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Abstract

Let G be a cyclic group, in this paper, we study the Herbrand quotient and 1-th cohomology
group on finitely generated G-modules in some cases. When G is of order 2, the order of the
cohomology group is explicitly related to some invariants, and this relation is used to study unit
groups over quadratic extensions of number fields. We also give some applications on Pell
equations and class number of number fields.

1. Introduction

The 1-th cohomology group H'(G, A) and the Herbrand quotient
h(G, A) for a G-module A are very useful for studying arithmetic when A is

an arithmetic object, e.g., A is related to elliptic curves or number fields.
However, their calculation are usually not easy, even when G is a group of

order 2.
Let G be a cyclic group of order n with a generator o, and let (A, +) be a

finitely generated abelian group, we denote r(A) = rank(A). We assume that

A is a G-module. Throughout this paper, for a set S, we denote its cardinal by

£S. For an arbitrary abelian group B and a positive integer m, we denote

mB ={mb:be B} and B[m]={b e B: mb=0}. For a G-module A, one

has the following Tate cohomology groups: H'(G, A) = H'(G, A) if i>1;
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H°(G, A) = A%/ NgA, where Ng=) .teZG] and Z[G] is the

group algebra of G over Z.

Since G is a finite cyclic group, H (G, A) = H'(G, A). The Herbrand
70
G, A) (o

quotient of the G-module A is h(G, A) = *= T
tH (G, A)

[1] and [11]).

For the Herbrand quotient and the 1-th cohomology group of a G-module
A, we have

Proposition 1. Let G be a finite cyclic group, and A be a G-module. If
there exists a G-submodule B of finite index in A which is a finitely generated

free abelian group containing a G-invariant Z-basis X = {x, ..., x,} (i.e.,
X c Xforall © e G, orinother words, X is a G-set). Then
(A% : NgA)

nG, A) = H 4G, and $H'(G, A) = e

xeX/G xeX/G
where G, = {1t € G :1x = x} is the stabilizer of x.

The proof will be given in Section 2 (see Proposition 2.1 in the following).

When G = (o) is of order 2, for a G-module A which is a finitely

generated abelian group, we simply denote NA = (1 + 6)A = {a + ca : a € A},
N A=(1-c)A={a-ca:acA), A" = A% and r (A) = rank(A~), where
A" ={a e A:ca = -a}. Obviously, r(A)=r(A)+r(A), AT[2]=A"NA"
A2 (A:A"+A )= (N"A:247)=(NA:24")

Proposition 2. Let G be a group of order 2, and A be a G-module. If A is a
finitely generated abelian group. Then

_ 2@y ate] 2@y atg

tH' (G, A)
(A: A"+A47) (NA:24%)

_ or—(A)-r,(4) (A" : NA) = gr(A)-2r,(4) (A" : NA),
and h(G, A) — 22'“+(A)—'"(A) .
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In particular, if r,(A)=0 and A"[2]=1{0}, then A=A"+A" and
tHY(G, A) =274 = 27(4)

Proof. This is a consequence of the Theorem on Herbrand quotient (see
[1]), for the detail, see the proof of Theorem 1.5 of [8] on a special case.

Remark. For the case that G is a group of order 2, the result in
Proposition 2 is unconditional, and more explicit than the one in Proposition
1 above. For a cyclic group G of order bigger than 2, at present, by the same
way as in Proposition 2 above, we only has a relatively crude result as
follows,

1 _(yA:(1-0)(n4))
G, 4) = (NA : n- A%)

(NA:n-A%) =(A: A% +5 A)=(1-06)A: (1-0)(yA))

where the G-module (A, +) is a finitely generated abelian group,
N = Ng € Z|G] asabove, yA={a e A: Na =0}, NA ={Na : a € A}.

The proof of Proposition 1 (see Proposition 2.1 below) is given in Section
2, and some examples are given there. In Section 3, we apply the formula in
Proposition 2 above to study unit groups over quadratic extensions of number
fields (see Corollary 3.1 below), from which we give different proofs for some
known theorems about number fields (see the proofs of Theorem 3.2 and
Theorem 3.5 below), as well as some applications of Pell equations, units in
CM number fields and class number of number fields (see Proposition 3.3,
Proposition 3.4 and Proposition 3.8 below).

2. H'and Herbrand Quotient

Let G be a group, and X be a G-set. For each x € X, the G-orbit of x is
O(x) = {tx : T € G}, and the stabilizer of x, denoted by G,, is the subgroup
G, ={teG:1x =x}. If X is finite, then $O(x) = (G : G,), the index of
G, in G. Moreover, the number N of G-orbits of X is given by

the following formula: N = ﬂLG.ZTEGF(T)’ where for each 1eG,
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F(t)=f{x e X :w = x} (see [9, pp. 56~59]). In the following, we denote the
set of G-orbits of X by X/G, and we write X/G = {x;, ---, x,.} if each «x; is
a representative in a G-orbit, and xq,---, x, represent all distinct G-orbits of

X.

Now we come to prove the Proposition 1 above, that is, the following

result.

Proposition 2.1. Let G be a finite cyclic group, and A be a G-module. If
there exists a G-submodule B of finite index in A which is a finitely generated

free abelian group containing a G-invariant Z-basis X = {xq, -, x,}

X ¢ X forall te G, orinother words, Xis a G-set). Then

G .
h(G, A) = HﬂGx, and $tH'(G, A) = (‘4‘—]\701?;)’
xeX/G erX/ij ]

where G, = {1t € G :1wx = x} is the stabilizer of x.

Proof. From the exact sequence of G-modulesO0 - B - A - A/B — 0,
by Herbrand’s theorem (see e.g., [1, p.109]), A(G, A) = h(G, B)-h(G, A/B).
By assumption, A/B is finite, so A(G, A/B)=1, and then
hG, A) = h(G, B). So we only need to work out A(G, B).

For each x e X/G, its G-orbit is O(x)={w:te G/G,}. Let
B(x) = @.cg/g, Ztx, then obviously, B(x) is a G-submodule of B, and

B = ®,.x/gB(x) as G-modules. Note that Zx is a trivial G, -module, and
B(x)= ®rc6/G, 1(Zx) = Indg (Zx), thatis, B(x) is the induced G-module by
the G, -module Zx (see [2, p.67], [7, pp.10, 11]). So by Shapiro’s lemma (see

[2, p.136], [7, p.11]), we have H'(G, B(x)) = fli(Gx, Zx) (i = 0, -1). Hence
MG, B(x)) = h(Gy, Zx) = G, the last equality follows easily from the fact

that Zx is a trivial G, -module. Therefore, by Herbrand’s theorem,

WG, B)=hG @ B@)= [] nG Bw)= [] G

xeX/G xeX/G
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hence h(G, 4) = [ _, /Gt G- Moreover, by definition, HY(G, A) = AY/NgA,

tHO(G, A) _ (A9 : NgA)
hG, 4) erX/G 1 Gy

A question here is on what conditions does a G-module satisfy the

so tH 1(G, A) = , and the proof is completed.

assumption of the Proposition 2.1?

Example 2.2. For a finite cyclic group G, let X be a finite G-set. Let
A=®,.xZx be the free abelian group with the Z-basis X. Let G acts on A by

the following way: r(erX ax) = erX a,t(x) (Vt e G, x € X, a, € Z).

Then A is a G-module satisfies the assumption of the above Proposition 2.1, so
h(G, A) = erX/GﬁGx'

Example 2.3. Let K/Q be a cyclic extension of degree n, its Galois
group G = Gal(K/Q) =< ¢ > with a generator c. We denote the integral

ring of Kby Ok Assume that K has a normal integral basis, i.e., there is an
element o € Og such that {o, o(a), ---, 6" '(a)} is an integral basis of K.
Then Og is a G-module which is a finitely generated free abelian group
containing a G-invariant Z-basis S = {a, o (a), ---, 6™ L(a)}. Obviously, S is
a transitive G-set, i.e., #(S/G) =1, so S/G = {a} and G, = {1}. Hence
by Proposition 2.1 above, the Herbrand quotient A (G, Og)=1#G, =1 and

(0% : NgOx)

the order of the cohomology group ﬁHl(G, Og) = 7

=(Z : TrgygOk ). Here Nga = ZreG ta = Trgjgo is the trace of o for
every a € Og.

Such cyclic number fields with a normal integral basis include the
quadratic number fields K with odd discriminant d(K) (i.e., 2{d(K)), and
the cyclotomic number fields Q(¢,),, where n=p or 2p, p is an odd prime
number, {, is a primitive n-th root of unity (see [3, p.27], [6, pp.165, 166]).
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Example 2.4. Let A be an abelian variety defined over Q, and let K be a
cyclic number field with a cyclic Galois group G = Gal(K/Q). By Mordell-
Weil theorem, the set A(K) of K-rational points of A is a finitely generated
abelian group. Assume that A(K) has a free Z-basis {P, -, P}
(r = rank A(K)), such that S ={P, -, P.} is a G-set. Then A(K) is a

G-module satisfying the assumption of the above Proposition 2.1. We may as
well assume that S/G ={P, -, B,} with n <r. For each iec{l, -, n}

let K; =Q(P:) be the defined field of P. Then the stabilizer
Gp, = Gal(K/K;). So by Proposition 2.1 above, the Herbrand

quotient 7 (G, A(K)) = [TX,tGp, = [T, t Gal(K/K;) = [, [K : K;], and

(AK)? : NGA(K)) _ (A(Q) : NgjoA(K))
H:lzl [K : K;] ?:1[K K]

(A@Q): NgjgAK) > [T, [K: K] 1f all B, -, P eA@Q) then

rank A(K) = rank A(Q), and n=r, so K; =Q, Gp =G for each

t H (G, A(K)) = in  particular,

i =1,--,r. Henceinthiscase, h(G, A(K))=[K : Q] =n",n=[K : Q]
3. S-Unit Groups

For the quadratic extension K/F of number fields with K = F(vVD)

for some D e F*\F*Z, let G = Gal(K/F) =< o >= {1, 6} be its Galois group
with a generator o. Let Sy be a finite set of primes of F, always containing
all infinite primes of F. Let Sk be the set of primes of K lying above those in
Sp. The group of S-units of K (resp. Sp -units of F') is denoted by Ug g
(resp. UF,S)- In particular, if Sy =S, consists of all infinite primes of F,
then we simply write Ug g = Ug (resp. Urp g = Up). By Dirichlet unit
theorem (see [7], p.73), Ug s and Upg are finitely generated abelian
groups. For the ranks, we denote rp g = rank(Up g) andrg g = rank(Ug g),

We simply write TR, =TF and K,S, = TK- Then
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Ups~Wp x z'’Fs, Ug s ~Wg x 255, where Wy and Wg  are the

groups of  roots of  unity in F and K, respectively,
rF,S = ]i SF - 1, rK,S = ﬁ SK -1 Obviously, UK,S s a G-module

(see [71, p.74), and we have UI%S =Upgs. We also
denote Ugg ={aecUgg:N(a)=1}, NUgg =UES = {N(a): a c Ug gh
NUggs ={o/o(a): a € Ug g}, where N(a)= Ng/p(a) =a-c(a) is the
norm of the element aeK over F. We write
rg s = rank(Ug g), k.S, = TK we also write simply
Uk.s, =Ug, NUgs, = NUg, NUgg =N Uy Obviously, Up g[2] = {1},
and rg g =rps +7x,s, 1.8, ks = 1Sk —4Sp. Also r(NUg) = rp.
Corollary 3.1. The order of the group H(G, Uks) is

2ﬁSK7ﬁSF+1 zﬁSKfﬁSF+l
Uks :Ups -Ugs) (NUgg:Ufg)

tH' (G, Uk g) =

_ 2VK,S—2'“F,S . (UF’S . NUK’S) — 2ﬁ SK_Qﬁ SF+1 . (UFyS . NUK,S)

In  particular, (Uggs:Ups- -Ugg)l 2 Sk=ESF+L gnd  K(G, Uk.s)
_ 928Sp-1Sk-1

Proof. Easily follows from Dirichlet unit theorem and the above
Proposition 2.

For the first application, we consider the known formula in the following
Theorem 3.2 for the Herbrand quotient of the relative quadratic extension,

and give a different proof of Theorem 1.3 on p.74 of [7] in this case.

Theorem 3.2 (see the Theorem 1.3 on p.74 of [7] for n = [K : F] = 2).
The Herbrand quotient

1
(G Uks) =5 [ [

veSE

where n, is the order of the decomposition group G, c G above v.
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Proof. On the one hand, Sp =8S,uUS;US,, where
S, ={veSp:v ramifies in K}, S;={veSp:v is inertia in K},
S;={veSp:v splits in K}.  So t1Sp =4S, +4S; +#S, and
1Sk =4S, +tS; +2-4S;,. Also, n, =1 for veS;, and n,=2 for

ve S, US;, so HueSF n, = 285*8Si Z 92488k Op the other hand, by
Corollary 3.1 above, A(G, Uk g) = 9285r-tSk-1 44 the equality holds.

For the second application, we consider the case of real quadratic number
fields.

Proposition 3.3. Let K = QWD) be a real quadratic number field with
a square-free integer D(>0), and G = Gal(K/Q). Let £¢>1 be a

fundamental unit of K. Then the following statements are equivalent:

(1) N(e)=-1L
@ tH'(G Ug)=2

(3) The Pell equation x°—y?D = -1 in the case D =2, 3(mod 4)

(respectively, (2x — y)2 — y?2D = —4 in the case D =1(mod4)) has integral

solutions.

Proof. By Dirichlet unit theorem, Ug =< -1 > x < ¢ >, this ¢ is the

unique smallest unit greater than 1 (see [14], pp.238,239 and [5], pp.82,83).
Obviously, N(g) =11, so NUg < {+1}. It follows from the formula in the

above Corollary 3.1 that # HY(G, Ug) = 2(Wy : NUg) with Wy = {+1}. So
tHY(G,Ug) = 2 ifand only if NUg = {+1}.
(1) & (2).If there is an element o € Ug such that No = -1, then since

a=+e™ for some meZ, we have -1=N(e)", so m is odd and

N(g) = 1. It follows from this that NUg = {1} if and only if N(g) = -1.
Hence #HY(G, Ug) =2 ifandonly if N(g)= -1

Advances and Applications in Mathematical Sciences, Volume 24, Issue 9-10, July-August 2025



ON COHOMOLOGY GROUPS H'! OF G-MODULES OF FINITE ... 77

—1+\/5}

(2) © (3). If D=1(mod 4), then the integral ring Og =7 5

—1+\/5

5 ,x,y€Z. So NUg = {1}

—1+«/5j

each element of Ok has the form x+y-

=-1, 1e,,

if and only if there are x,yeZ such that N[x +y- 5

the equation (2x — y)2 - y2D = —4 has integral solutions. Similar for the

case D =2,3(mod 4), and the conclusion follows from the above discussion. O

Note that the set of D >0 for which the norm of the fundamental unit e
is —1 has not been determined (see [4], p.192). Many interesting facts about

Pell equation and its applications can be found in [5].

For the third application, we consider the case of CM number fields.

Proposition 3.4. Let K be a CM number field (see [12], p.38), F=K"
the real subfield, [K : F]= 2, and the Galois group G = Gal(K/F) =< c >
is generated by the complex conjugation o on K. If §Sp =4Sk, for example,

when every finite prime in Sg is ramified or inertia in K. Then

2 2
WUk,s :Urs -Wk) (NUgg :Upg)

ﬁHl(G’ UK,S) =

=275 . (Upg : NUgg),
in  particular  (Ugs :Upg-Wg)=(NUgg :Upg) 12t H(G, Ugg) |2
and (Upg: NUgg) =255 or o"K.S*1
Proof. Since rank (Uxs)=r1ks~Tr,s =tSk —4Sp =0 and F = K"

is totally real, it is easy to see that Uk g = Wg. Note that s H(G, Ugs) is

a positive integer number, the conclusion follows directly from the formula of
the above Corollary 3.1. O

From the above Proposition 3.4, one can directly deduces the known index
estimation of the unit groups of F, K, which gives a different proof of Theorem
4.12 on p.40 of [12].
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Theorem 3.5 (see the Theorem 4.12 on p.40 of [12]). Let K and F be as in
Proposition 3.4 above. Then (Ug : Up -Wx) | 2.

Proof. Take Sy =S, then Up g = Up, Ux g = Ug, and the condition
of the above Proposition 3.4 holds, so the conclusion follows.

Remark. For the cyclotomic field case, i.e., K =Q({,,)(2<meZ) and
F=K"=Q(, + C,_nl), where (,, is a primitive m-th root of unity in the

complex number field C. If m=p' for some prime number p and integer
t21, then Ug =Up -Wg (see [14], p.268 and [12], p.40). So by the

above Proposition 8.4 we have #HYG,Ug)=2 NUg =U%, and
(Up : NUg) = 2K+,

Now for the CM field K and its real subfield F =K* as above, let Uj
be the set consisting of all totally positive units in F. It is easy to see that
U cNUg cUj cUp. Let ¢:Ug — Wk, a—a/o(a). Then from the
proof of Theorem 4.12 in [12, p.40], we have

Corollary 38.6. (1) If o¢(Ug)=Wg, then (Up :NUg)=2'K,
(NUg :U%)=(Ug :Up -Wg)=2, and $HYG,Ug)=1. In particular,
Ui = Uf;

@ If ¢Ug)=Wg, then (Up:NUg)=25" NUg =Ug,
Uk =Up -Wg, and $ H'(G, Ug) = 2.

For example, let K = Q(§,,) and F = K* =Q(¢,, +§,;) be as above.

(a) if m is not a prime power, then the conclusion (1) of Corollary 3.6
holds.

(b) if m is a prime power, then the conclusion (2) of Corollary 3.6 holds.

Example 3.7. In this example, we let K,F be two real Galois
extensions over Q, [K:F]=2, and [F:Q]=n. The Galois group

G = Gal(K/F) = {1, 6} with a generator c. Let Ug, Uk, Uik and U% be

Advances and Applications in Mathematical Sciences, Volume 24, Issue 9-10, July-August 2025



ON COHOMOLOGY GROUPS H' OF G-MODULES OF FINITE ... 79

the unit group, the subgroup of the units of norm 1, the subgroup of totally

positive units and the subgroup of the unit squares, respectively, of K.
Similar for the meaning of Ugp,Uk,U} and U%. Let U = Uk NUk,
Up?=Ug NU%E, r' =rankUg), rg? = rank(Ug?), rk = rank(Uk),
ry = rank(Up), i = rank(Uk), rp = rank(Uf). Then we have

on on
Ui U -Ud)  (NUg : Up?

$HY(G, Uk) = = 2. (U} : NU¥),

2" 2"

tHY(G, Uy) = -
(. U%) U% - U -UL%)  (NURP - (U%)))

=2-(UR)? : (NUg ),
2n+1 2n+1

= =2.(Ugp : NU%).
Uk : Up UZ)  (NUk :U%) e

tH'(G, Ug) =

Proof. By assumption, rp =n -1, rg =2n—-1. It is easy to see that
Ui, Ux and Uy are G-modules, and (Uy)® = Uk, U%)® = Up. For
o € Ug, the norm Ngjg(a)==+1 (see [6], p.96), so U% cUk. The

following facts are also easy: rg =rp +rg, r}(’ 2o =g —rp =n,

rk=rg =2n-1,rp =rp =n-1,Up NURZ =UK[2] = {1,Upr NUR = Upl2]
=U2] = {1, -1}. Then the conclusions follow directly from the above

Proposition 2.
Now again let F, K, G, Sp, Sg,Up s, Ugs be as in the above
Corollary 3.1. Recall that Sp is called large for K/F if

(i) Sp contains all ramified primes of K/F;
(i) the Sk -class group of K is trivial.
Moreover, if Sgp islarge for K/F, and satisfies the following condition:

(i) G =Uy, SKG(D, where G, is the decomposition group at the place
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w, then Sp is called larger for K/F. (See [13, pp.1~2]). We denote the
Sp -class group of F by Clp g which is defined to be the quotient of the ideal

class group of F by the subgroup generated by the classes represented by the
finite primes in Sy (see [10], p.127).

Proposition 3.8. If Sp is large for K/F, then the S -class number of
F

hpg =tClpg = t HY(G, Ug g) = 2"5K285F*1 (U g : NUg g),

so hp g isa2-power. In particular, if K/F is ramified at some finite place,

and Sg islarge, then
(Up.s : NUg g) = 2257 #5K1

Proof. By Lemma 1 of [13, p.9], we have H'(G, Ugs)~Clpg, so by

Corollary 3.1 above, the first formula follows. For the second formula, by our

assumption, it is obvious that Sy is also larger for K/F. By Lemma 1 of
[13, p.9], the Sg-class group of F is trivial, so # H(G, Uk s) =1, which

implies that (UF,S : NUK,S) = ZZﬁSF_ﬁ Sk-1.
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