n  is a primitive n-th root of unity (see [3, p.27], [6, pp.165, 166]). 
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Example 2.4. Let A be an abelian variety defined over ,  and let K be a 

cyclic number field with a cyclic Galois group  .Gal KG   By Mordell-

Weil theorem, the set  KA  of K-rational points of A is a finitely generated 

abelian group. Assume that  KA  has a free -basis  rPP ,,1   

  ,rank KAr   such that  rPPS ,,1   is a G-set. Then  KA  is a   

G-module satisfying the assumption of the above Proposition 2.1. We may as 

well assume that  
1

,,1 rPPGS   with .1 rr   For each  ,,,1 1ri   

let  ii PK   be the defined field of .iP Then the stabilizer 

 .Gal ip KKG
i
  So by Proposition 2.1 above, the Herbrand                          

quotient       ,:, 111

111  


r

i i
r

i i
r

i P KKKKGalGKAGh
i

  and 

  
    

 

    

 
,

:

:

:

:
,

11

11

1

 


r

i i

K

r

i i

G
G

KK

KANA

KK

KANKA
KAGH


 in particular, 

      .:: 1

1 


r

i iK KKKANA   If all  ,,,1 APP r   then 

   ,rankrank AKA  and ,1 rr   so ,iK  GG
iP   for each 

.,,1 ri   Hence in this case,       .:,:,  KnnKKAGh rr
   

3. S-Unit Groups 

For the quadratic extension FK  of number fields with  DFK   

for some ,\
2** FFD   let     ,1Gal FKG  be its Galois group 

with a generator .  Let FS  be a finite set of primes of F, always containing 

all infinite primes of F. Let KS  be the set of primes of K lying above those in 

.FS  The group of S-units of K (resp. FS -units of F ) is denoted by SKU ,  

(resp. .,SFU  In particular, if  SSF  consists of all infinite primes of F, 

then we simply write  ..resp ,, FSFKSK UUUU 


 By Dirichlet unit 

theorem (see [7], p.73), SKU ,  and SFU ,  are finitely generated abelian 

groups. For the ranks, we denote  SFSF Ur ,, rank  and  ,rank ,, SKSK Ur   

We simply write FSF rr 
,  and ., KSK rr 


 Then 
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,, ,,
,,

SKSF r
KSK

r
FSF WUWU    where FW  and KW   are the 

groups of roots of unity in F and K, respectively, 

.1,1 ,,  KSKFSF SrSr   Obviously, SKU ,  is a G-module         

(see [7], p.74), and we have .,, SF
G

SK UU  We also                     

denote        ,:,1: ,
1

,,,, SKSKSKSKSK UNUNUNUU    

   ,: ,, SKSK UUN  where       FKNN  is the 

norm of the element K over .F  We write 

 ,rank ,,
  SKSK Ur ,,

 
 KSK rr  we also write simply 

.,, ,,, kSKKSKKSK UNUNNUNUUU  


Obviously,    ,12, SFU

and .,i.e., ,,,, FKSKSKSFSK SSrrrr     Also   .FK rNUr    

Corollary 3.1. The order of the group  SKUGH ,
1 ,  is  

 
   2

,,

1

,,,

1

,
1

:

2

:

2
,

SFSK

SS

SKSFSK

SS

SK
UNUUUU

UGH
FKFK 











  

   .:2:2 ,,
12

,,
2 ,,

SKSF
SS

SKSF
rr

NUUNUU FKSFSK 
 

 

In particular,   1
,,, 2|:

 FK SS
SKSFSK UUU


 and  SKUGh ,,  

.2
12 

 KF SS 
 

Proof. Easily follows from Dirichlet unit theorem and the above 

Proposition 2.  

For the first application, we consider the known formula in the following 

Theorem 3.2 for the Herbrand quotient of the relative quadratic extension, 

and give a different proof of Theorem 1.3 on p.74 of [7] in this case. 

Theorem 3.2 (see the Theorem 1.3 on p.74 of [7] for   .2:  FKn  

The Herbrand quotient 

  




FSv

vSK nUGh ,
2

1
, ,  

where vn  is the order of the decomposition group GGw   above .v  
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Proof. On  the  one  hand,  ,sirF SSSS   where  

 vSvS Fr :  ramifies in ,K  vSvS Fi :  is inertia in ,K  

 vSvS Fs : splits in .K So sirF SSSS   and 

.2 sirK SSSS    Also, 1vn  for ,sSv  and 2vn  for 

,ir SSv   so .22
2 KFir

F

SSSS

Sv vn
 


  On the other hand, by 

Corollary 3.1 above,   ,2,
12

,


 KF SS
SKUGh


 so the equality holds. 

For the second application, we consider the case of real quadratic number 

fields.  

Proposition 3.3. Let  DK   be a real quadratic number field with 

a square-free integer   ,0D  and  .Gal KG    Let 1  be a 

fundamental unit of K. Then the following statements are equivalent: 

(1)    ;1N  

(2)    ;2,1 KUGH   

(3)  The Pell equation 122  Dyx  in the case  4mod3,2D  

(respectively,   42 22
 Dyyx  in the case  4mod1D  has integral 

solutions. 

Proof. By Dirichlet unit theorem, ,1 KU  this  is the 

unique smallest unit greater than 1 (see [14], pp.238,239 and [5], pp.82,83). 

Obviously,   ,1N  so  .1KNU  It follows from the formula in the 

above Corollary 3.1 that    KK NUWUGH :2,1
  with  .1W  So 

  2,1 KUGH  if and only if  .1KNU  

   .21  If there is an element KU  such that ,1N  then since 

m  for some ,m  we have   ,1
m

N   so m is odd and 

  .1N  It follows from this that  1KNU  if and only if   .1N  

Hence   2,1 KUGH  if and only if   .1N    
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   .32   If 1D (mod 4), then the integral ring ,
2

1











 


D
K   

each element of K has the form .,,
2

1



 yx

D
yx  So  1KNU  

if and only if there are yx,  such that ,1
2

1








 


D
yxN  i.e., 

the equation   42 22
 Dyyx  has integral solutions.  Similar for the 

case 3,2D (mod 4), and the conclusion follows from the above discussion.   

Note that the set of 0D  for which the norm of the fundamental unit ϵ 

is 1  has not been determined (see [4], p.192). Many interesting facts about 

Pell equation and its applications can be found in [5].  

For the third application, we consider the case of CM number fields.  

 Proposition 3.4. Let K be a CM number field (see [12], p.38),  KF  

the real subfield,   ,2: FK  and the Galois group    FKG Gal  

is generated by the complex conjugation   on K. If ,KF SS    for example, 

when every finite prime in FS  is ramified or inertia in K. Then 

 
   2

,,,,
,

1

:

2

:

2
,

SFSKKSFSK
SK

UNUWUU
UGH 


  

 ,:2 ,,
,

SKSF
r

NUUSK 


 

in particular       ,2|,,2|:: ,
12

,,,, SKSFSKKSFSK UGHUNUWUU   

and   SKr
SKSF NUU ,2: ,,   or .2

1, SKr  

Proof. Since rank   0,,, 
FKSFSKSK SSrrU   and  KF  

is totally real, it is easy to see that ., KSK WU   Note that  SKUGH ,
1 ,  is 

a positive integer number, the conclusion follows directly from the formula of 

the above Corollary 3.1.  

From the above Proposition 3.4, one can directly deduces the known index 

estimation of the unit groups of F, K, which gives a different proof of Theorem 

4.12 on p.40 of [12]. 
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Theorem 3.5 (see the Theorem 4.12 on p.40 of [12]). Let K and F be as in 

Proposition 3.4 above. Then   .2|: KFK WUU   

Proof. Take , SSF  then ,, ,, KSKFSF UUUU   and the condition 

of the above Proposition 3.4 holds, so the conclusion follows. 

Remark. For the cyclotomic field case, i.e.,      mK m 2  and 

 ,1  mmKF   where m  is a primitive m-th root of unity in the 

complex number field . If tpm   for some prime number p and integer 

,1t  then KFK WUU   (see [14], p.268 and [12], p.40). So by the    

above Proposition 3.4 we have   ,,2, 21
FKK UNUUGH  and 

  .2:
1

 Kr
KF NUU  

Now for the CM field K and its real subfield  KF  as above, let 
FU  

be the set consisting of all totally positive units in F. It is easy to see that 

.2
FFKF UUNUU    Let  .,:  KK WU  Then from the 

proof of Theorem 4.12 in [12, p.40], we have  

Corollary 3.6. (1) If   ,KK WU   then   ,2: Kr
KF NUU   

    ,2:: 2  KFKFK WUUUNU  and   .1,1 KUGH  In particular, 

;2
FF UU    

(2) If   ,2
KK WU   then   ,,2: 21

FK
r

KF UNUNUU K 


 

,KFK WUU   and   .2,1 KUGH   

For example, let  mK    and  1  mmKF   be as above. 

(a)  if m is not a prime power, then the conclusion (1) of Corollary 3.6 

holds. 

(b)  if m is a prime power, then the conclusion (2) of Corollary 3.6 holds. 

Example 3.7. In this example, we let FK ,  be two real Galois 

extensions over ,    ,2: FK  and   .: nF   The Galois group 

    ,1Gal FKG  with a generator .  Let 
KKK UUU ,, 1  and 2

KU  be 
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the unit group, the subgroup of the units of norm 1, the subgroup of totally 

positive units and the subgroup of the unit squares, respectively, of K. 

Similar for the meaning of 
FFF UUU ,, 1  and .2

FU  Let ,11
KKK UUU    

,212,1
KKK UUU   ,rank 11   KK Ur    ,rank,rank 112,12,1

KKKK UrUr 

 ,rank 11
FF Ur    ,rank   KK Ur   .rank   FF Ur  Then we have 

 
   

 ,:2
:

2

:

2
,

21

1 



 


 KF

FK

n

KFK

n

K NUU
UNUUUU

UGH  

 
         2222,122

21

:

2

:

2
,

G
KK

n

K
G

FK

n

K
UNUUUU

UGH





  

    ,:2
22

K
G

K NUU  

 
   

 .:2
:

2

:

2
, 1

21

1

11

1
11

KF

FK

n

KFK

n

K NUU
UNUUUU

UGH 









  

Proof. By assumption, .12,1  nrnr KF  It is easy to see that 

1, KK UU   and 2
KU  are G-modules, and     ., 1

F
G

KF
G

K UUUU    For 

,KU  the norm   1KN  (see [6], p.96), so .12
KK UU   The 

following facts are also easy: ,, 12,11 nrrrrrrr FKKKKFK    

     2,12,1,12 1111
FKFKKFFFKK UUUUUUnrrnrr   

   .1,121  
KU  Then the conclusions follow directly from the above 

Proposition 2.   

Now again let SKSFKF UUSSGKF ,, ,,,,,,  be as in the above 

Corollary 3.1. Recall that FS  is called large for FK  if 

(i)  FS  contains all ramified primes of ;FK  

(ii)  the KS -class group of K is trivial. 

Moreover, if FS  is large for ,FK  and satisfies the following condition: 

(iii)  , GUG
KSw  where wG  is the decomposition group at the place 
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w, then FS  is called larger for .FK  (See [13, pp.1∼2]). We denote the 

FS -class group of F by ,,SFCl  which is defined to be the quotient of the ideal 

class group of F by the subgroup generated by the classes represented by the 

finite primes in FS  (see [10], p.127). 

Proposition 3.8. If FS  is large for ,FK  then the FS -class number of 

F 

   ,:2, ,,
12

,
1

,, SKSF
SS

SKSFSF NUUUGHClh FK 
   

so SFh ,  is a 2-power. In particular, if FK  is ramified at some finite place, 

and FS  is large, then 

  
 12

,, 2: KF SS
SKSF NUU


 

Proof. By Lemma 1 of [13, p.9], we have   ,, ,,
1

SFSK ClUGH   so by 

Corollary 3.1 above, the first formula follows. For the second formula, by our 

assumption, it is obvious that FS  is also larger for .FK  By Lemma 1 of 

[13, p.9], the FS -class group of F is trivial, so   ,1, ,
1 SKUGH  which 

implies that   
 12

,, 2: KF SS
SKSF NUU


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