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Abstract

In this paper, we explore and propose the new definition of lexicographic product, strong
product and join two of interval valued picture fuzzy graph (IVPFG). Also, we investigate some
results related to their properties.

1. Introduction

In 1975, Zadeh introduced the notion of interval valued fuzzy sets as a
generalization of fuzzy sets. In 1986, Atanassov proposed intuitionistic fuzzy
sets. Fuzzy graph is an important tool for handling uncertain real decision-
making problems in various field. In fuzzy graph theory has numerous
applications in modern science and engineering, networks, medical, etc.
Ahmed Mostafa Khalil [1] introduced basic properties of interval valued fuzzy
soft graphs. Mishra [4] proposed the concept of a regular interval valued
intuitionistic graph and discussed some other properties. Mohamed ismayil

[6] proved the several results of product interval valued fuzzy graphs. Said
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Broumi [6] discussed some operations of regular and irregular interval valued
neutrosophic graphs. Wael Ahmad Al Zoubi [8] modified the product of two
bipolar interval valued fuzzy graphs and also the concept in homomorphism
in bipolar fuzzy sets. Yahya Mohamed [9] studied the two strong interval
valued Pythagorean fuzzy graphs of some operations. In this paper we
explore the new definition of lexicographic product, strong product, and join
of two interval valued picture fuzzy graphs, Further, investigate of their
properties with suitable example.

2. Preliminaries

Definition 2.1 [3]. Let A be a picture fuzzy set. A in X is defined
by A ={x, pax), nalx), yalx)/x € X} Where py(x), ng(x) and yu(x)
follow the condition 0 < py(x)+ma(x)+7y4(x)<1. The py(x), nax),
ya(x) € [0, 1], denotes respectively the positive membership degree, neutral
membership degree and negative membership degree of the element in the
set A.

Definition 2.2 [6]. A fuzzy graph is a pair of functions G = (o, pn) where

o is a fuzzy subsets of a non-empty set V and p is a symmetric fuzzy relation
on o. ie. 6:V —>[0,1] and p:VxV —[0,1], such that u(v, u)

= o(u) A o(v). For all u, v € V where uv denotes the edge between u and v
and o(u) A o(v) denotes the minimum of o(x) and o(v). o is called fuzzy
vertex set Vand p is called the fuzzy edge set FE.

Definition 2.3 [6]. An intuitionistic fuzzy graph is if the form
G =(V, E), where V ={v,vy,...,v,} such that p; : V —[0,1] and
y; : V — [0, 1] denote the degree of membership and non-membership of the
element v; € V. respectively, and 0 <p;(x)+7y;(x)<1  for all
v;eV,(i=12 ..,n) and E c VxV such that p; : VxV —[0,1} and
vj : VxV —>[0,1] are defined by 0 < p;(x, y) < min (u;(x), p;(y)) and
vi(x, ¥) > max (y;(x), y;(y)) such that 0 <p;(x, y)+v;(x, y)<1 for all
(x,v)eE, 1,j=12,...,n).

Definition 2.4 [2]. An arc (u, v) in an interval valued fuzzy graph, G is
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called a strong arc if it is either Type I or Type II strong. If (u, v) is strong we

say that u and v are strong.

Definition 2.5 [5]. A fuzzy set Vis a mapping ¢ from Vto [0, 1]. A fuzzy
graph G is a pair of functions G = (o, u) where o is a fuzzy subset of a
non-empty set V and u is a symmetric fuzzy relation on o, (i.e.)

wu, v) = o(u) A o(v). The underlying crisp graph G = (o, p) is denoted by
G* = (V, E) where E c Vx V.

Let DJ0, 1] be the set of all closed subintervals of the interval [0, 1] and
element of this set are denoted by uppercase letters. If N e D[0, 1] then it
can be represented as N = [N, Ny7], N, and Ny are the lower and upper
limits of V.

3. Operations on Interval Valued Picture Fuzzy Graphs

Definition 3.1. An interval valued picture fuzzy graph (IVPFG) with
underlying set V is defined to be a pair G = (A, B) where
A = {04z MALY AL} BAU> NAU> YAU )} 18 an interval valued picture fuzzy set
on Vand B = {(ugr, 8L, YBL; M8U> NBU> YBU )} 1s an interval valued picture
fuzzy set on E satisfies the following conditions: (i) the function
pg:V—>[0,1ny : V—>[0,1] and vy, :V —[0,1] indicates positive
membership degree, neutral membership degree and negative
membership degree of the component x €V, respectively, such that
O0<pyg@)+myux)+y4x)<1 for all xeV, and (i) the function
pg : VxV > [0,1ng: VxV —[0,1] and yg : VxV — [0, 1] are defined
by upr(uw) < min (uaz (W), paz ©))kpr (o) < min (nyz @), naz@))  and
veL(wv) < max (v (W), parv)  and  ppp(ww) < min(ugp @), pag©));
npy(ww) < min (), nau©)) and ypy(ww) = max (v 4u (), yauv)) such
that 0 < p 4y (wv) + ngy(ww) + Yy (wv) <1 for all wv € E.

Example 3.1. Consider a graph G* = (V, E) where the vertex set
{a, b, ¢} and the edge set {ab, bc, ca}. Let P be an interval valued picture
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fuzzy set of V and let Q be interval valued picture fuzzy set of £ c VxV
defined by

[(0.2,03,04),(0.1,03,0.5)]
a

((0.2,0.1,0.4), (0.3,0.3.0.3)]

b C
[(0.3,0.1,0.3),(0.5,0.3,0.1)] [(0.2,04,0.2), (0.3,0.3,0.2)]

Figure 1. Interval valued picture fuzzy graph.

[ab, (0.2, 0.1, 0.5), (0.1, 0.2, 0.5)]; [be, (0.2, 0.1, 0.4), (0.3, 0.3, 0.3)};
[ac, (0.2, 0.3, 0.5), (0.1, 0.2, 0.6)].

Definition 3.2. The lexicographic product of interval valued picture

fuzzy graphs G; = (A, By) and Gy = (Ag, By) with underlying crisp graphs
Gi = (i, E;) and G5 = (Vy, Ey) is denoted by G;XGy = (4,8 Aq, B;X By)

and is defined as follows
() (¥ pa,n ) (s ug) = max{uy, 1) wa,r ()}
(ma, B R a,0)s (W, ug) = max{u g, (), Ba,u(ug)}
M, B8N, ) (W, ug) = max{ny, 7,(w), N,z (us)}
(M, oM 4,0) (W, ug) = max{ng,u(w), na,uue)}
(Y4, 28V 4,1 ) (5 ug) = max{y 4,1.(4), V4,1 (o)}

(Y4, 0®v4,0), (w1, ug) = maxiy 4 (), va,u(we)}, for every u; € V; and

Ug € V2
(i) (up,2B¥1B,L ) (W, ug) (U, v9) = max{u 4, 7.(w) up,L(ue, V2)}
(mB, o B0 ), (@, uz) (u, v2) = max{n g, y(w) pa,u(ug, va)}

B, LX VB, ) (W, o) (1w, vo) = max {ny, 1) Ng,1(us, V2)}
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MB,oEMBw), (@, uz)(w, v7) = max{n4,y(w) np,u(ug, va)}
(8,28 7vB,1), (W, u)(w, vg) = min{y 4, 1.(w) v5,1.(uz, V2)}
(B vB,U ) (s ug) (w, va) = min {y 4, y(w) va,u(ug, vg)} for every
u € Vi and (ug, vy) € Ey
(iti) (ug,zB1B,1 ), (w1, ug) (vr, U2) = max {u g, 1, (Ug) A,z (V1) BBy, V1))
(mB,uRuB,r), (s ug) (vr, vg) = max {u 4, (ue) Ha,ur) 1By, v}
B, LE¥MB,L ) (W, ug) (Ur, v2) = max {n g7 (), N4, (V1) NByL (s v1)}
(MBuRNBw), (s ug) (vr, vg) = max {4,y (ue) Nau 1) B, vr)}
(8, L8¥YB,L), (w1, ug) (vr, v2) = min {y 4,1, (u2), V4,2 (V1), Y8,1(1, 01)}

(rB,uRvB,U ) (W, Ug) (v, V) = min {y 4,i7(ua), Y a,u(1): VB,U (s v1)}

for every (ug, v1) € E; and (ug, vy) € Ey

Example 3.2. Consider two interval valued picture fuzzy graphs
G =(Ay, By) and Gy =(Ag, By) with wunderlying crisp graphs
Gi = (W4, E;) and G5 = (Vs, Ey) such that the vertices V; = {iy, vy, w;} and
Vo = {ug, vy} and the edge sets E; = {u, vy, v, w;} and Ey = {uy, vy}
respectively, where

g G
Figure 2. Lexicographic Product of Two interval valued Picture Fuzzy
Graphs.

GRG

The vertex sets of G; and Gy
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Ay = 1(v:(0.3, 0.3, 0.3), (0.3, 0.4, 0.1))
(wq;(0.4, 0.3, 0.2), (0.3, 0.1, 0.4))

 [(ug;(0.1, 0.2, 0.5), (0.2, 0.3, 0.3))
27 \(vg:(0.3, 0.5, 0.1), (0.4, 0.3, 0.2))

The edge sets of G; and Gq

5. _ [w(0.2,0.2,05) (0.2, 0.1, 06)
b7 Yoguy (0.1, 0.2, 0.4), (0.3, 0.1, 0.5))

By = {{usve; (0.1, 0.1, 0.6), (0.2, 0.2, 0.4))
The lexicographic product of G;X G,

(uyus; (0.2, 0.3, 0.4), (0.4, 0.3, 0.3))
(1095 (0.3, 0.5, 0.1), (0.4, 0.3, 0.2))
(v1us; (0.3, 0.3, 0.3), (0.3, 0.4, 0.1))
(v1v9; (0.3, 0.5, 0.1), (0.3, 0.4, 0.1))
(wyug; (0.4, 0.3, 0.2), (0.3, 0.3, 0.3))
(wyvs; (0.4, 0.5, 0.1), (0.4, 0.3, 0.2))

AR A, =

{(uqug, uvs);(0.3, 0.3, 0.1), (0.4, 0.3, 0.2))
{(uqug, v1vg);(0.3, 0.5, 0.1), (0.4, 0.4, 0.1))
{(wug, wive); (0.4, 0.5, 0.1), (0.4, 0.3, 0.2))
ByX By = | ((wyvy, vius); (0.3, 0.5, 0.1), (0.4, 0.4, 0.1))

{(viug, v1v9);(0.3, 0.5, 0.1), (0.3, 0.4, 0.1))
{(v1ug, wyvg); (0.4, 0.5, 0.1), (0.4, 0.3, 0.2))
{(vvg, wqug); (0.4, 0.5, 0.1), (0.4, 0.4, 0.2))

Theorem 3.1. The lexicographic product GiX Gy = (A;X Ay, B{X By) of
two interval valued picture fuzzy graphs G, = (Aq, By) and Gy = (Ag, Bg)

with underlying crisp graphs Gy = (Vi, E;,) and G5 = (Vy, Es) is an interval
valued picture fuzzy graph.

Proof. Let G; and Gy be two interval valued picture fuzzy graphs.
Let E = {(x, x2)(x, y2)/x € V] & (xg, ¥2) € Eg}
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U{(x1, x2) (71, ¥2) /(x1, 1) € Eg &(xg, y2) € Eq}

Consider (x, y;)(x, y3) € E, by definition 3.1 and 3.2 we have
(1B, B1B,) (%, 29) (%, ¥2) = max{u 4, 1,(x), up,r(*2, ¥2)}
> max {u4,7,(x), na,z(x2) na (2}
= max (min (4 4,7,(x), M4,z (x2)), min (La,7(), ka,L(2))
= max {(1 4, 2X 1 g,z ) (6, %2) (R, BB 4,1) (%, Y2)}
(hB, BB, ) (%, x2) (%, ¥2) = max {uy u(x), np,u(xe, Y2
> max {4, y(®) [hauxe), kaoe)l
= max (max (i 4,07(%), pa,u(*2)) max((u4,0(*), Lau(ve))
= max {(1 4, g,u) (%, 29) (LA, o™ 1 a,0) (5 ¥2)}
MB,LE¥MB,L) (%, x9) (%, ¥2) = max{n4,7,(x), Np,r(*¥2, ¥2)}
> max {n4,1,6), Ma,z(e2), N4,z ()}
= max (max (n4,7,(x), N 4,7 (¥2)), min ((n4,7,(x). n4,7(2)))
= max {4, .8 K4,1) (%, %2), (L1 A,L) (%, y2)}
Mo NB,U) (%, x9) (%, y9) = max{n 4, (%), np,u(xe, y2)}
< max {n4,0(%), Nau ) nao ()l
= max (max (1 4,0/(%), N 4,0 (*2)) max((n4u(), n4,0(2)
= max {(n4,uX¥ N 4,0) (&, x3). (4uR B A0) (x Y2}
(8, L8 vB,1) (%, x2) (x, y2) = min{y 4, 7,(x), Y5, (%2, ¥2)}
< min{y 4,7,(x), [v4,0(02) v.4,2.(72)]}

= min (min (v 4,7,(%), 74,1 (x2)), min (v 4,7,(%), 7.4,1.(52)))
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= min {(y 4,287 4,1.) (%, %2) (v 4,287 .4,1) (%, ¥2)}
(r8,UR 78,0 ) (%, x2) (x, ¥2) = min{y 4 u(x), Y,u(x2, y2)}
< min {y 4,p(x), [y 4,0(*2). v.4,0(¥2)]
= min (min (v 4,u(*), v4,0(x2)) min (v 4,0(), v.4,0(52))
= min {(y 4,08y 4,0) (%, %2), (v 4,0X 7 4,0) (%, o)}
Consider (x, x5)(y, ¥5) € E, we have
(mg,L¥1p,1 ) (X1, x2) (v1, ¥2) = maxiug 7,(x1, »1), Bg,r(x2, ¥2)}
> max {{u g, 7,061 a2 (7)) [apz (%2), 1w,z (v2)]}
= max (max (u4,7,(x1), B,z (x2)), max (a7, (31) Bau(v2)
= max {(l4, 281 a,1) (%, 29), (4,287 4,1) (015 Vo))
(hB, o™X By (X1, %2) (1, ¥2) = max{ug, (e, 1), ueu(*2, y2)i
> max {[n g, ma() [au (), Lau (el
= max (max (ug, (%1 ) M, (2)), max (o) nau(2))
= max {(1 4, X ) (15 X2) (Wa,oX Y 4,0) (915 V2 )}
(M, B8, (X1, x2) (11, ¥2) = max g, 1,(x1, 1), B, (2, ¥2)}
> max {{nq,7,(61), N,z ()} Mayz(62) Mz ()]}
= max (max (n4,7,(x1), N4,z (x2)), max (4,01 N,z (v2))
= max {(n4, 728N 4,1.) (%, %9), (N4, 28N 4,.) (1, o)}
MB,uMMBL) (X1, 22) (¥1, ¥2) = maxing,g(xr, y1) Npw(*e, yo)}
> max {{n,u(%1 ) o)l MauE2) nau(v)ll
= max (max (n 4,/(%1 ) N,u(*2)) max (o). 1a,0(ve))
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= max {(n4,uXN4,0) (x, x2), (N4,uX¥N4,0) (015 Y2)}
(r8,L¥7vB,1.) (x1, X2) (31, ¥2) = min{yg 1,(x1, 1) Y81 (%2, ¥2)}
< min {fy 4,706 ) Y4200} Y4, (562), V4,1 (52)}
= min (min (v 4,7,(x1), 74,2 (¢2)), min (v 4,7.(01), 7.4,2(¥2)))
= min {(u 4, 78R 4,7) (01, 22), (A 2B 4,1) (1, Y2)b
(v8,UR 78,0 ) (x1, x2) (¥1, ¥2) = min{yg u(x1, 1), Y80 (%2, ¥2)}

< min {fy 4,561, va,u 1)) va0 ) Y a0 (32)}

min (min (y 4,17 (%1), 4,0 (*2)), min (v 4,0(31), Y.4,0(52))

min {(y 4,08 Y 4,0) (%, %), (v 4,02 Y 4,0) (V15 Y2)}

Definition 3.3. The strong product of interval valued picture fuzzy
graphs G; = (Ay, B;) and G; = (Ag, By) with underlying crisp graphs

Gi = (W4, E;) and Gi = (Vy, Es) is denoted by G; - Gy = (A; - Ag, By - Bs)

and is defined as follows
() (hayz - Ba,r) Wy, ug) = max{pn g (), na,r(us)}
(hayU - o) (s ug) = max{u g, wa,u(ue)}
M,z - M) (W, ug) = max{n g,z (w), N,z (ug)}
Mau - Magw) (W, ug) = max {n 4, ) N, (us)}
(YL - va,r) (W, ug) = mindy 4 7,(w1 ), v.a,1 (o)}
(YU - Yau) (s ug) = min {y 4,u(w), v 4,0 (U2}, for every uy € Vi, and
Uy € Vy
(i) (g, - ML) (W ug) (w, vg) = max{u 4, 7,W), np,r(Ug, v2)}

(HBlU ) HBZU) (@, ug)(u, vg) = max {llelU (W), UBU (g, vo)}
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ML MByL) (s ug) (1, vg) = max {n 4,7, (), N,L(ug, v2)}
(MB,U - MByw) (W, ug) (w, vg) = max n 4,y W) np,u(ug, v2)}
(YB,L - VBoL) (W ug) (u, vg) = min {y 4, 1,(w), vi,1.(u2, V2)}

(B VByU) (W u2) (. v2) = min{y 4 y(), vpulug, v2)},  for  every

ueVy, and (ug, v9) € Ey

(i) (up,z, - BB,L) (Wi, ug) (U1, V) = max{u 4,1, (uo), Ka,r(V2), UL (w, v1)}
(hB,U - 1Byr) (s ug) (U, Vo) = max {u g (ug) L ©e) kB, v1)}
(nBlL 'nBzL)(uL uy) (v1, v2) = max {ﬂA2L(u2 ), nAzL(Uz ), nBzL(ul’ vy}
(1161U "MBU ) (i, ug) (v, vg) = max {nAQU (w2), NAU (2), nBlU(ul’ v )}
(Y.L~ VBoL) (W15 Ug) (U1, V) = min{y 4,7, (w2), ¥ 4,1.(V2), Y51 (1, v1)}
(YBIU ) YBQU)(ul’ ug)(vy, v2) = min {YAQU (u2), Y AU (2), Y61U(u1, v}
for every (uy, v;) € E; and (ug, vy) € Ey
(V) (np,L - MBoL) (w1, w) (U1, w) = max {4, W), k1w, v1)}

(g, - mByu) (w1, w) vy, w) = max {pg,u W), neu(a, v1)j

(M5, MByz) (w1, w) (vy, w) = max {n 4,7, W), Np, 1w, v1)}

(Ms,0  MBywr) (1, w) (01, w) = max {n 4,uW), NsU, v}

(8,1~ VByL) (w1, w) (vy, w) = min {y 4,7, (W), 5,1, v1)}

(v8,U - ¥ByU) (U1, w) (U1, w) = min{y 4,yW), ygu(w, vy)}  for  every
w e VZ and (ul, U].) € E]_

Example 3.3. Consider two interval valued picture fuzzy graphs
G, = (A1, By) and G; = (Ag, By) with underlying crisp G7 = (V;, E;) and
Gy = (Vy, Eg) such that the vertices Gy = (V4, E;) and V; = {x;, y;} and
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Vo ={xg, yo} and the edge sets E; ={x;, y} and Ej = {xy, yp}
respectively, where

¥ %K, Ky,

|

Figure 3. Strong Product of Two interval valued Picture Fuzzy Graphs.
The vertex sets of G; and Gy

%%, Y,
G4,

-
L

4 = [(¢:(0.2,0.3,0.4), (03, 0.1, 0.4))
L7 Um:(0.3, 0.3, 0.3), (0.3, 0.4, 0.1))

o _ [{%2:(01,0:2,05), (0.2, 0.4,0.3)
27 159:((0.3, 0.6, 0.1), (0.4, 0.3, 0.2))

The edge sets of G; and Gy
By = {(x131;(0.2, 0.2, 0.5), (0.2, 0.1, 0.6))
By = {{x9¥9;(0.1, 0.1, 0.6), (0.2, 0.2, 4))
The strong product of G - Go

(x1%9; (0.2, 0.3, 0.4), (0.3, 0.4, 0.3))
(x1y9; (0.3, 0.6, 0.1), (0.4 0.3, 0.2))
(y1%9; (0.3, 0.3, 0.3), (0.3, 0.4, 0.1))
(y159; (0.3, 0.6, 0.1), (0.4 0.4, 0.1))

.Al‘.Az =

{(x129, x1¥2); (0.3, 0.6, 0.1), (0.4, 0.4, 0.2))
(719, ¥1¥2),(0.3, 0.6, 0.1), (0.4, 0.4, 0.1))
B B - {(x129, ¥129);(0.3, 0.3, 0.3), (0.3, 0.4, 0.1))
172 7 N(yyg, v102) (0.3, 0.6, 0.1), (0.4, 0.4, 0.1))
{(x129, ¥1¥2);(0.3, 0.6, 0.1), (0.4, 0.4, 0.1))
(%159, ¥1%2);(0.3, 0.6, 0.1), (0.4, 0.4, 0.1))

Theorem 3.2. The strong product Gy - Gg = (A; - Ag, By - By) of interval
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valued picture fuzzy graphs G; =(Aq, By) and Gy = (Ag, By) with

underlying crisp graphs G = (V;, E;) and Gy = (Vy, Ey) is an interval
valued picture fuzzy graph.

Proof. Let G; and G5 be two interval valued picture fuzzy graphs. Let

E = {(x, x3)(x, y2)/x € Vi and (xg,y2)e Eo}U {(x1, x2)(31, ¥2)/(x1, 31) € By
and (xg, y2) € Eo} U {(x1, 2) (2, 2)/z € Vo and (x1, y;) € Ey}

Consider (x, x5)(x, ¥9) € E, by definition: 3.1 and 3.3 we have
(uB,1 - 1B,L) (%, ¥2) (%, ¥2) = max{u 4,1, (x) np,r(*2, ¥o)}
> max {u4,7,(x), ma,r(2) na,z(ve))
= max (min (4,7, (¥), P,z (x2)) min (1,7 (), kA, (y2))
= max {( a7, - Ha ) (% x2) (ayz - va,r) (%, Y2)}
(LB, - wByu ) (X, x2) (%, ¥2) = max iy y(x), up,u(xe, y2)}
> max {u4,p(%), na,u(ee) nao(ve))
= max (max (i 4,07(%), pa,u(*2)) max((u4,0(*), Lau(ve))
= max {(L,u - mau) @, x2), (Mao - mau)(® ¥o)}
MB,L - MB,L) (%, x2) (%, ¥9) = max{n 4, 1,(x), Ng,1.(X2, ¥o)}
> max {n 4,1, (%), (Nayr (¥2), M, ()]}
= max (max (1 4,7,(x), N, (*2)), max(( 4,z (x), Nayr(y2))
= max{(n4,z - Ma,r)(® %2) Mz - Na,z) (s y2)}
M, - MByw) (%, x2) (¥, ¥2) = max {n 4 u(x), ng,u(xe, o)
> max (N 4,0(%), (Nau () Nau ()l

= max (max (n 4,y(x), Na,u(*2)), max((a,u ), n4,u(2))
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= max {(n4,u - Maw) (% x2) MU -Maw) (x y2)}
(8,1 - YBoL) (%, x2) (%, ¥2) = min {y 4,7.(x), V5,1 (x2, ¥2)}
< min {y 4,7,(x), [v.a,2(2) v4,2.(32)]}
= min (min (v 4,7,(), 74,1 (x2)), min (v 4,2, (), ¥.4,2.(32))
= min{(y 4,7, - Ya,1) (% X9), (V4,1 - Ya,1) (%, Y2)}
(v8,U - YB.U) (%, X2) (%, y2) = min {y 4,z(x), va,u(x2, ¥o)}
< min {y 4,p(x), [y 4,0(2), va4,0(¥2)]
= min (min (v 4,y/(x), ¥.4,0(x2)) min (v 4,0(x), ¥.4,0(32))
= min {(y 4, - Y A4,0) (% X2), (Y40 - Ya,0) (% ¥2)}
Consider (x1, x5)(y1, ¥2) € E, we have
(U, - By ) (15 %2) (71, ¥2) = max{ug, 1(x1, ¥1) BB, (*2, Y2)}
> max {761, A, (7)) [apz (62) o,z (v2)];
= max (max (4,7,(x1), R ayr (62)), max (u,r (1), 1A,z (v2))
= max {(ua, 7, - Baor) (X1, %2) (Raz - Ba,r) (1 ¥2)b
(uB,U - 1Byu) (1, 22) (71, ¥2) = max{ug ylxr, y1), kpu (e, y2)b
> max {[n g, (), mau()) [au(re), Lau ()l
= max (max (14,01 ) Ma,u(x2)) max (u,u(31): 1A (v2))
= max {(l v - Ha,u) (*1s %2), (Law - Haw) (15 yo)
MB,L " MByL) (X1, X2) (¥1, ¥2) = maxing,1.(x1, y1), B,L (%2, ¥2)}
> max {[n 4,7, (x1), a2 (1)} Mz (), a2 (2]}
= max (max (n 4,7,(x1), Na,r (¥2)): max (m g,z (1) N4, (72))
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= max {4,z - Na,r) (1, %2) Mayz -Ma,r) 1 ¥2)b
MBw *MBw) (x1, %2) (01, ¥2) = maxing u(xr, 1), Nw(*e, y2)i
> max {[n 4,0 (1), N ()l Mayu(e), naw ()l
= max (max (n 4,0/(%1 ) Na,u(x2)) max (M 4,u(1) 14,0 (2))
= max {4, - Na,u) (%1, ¥2) Maw - Maw) (15 y2)}
(8,1~ YBoL) (15 %2) (31, ¥2) = min{yg, 1,(x1, ¥1) vB,1(x25 ¥2)}
< min {fy 4,7.01), Y4, (00} V4, (2), Va4, (72)]}
= min (min (v 4,7,(x1 ), ¥4,z (x2)), 10 (v 4,7,(31)s ¥ 4,1.(52)))
= min {(l4,7, - L) (1, X2), (M, - A L) (15 Yo))
(v, - VBoU) (%15 %2) (31, ¥2) = min{yg y(x1, ¥1), Y8,0(%2, ¥2)}
< min {y 4,(1), v 4,001} v a,0(2), Y402}
= min (min (y 4,u/(%1), 74,0 (x2)), min (v 4,0 (1): ¥.4,0(32))

= min {(y 4, - Ya,0) (%15 X2), (Yau - Ya,0) (15 Y2 )}

Consider (xy, 2)(y1, 2)/z € Vy and (x1, 3,) € E; we have
(0, - 1ByL) (X1, 2) (315 2) = max {ug 7, (er, 1), (ayr(2))
> max {p g, 7,061), ka2 (), (a,z(2)}
= max (p,7,(x1 ), max (ug,7,(2)), max (ua, (1), na,z(2)
= max {(ly,7, - Ba,n) (1, 2), (ayz - bayr) (01 2))
(hB,u - wByr) (15 2) (ve, 2) = max{ug (e, 31) (wa,u(2))
> max {p g, (@), mau(n), (M)
= max (k4,01 (1 4,0(2) max (ug,u(n), Law ()
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= max{(n4u - Ha,r) (%1, 2), (Rau - Ha,rn) (01, 2))
MB,L - MByL) (%1, 2)(ve, 2) = maxing, 1, (x1, y1) M4, (2)}
> max {n4,7,(%1 ), N4,z M,z (2)}
= max (N4, 7(x1), max (n4,2(2)), max (g, ) N4,r(2))
= max{(n4,z -Ma,r)®1, 2), (a1 - Nayz) (01 2)}
MU - MByw ) (*1, 2)(¥2, 2) = maxing y(xr, y1) (Ma,u ()

> max {n 4,7 (%), Na,un), M)}

max (N 4,0(%1), (Ma,0(2)) max (o) Maw(2)

max {4, - Na,L) ®1s 2) Maw - Ma,r) (01, 2)}

(v, * VBoL) (x15 2) (¥2, 2) = min{yp 1,(x1, 1), Y4,2(2)}
< min {y 4,,(x1), Y4, (1)} ¥4, (2)}
= min (min (y 4,7, (%), (v.4,2(2)), min (v 4,2(01), ¥.4,2.(2)))
= min{(y 4,7, - Ya,0.) (%15 2), (AL - Vo) (¥25 2))

(v - Y8y0) (x15 2) (v2, 2) = min {yg,u(xr, y1), Ya,0()
< min {y 4. (1), v 4,001} ¥ 4,0 ()}
= min (min (y 4,7(x1), (v.4,0/(2)), min (v 4,01, ¥.4,0(2))
= min {(y 4,0 - Ya,0) (*15 2) (Y40 - Ya0) (V25 2)}

Definition 3.4. The join of two interval valued picture fuzzy graphs G;

and Gy with the crisp graphs G; and G, is denoted by G; + G, and is

defined as follows

@) (rayz +1a,n) (®) = (R Upgyr)(x)
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Mz +Mapr) () = Mgz Una,r) (%)
(v +va,0)(®) = (Yar Uvar)(x), if x e VUV,
(har + M) (%) = (Lo U o) (x)
M + Naw) ®) = Mau Unau) ()
(Yau +va,0) (%) = (Y au Uvau)(x), if x € V1 UV;
(i) (ug,z + BB,r) () = (up . Upp,r) (xy)
(ugu + HBeu) (W) = (U U np,y) (), if xy € By N Ey
M, +MB,1) () = Mp,, Ung,r) (xy)
(MU +Ms,0) (W) = Mpw Unp,w) (w) if xy € By N E;
(vB,L +7vB,1.) () = (vp,1. Uvp,r) (xy)
(o +¥8,0) () = (rpw Uvs,w) (), if xy € By N Eg
(ili) (up,z + 1B, ) (%, ¥) = min {u 4, 7,(x), B,z (V)
(hg,u + 1B,u) (x, ¥) = min {4, (%), wa,u(v)}
B,z +MB,z) (x, ¥) = min {n 4, 7,(x), N4,z ()}
MU +M,u) (x, ¥) = min {n 4,u(x), N0 ()}
(vB,L +VB,1.) (%, ¥) = max {y 4,7.(x), v 4,2.(¥)}

(Y +vB,u) (%, ¥) = max{y 4, u(x), Yy 4,0 (¥)}, for every xy e E', where

E' is the set of all edges joining the vertices of V] and V;.

Example 3.4. Consider two interval valued picture fuzzy graphs
G, =(Ay, By) and Gy =(Ag, By) with underlying crisp graphs
Gi = (A, By) and G5 = (Ay, By) such that the vertices V; = {k, I} and
Vo = {t, u, v} and the edge sets E; = {kl} and Eo = {tu, uv} respectively,
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where

| v
G G, G+ G,

Figure 4. Join of two interval valued picture fuzzy graphs.

The vertex sets of G; and Gy

{(k; (0.2, 0.3, 0.4), (0.5, 0.2, 0.3))
Ay =

(;(0.3, 0.4, 0.1), (0.1, 0.3, 0.4))

(£:(0.3, 0.4, 0.3), (0.3, 0.2, 0.4))
Ay = {(u;(0.2, 0.3, 0.4), (0.3, 0.2, 0.2))
(;(0.1, 0.3, 0.4), (0.3, 0.2, 0.4))

The edge sets of G; and Gq
B = {<kl; (0.2, 0.3, 0.4), (0.1, 0.2, 0.4))

 [(tw:(0.2, 0.4, 0.3), (0.3, 0.2, 0.4))
27 Nuw; (0.1, 0.3, 0.4), (0.3, 0.2, 0.4)).

The join of G; + G

(kt; (0.2, 0.3, 0.4), (0.3, 0.2, 0.4))
(ku; (0.2, 0.3, 0.4), (0.3, 0.2, 0.3))
(kv; (0.1, 0.3, 0.4), (0.3, 0.2, 0.4))
(it;(0.3, 0.4, 0.3), (0.1, 0.2, 0.4))
(lu;(0.2, 0.4, 0.3), (0.1, 0.2, 0.4))
(Iv; (0.1, 0.3, 0.4), (0.1, 0.2, 0.4)).

Bl+62=

Conclusion

In this paper, we define new operations of interval valued picture fuzzy
graphs. The basic properties of interval valued picture fuzzy graph of
lexicographic product and strong product are obtained. Also, define the join of
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two interval valued picture graphs and discussed with some examples.
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