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Abstract 

In this paper, we explore and propose the new definition of lexicographic product, strong 

product and join two of interval valued picture fuzzy graph (IVPFG). Also, we investigate some 

results related to their properties.  

1. Introduction 

In 1975, Zadeh introduced the notion of interval valued fuzzy sets as a 

generalization of fuzzy sets. In 1986, Atanassov proposed intuitionistic fuzzy 

sets. Fuzzy graph is an important tool for handling uncertain real decision-

making problems in various field. In fuzzy graph theory has numerous 

applications in modern science and engineering, networks, medical, etc. 

Ahmed Mostafa Khalil [1] introduced basic properties of interval valued fuzzy 

soft graphs. Mishra [4] proposed the concept of a regular interval valued 

intuitionistic graph and discussed some other properties. Mohamed ismayil 

[5] proved the several results of product interval valued fuzzy graphs. Said 
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Broumi [6] discussed some operations of regular and irregular interval valued 

neutrosophic graphs. Wael Ahmad Al Zoubi [8] modified the product of two 

bipolar interval valued fuzzy graphs and also the concept in homomorphism 

in bipolar fuzzy sets. Yahya Mohamed [9] studied the two strong interval 

valued Pythagorean fuzzy graphs of some operations. In this paper we 

explore the new definition of lexicographic product, strong product, and join 

of two interval valued picture fuzzy graphs, Further, investigate of their 

properties with suitable example.  

2. Preliminaries 

Definition 2.1 [3]. Let A be a picture fuzzy set. A in X is defined              

by        XxxxxxA AAA  ,,,  Where    xx AA  ,  and  xA        

follow the condition       .10  xxx AAA  The    ,, xx AA   

   ,1,0 xA  denotes respectively the positive membership degree, neutral 

membership degree and negative membership degree of the element in the 

set A.  

Definition 2.2 [6]. A fuzzy graph is a pair of functions   ,G  where 

 is a fuzzy subsets of a non-empty set V and  is a symmetric fuzzy relation 

on . i.e.  1,0:  V  and  ,1,0:  VV  such that  uv,  

   .vu   For all Vvu ,  where uv denotes the edge between u and v 

and    vu   denotes the minimum of  u  and  .v   is called fuzzy 

vertex set V and  is called the fuzzy edge set E.  

Definition 2.3 [6]. An intuitionistic fuzzy graph is if the form 

 ,, EVG   where  nvvvV ,,, 21   such that  1,0:  Vi  and 

 1,0:  Vi  denote the degree of membership and non-membership of the 

element Vvi   respectively, and     10  xx ii  for all 

 niVvi ,,2,1,   and VVE   such that  ;1,0:  VVi  and 

 1,0:  VVj  are defined by       yxyx iij  ,min,0  and 

      yxyx iii  ,max,  such that     1,,0  yxyx jj  for all 

   .,,2,1,,, njiEyx    

Definition 2.4 [2]. An arc  vu,  in an interval valued fuzzy graph, G is 



LEXICOGRAPHIC PRODUCT AND STRONG PRODUCT … 

Advances and Applications in Mathematical Sciences, Volume 21, Issue 2, December 2021 

669 

called a strong arc if it is either Type I or Type II strong. If  vu,  is strong we 

say that u and v are strong.  

Definition 2.5 [5]. A fuzzy set V is a mapping  from V to  .1,0  A fuzzy 

graph G is a pair of functions   ,G  where  is a fuzzy subset of a       

non-empty set V and  is a symmetric fuzzy relation on , (i.e.) 

     ., vuvu   The underlying crisp graph   ,G  is denoted by 

 EVG ,  where .VVE    

Let  1,0D  be the set of all closed subintervals of the interval  1,0  and 

element of this set are denoted by uppercase letters. If  1,0DN   then it 

can be represented as   LUL NNNN ,,  and UN  are the lower and upper 

limits of N.  

3. Operations on Interval Valued Picture Fuzzy Graphs 

Definition 3.1. An interval valued picture fuzzy graph (IVPFG) with 

underlying set V is defined to be a pair  B,   where 

 UUULLL   ,,;,  is an interval valued picture fuzzy set 

on V and  UUULLL   ,,;,,  is an interval valued picture 

fuzzy set on E satisfies the following conditions: (i) the function 

   1,0:;1,0:  VV   and  1,0:  V  indicates positive 

membership degree, neutral membership degree and negative        

membership degree of the component ,Vx   respectively, such that 

      10  xxx   for all ,Vx   and (ii) the function 

   1,0:;1,0:  VVVV   and  1,0:  VV  are defined 

by              vuuvvuuv LLLLLL   ,min;,min  and 

      vuuv LLL   ,max  and       ;,min vuuv UUU    

      vuuv UUU   ,min  and       vuuv UUU   ,max  such 

that       10  uvuvuv UUU   for all .Euv    

Example 3.1. Consider a graph  EV ,  where the vertex set 

 cba ,,  and the edge set  .,, cabcab  Let  be an interval valued picture 
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fuzzy set of V and let  be interval valued picture fuzzy set of VVE   

defined by  

 

Figure 1. Interval valued picture fuzzy graph. 

         ;3.0,3.0,3.0,4.0,1.0,2.0,;5.0,2.0,1.0,5.0,1.0,2.0, bcab  

    .6.0,2.0,1.0,5.0,3.0,2.0,ac   

Definition 3.2. The lexicographic product of interval valued picture 

fuzzy graphs  111 ,    and  222 ,    with underlying crisp graphs 

 111 , EV  and  222 , EV  is denoted by  212121 ,    

and is defined as follows  

(i)         1121 2121
,max,, uuuu LLLL      

        2121 2121
,max,, uuuu UUUU      

        2121 2121
,max,, uuuu LLLL      

        2121 2121
,max,, uuuu UUUU      

        2121 2121
,max,, uuuu LLLL      

        ,,max,, 2121 2121
uuuu UUUU     for every 11 Vu   and 

22 Vu    

(ii)           2222 ,max,,,
2121

vuuvuuu LLLL      

          2222 ,max,,,
2121

vuuvuuu UUUU      

          2222 ,max,,,
2121

vuuvuuu LLLL      
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          2222 ,max,,,
2121

vuuvuuu UUUU      

          2222 ,min,,,
2121

vuuvuuu LLLL     

          2222 ,min,,,
2121

vuuvuuu UUUU     for every  

11 Vu   and   222, Evu    

(iii)             11122121 ,,max,,,
22221

vuvuvvuu LLLLL      

            11122121 ,,max,,,
22221

vuvuvvuu UUUUU      

            11122121 ,,,max,,,
22221

vuvuvvuu LLLLL      

            11122121 ,,,max,,,
22221

vuvuvvuu UUUUU     

            11122121 ,,,min,,,
22221

vuvuvvuu LLLLL      

            11122121 ,,,min,,,
22221

vuvuvvuu UUUUU     

for every   111, Evu   and   222, Evu   

Example 3.2. Consider two interval valued picture fuzzy graphs 

 111 ,    and  222 ,    with underlying crisp graphs 

 111 , EV  and  222 , EV  such that the vertices  1111 ,, wvuV   and 

 222 , vuV   and the edge sets  11111 ,,, wvvuE   and  222 , vuE   

respectively, where  

 

Figure 2. Lexicographic Product of Two interval valued Picture Fuzzy 

Graphs.  

The vertex sets of 1  and 2  
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   

   

   









4.0,1.0,3.0,2.0,3.0,4.0;

1.0,4.0,3.0,3.0,3.0,3.0;

4.0,1.0,4.0,4.0,3.0,2.0;

1

1

1

1

w

v

u

  

   

   




2.0,3.0,4.0,1.0,5.0,3.0;

3.0,3.0,2.0,5.0,2.0,1.0;

2

2
2

v

u
  

The edge sets of 1  and 2  

   

   




5.0,1.0,3.0,4.0,2.0,1.0;

6.0,1.0,2.0,5.0,2.0,2.0;

12

11
1

wv

vu
  

    4.0,2.0,2.0,6.0,1.0,1.0;222 vu  

The lexicographic product of 21   

   

   

   

   

   

   
















2.0,3.0,4.0,1.0,5.0,4.0;

3.0,3.0,3.0,2.0,3.0,4.0;

1.0,4.0,3.0,1.0,5.0,3.0;

1.0,4.0,3.0,3.0,3.0,3.0;

2.0,3.0,4.0,1.0,5.0,3.0;

3.0,3.0,4.0,4.0,3.0,2.0;

21

21

21

21

21

21

21

vw

uw

vv

uv

vu

uu

  

     

     

     

     

     

     

     

















2.0,4.0,4.0,1.0,5.0,4.0;,

2.0,3.0,4.0,1.0,5.0,4.0;,

1.0,4.0,3.0,1.0,5.0,3.0;,

1.0,4.0,4.0,1.0,5.0,3.0;,

2.0,3.0,4.0,1.0,5.0,4.0;,

1.0,4.0,4.0,1.0,5.0,3.0;,

2.0,3.0,4.0,1.0,3.0,3.0;,

2121

2121

2121

2121

2121

2121

2121

21

uwvv

vwuv

vvuv

uvvu

vwuw

vvuu

vuuu

  

Theorem 3.1. The lexicographic product  212121 ,    of 

two interval valued picture fuzzy graphs  111 ,    and  222 ,    

with underlying crisp graphs  111 , EV  and  222 , EV  is an interval 

valued picture fuzzy graph.  

Proof. Let 1  and 2  be two interval valued picture fuzzy graphs.  

Let       222122 ,&,, EyxVxyxxxE   
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         2222112121 ,&,,, EyxEyxyyxx    

Consider     ,,, 21 Eyxyx   by definition 3.1 and 3.2 we have  

          2222 ,,max,,
2121

yxxyxxx LLLL     

      22 121
,,max yxx LLL    

          22 2121
,min,,minmax yxxx LLLL     

       22 y,,,max
2121

xxx LLLL      

          2222 ,,max,,
2121

yxxyxxx UUUU      

       22 121
,,max yxx UUU     

          22 2121
,max,,maxmax yxxx UUUU     

       22 y,,,max
2121

xxx UUUU      

          2222 ,,max,,
2121

yxxyxxx LLLL      

       22 121
,,max yxx LLL     

          22 1121
,min,,maxmax yxxx LLLL     

       22 y,,,max
2121

xxx LLLL      

          2222 ,,max,,
2121

yxxyxxx UUUU      

       22 121
,,max yxx UUU     

          22 1121
,max,,maxmax yxxx UUUU      

       22 y,,,max
2121

xxx UUUU     

          2222 ,,min,,
2121

yxxyxxx LLLL      

       22 121
,,min yxx LLL     

          22 2121
,min,,minmin yxxx LLLL      
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       22 y,,,min
2121

xxx LLLL     

          2222 ,,min,,
2121

yxxyxxx UUUU      

       22 221
,,min yxx UUU     

          22 2121
,min,,minmin yxxx UUUU      

       22 y,,,min
2121

xxx UUUU      

Consider     ,,, 22 Eyyxx   we have  

          22112121 ,,,max,,
2121

yxyxyyxx LLLL      

         2211 2211
,,,max yxyx LLLL     

          2121 2121
,max,,maxmax yyxx ULLL     

       212 y,,,max
2121

yxx LLLL      

          22112121 ,,,max,,
2121

yxyxyyxx UUUU      

         2211 2211
,,,max yxyx UUUU     

          2121 2121
,max,,maxmax yyxx UUUU     

       2121 y,,,max
2121

yxx UUUU      

          22112121 ,,,max,,
2121

yxyxyyxx LLLL      

         2211 2211
,,,max yxyx LLLL     

          2121 2121
,max,,maxmax yyxx LULL     

       212 y,,,max
2121

yxx LLLL     

          22112121 ,,,max,,
2121

yxyxyyxx UUUU      

         2211 2211
,,,max yxyx UUUU     

          2121 2121
,max,,maxmax yyxx UUUU     
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       212 y,,,max
2121

yxx UUUU      

          22112121 ,,,min,,
2121

yxyxyyxx LLLL      

        2211 2211
,,,min yxyx LLLL     

          2121 2121
,min,,minmin yyxx LLLL     

       2121 y,,,min
2121

yxx LLLL      

          22112121 ,,,min,,
2121

yxyxyyxx UUUU      

        2211 2211
,,,min yxyx UUUU     

          2121 2121
,min,,minmin yyxx UUUU     

       212 y,,,min
2121

yxx UUUU      

Definition 3.3. The strong product of interval valued picture fuzzy 

graphs  111 ,    and  221 ,    with underlying crisp graphs 

 111 , EV  and  221 , EV  is denoted by  212121 ,    

and is defined as follows  

(i)         2121 2121
,max, uuuu LLLL     

        2121 2121
,max, uuuu UUUU     

        2121 2121
,max, uuuu LLLL    

        2121 2121
,max, uuuu UUUU     

        2121 2121
,min, uuuu LLLL     

        ,,min, 2121 2121
uuuu UUUU    for every ,11 Vu   and  

22 Vu    

(ii)           2222 ,,max,,
2121

vuuvuuu LLLL     

          2222 ,,max,,
2121

vuuvuuu UUUU     
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          2222 ,,max,,
2121

vuuvuuu LLLL     

          2222 ,,max,,
2121

vuuvuuu UUUU     

          2222 ,,min,,
2121

vuuvuuu LLLL    

          ,,,min,, 2222 2121
vuuvuuu UUUU    for every 

,1Vu   and   222, Evu    

(iii)             11222121 ,,,max,,
12221

vuvuvvuu LLLLL     

            11222121 ,,,max,,
12221

vuvuvvuu UUUUU     

            11222121 ,,,max,,
22221

vuvuvvuu LLLLL    

            11222121 ,,,max,,
12221

vuvuvvuu UUUUU     

            11222121 ,,,min,,
12221

vuvuvvuu LLLLL     

            11222121 ,,,min,,
12221

vuvuvvuu UUUUU     

for every   111, Evu   and   222, Evu    

(iv)           1111 ,,max,,
1221

vuwwvwu LLLL     

          1111 ,,max,,
1221

vuwwvwu UUUU     

          1111 ,,max,,
1221

vuwwvwu LLLL     

          1111 ,,max,,
1221

vuwwvwu UUUU     

          1111 ,,min,,
1221

vuwwvwu LLLL     

          1111 ,,min,,
1221

vuwwvwu UUUU    for every 

2Vw   and   111, Evu    

Example 3.3. Consider two interval valued picture fuzzy graphs 

 111 ,    and  221 ,    with underlying crisp  111 , EV  and 

 222 , EV  such that the vertices  111 , EV  and  111 , yxV   and 
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 222 , yxV   and the edge sets  111 , yxE   and  222 , yxE   

respectively, where 

 

Figure 3. Strong Product of Two interval valued Picture Fuzzy Graphs. 

The vertex sets of 1  and 2  

   

   




1.0,4.0,3.0,3.0,3.0,3.0;

4.0,1.0,3.0,4.0,3.0,2.0;

1

1
1

y

x
  

   

   




2.0,3.0,4.0,1.0,6.0,3.0;

3.0,4.0,2.0,5.0,2.0,1.0;

2

2
2

y

x
  

The edge sets of 1  and 2   

    6.0,1.0,2.0,5.0,2.0,2.0;111 yx   

    4,2.0,2.0,6.0,1.0,1.0;222 yx  

The strong product of 21     

   

   

   

   













1.0,4.04.0,1.0,6.0,3.0;

1.0,4.0,3.0,3.0,3.0,3.0;

2.0,3.04.0,1.0,6.0,3.0;

3.0,4.0,3.0,4.0,3.0,2.0;

21

21

21

21

21

yy

xy

yx

xx

  

     

     

     

     

     

     
















1.0,4.0,4.0,1.0,6.0,3.0;,

1.0,4.0,4.0,1.0,6.0,3.0;,

1.0,4.0,4.0,1.0,6.0,3.0;,

1.0,4.0,3.0,3.0,3.0,3.0;,

1.0,4.0,4.0,1.0,6.0,3.0;,

2.0,4.0,4.0,1.0,6.0,3.0;,

2121

2121

2121

2121

2121

2121

21

xyyx

yyxx

yyyx

xyxx

yyxy

yxxx

  

Theorem 3.2. The strong product  112121 ,    of interval 
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valued picture fuzzy graphs  111 ,    and  222 ,    with 

underlying crisp graphs  111 , EV  and  222 , EV  is an interval 

valued picture fuzzy graph.  

Proof. Let 1  and 2  be two interval valued picture fuzzy graphs. Let 

    122 ,, VxyxxxE   and   222, Eyx        1112121 ,,, Eyxyyxx   

and   222, Eyx       221 ,, Vzzyzx   and   111, Eyx   

Consider     ,,, 22 Eyxxx   by definition: 3.1 and 3.3 we have  

          2222 ,,max,,
2121

yxxyxyx LLLL     

      22 221
,,max yxx LLL     

          22 2221
,min,,minmax yxxx LLLL     

       22 ,,,max
2121

yxxx LLLL     

          2222 ,,max,,
2121

yxxyxxx UUUU     

      22 221
,,max yxx UUU     

          22 2121
,max,,maxmax yxxx UUUU     

       22 ,,,max
2121

yxxx UUUU    

          2222 ,,max,,
2121

yxxyxxx LLLL     

       22 221
,,max yxx LLL     

          22 2221
,max,,maxmax yxxx LLLL     

       22 ,,,max
2121

yxxx LLLL     

          2222 ,,max,,
2121

yxxyxxx UUUU     

       22 221
,,max yxx UUU     

          22 2221
,max,,maxmax yxxx UUUU     
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       22 ,,,max
2121

yxxx UUUU      

          2222 ,,min,,
2121

yxxyxxx LLLL     

       22 221
,,min yxx LLL     

          22 2221
,min,,minmin yxxx LLLL     

       22 ,,,min
2121

yxxx LLLL    

          2222 ,,min,,
2121

yxxyxxx UUUU     

       22 221
,,min yxx UUU     

          22 2221
,min,,minmin yxxx UUUU     

       22 ,,,min
2121

yxxx UUUU    

Consider     ,,, 2121 Eyyxx   we have  

          22112121 ,,,max,,
2121

yxyxyyxx LLLL     

         2211 2211
,,,max yxyx LLLL     

          2121 2221
,max,,maxmax yyxx LLLL     

       2121 ,,,max
2121

yyxx LLLL    

          22112121 ,,,max,,
2121

yxyxyyxx UUUU     

         2211 2211
,,,max yxyx UUUU     

          2121 2221
,max,,maxmax yyxx UUUU     

       2121 ,,,max
2121

yyxx UUUU     

          22112121 ,,,max,,
2121

yxyxyyxx LLLL     

         2211 2211
,,,max yxyx LLLL     

          2121 2221
,max,,maxmax yyxx LLLL     



R. KAMALI and S. JAYALAKSHMI 

Advances and Applications in Mathematical Sciences, Volume 21, Issue 2, December 2021 

680 

       2121 ,,,max
2121

yyxx LLLL     

          22112121 ,,,max,,
2121

yxyxyyxx UUUU     

         2211 2211
,,,max yxyx UUUU     

          2121 2221
,max,,maxmax yyxx UUUU     

       2121 ,,,max
2121

yyxx UUUU      

          22112121 ,,,min,,
2121

yxyxyyxx LLLL     

        2211 2211
,,,min yxyx LLLL     

          2121 2221
,min,,minmin yyxx LLLL     

       2121 ,,,min
2121

yyxx LLLL     

          22112121 ,,,min,,
2121

yxyxyyxx UUUU     

        2211 2211
,,,min yxyx UUUU     

          2121 2221
,min,,minmin yyxx UUUU     

       2121 ,,,min
2121

yyxx UUUU     

Consider     211 ,, Vzzyzx   and   111, Eyx   we have  

           zyxzyzx LLLL 2121
,,max,, 1111     

       zyx LLL 211
,,max 11     

          zyzx LLLL 2121
,max,max,max 11     

       zyzx LLLL ,,,max 11 2121     

           zyxzyzx UUUU 2121
,,max,, 1121     

       zyx UUU 211
,,max 11     

          zyzx UUUU 2121
,max,,max 11     
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       zyzx LULU ,,,max 11 2121     

           zyxzyzx LLLL 2121
,,max,, 1121     

       zyx LLL 211
,,max 11     

          zyzx LLLL 2121
,max,max,max 11     

       zyzx LLLL ,,,max 11 2121     

           zyxzyzx UUUU 2121
,,max,, 1121     

       zyx UUU 211
,,max 11     

           zyzx UUUU 2121
,max,,max 11     

       zyzx LULU ,,,max 11 2121     

          zyxzyzx LLLL 2121
,,min,, 1121     

      zyx LLL 211
,,min 11     

           zyzx LLLL 2121
,min,,minmin 11     

       zyzx LLLL ,,,min 21 2121    

          zyxzyzx UUUU 2121
,,min,, 1121     

      zyx UUU 211
,,min 11     

           zyzx UUUU 2121
,min,,minmin 11     

       zyzx UUUU ,,,min 21 2121     

Definition 3.4. The join of two interval valued picture fuzzy graphs 1  

and 2  with the crisp graphs 
1  and 

2  is denoted by 21    and is 

defined as follows  

(i)        xx LLLL 2121      
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       xx LLLL 2121      

       ,
2121

xx LLLL     if 21 VVx    

       xx UUUU 2121      

       xx UUUU 2121      

       ,
2121

xx UUUU     if 21 VVx    

(ii)        xyxy LLLL 2121      

       ,
2121

xyxy UUUU     if 21 EExy   

       xyxy LLLL 2121     

       xyxy UUUU 2121     if 21 EExy   

       xyxy LLLL 2121      

       ,
2121

xyxy UUUU     if 21 EExy    

(iii)         yxyx LLLL 2121
,min,     

        yxyx UUUU 2121
,min,     

        yxyx LLLL 2121
,min,     

        yxyx UUUU 2121
,min,     

        yxyx LLLL 2121
,max,     

        ,,max,
2121

yxyx UUUU    for every ,Exy   where 

E  is the set of all edges joining the vertices of 1V  and .2V   

Example 3.4. Consider two interval valued picture fuzzy graphs 

 111 ,    and  222 ,    with underlying crisp graphs 

 111 ,    and  222 ,    such that the vertices  lkV ,1   and 

 vutV ,,2   and the edge sets  klE 1  and  uvtuE ,2   respectively, 
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where 

 

Figure 4. Join of two interval valued picture fuzzy graphs. 

The vertex sets of 1  and 2   

   

   




4.0,3.0,1.0,1.0,4.0,3.0;

3.0,2.0,5.0,4.0,3.0,2.0;
1

l

k
  

   

   

   









4.0,2.0,3.0,4.0,3.0,1.0;

2.0,2.0,3.0,4.0,3.0,2.0;

4.0,2.0,3.0,3.0,4.0,3.0;

2

v

u

t

  

The edge sets of 1  and 2   

    4.0,2.0,1.0,4.0,3.0,2.0;1 kl  

   

   




.4.0,2.0,3.0,4.0,3.0,1.0;

4.0,2.0,3.0,3.0,4.0,2.0;
2

uv

tu
  

The join of 21     

   

   

   

   

   

   
















.4.0,2.0,1.0,4.0,3.0,1.0;

4.0,2.0,1.0,3.0,4.0,2.0;

4.0,2.0,1.0,3.0,4.0,3.0;

4.0,2.0,3.0,4.0,3.0,1.0;

3.0,2.0,3.0,4.0,3.0,2.0;

4.0,2.0,3.0,4.0,3.0,2.0;

21

lv

lu

lt

kv

ku

kt

  

Conclusion 

In this paper, we define new operations of interval valued picture fuzzy 

graphs. The basic properties of interval valued picture fuzzy graph of 

lexicographic product and strong product are obtained. Also, define the join of 
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two interval valued picture graphs and discussed with some examples.  
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