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Abstract

In literature, a lot of remarkable fractional differential operators whose integrand include
various special functions have been given. In this article, first we shall set up two theorems
which give Marichev-Saigo-Maeda fractional differential operators involving a product of
general polynomial, multivariate Mittage-Leffler function and modified I-function. Next, we
shall set up some transforms like Beta transform, Laplace transform and Verma transforms of
these Marichev-Saigo-Maeda fractional differential operators.

1. Introduction and Preliminaries

In this paper, first we are introducing modified I-function of two
variables, which is a generalization of modified H-function given in 1979 by
Prasad and Prasad [8] and I-function given in 2012 by Shantha Kumari et al.
[3], in the following style:

m,n:my,ny:mg,ng:mg,ng

Ilzy, 20| =1
[21, 22] P,q:P1,41:P2,92:P3, 93

2020 Mathematics Subject Classification: Primary; 26A33, 33C60, 33C99, Secondary; 44A20.
Keywords: Marichev-Saigo-Maeda Fractional differential operators, general polynomial,
multivariate Mittage-Leffler function, modified I-function, Beta transform, Laplace transform,
Verma Transform.

*Corresponding author; E-mail: prvindradje@gmail.com

Received September 20, 2021; Accepted November 3, 2021



6970 PRVINDRA KUMAR and HARENDRA SINGH

51
51

(ajaj Aji&ih ps (€37js Cjs 8 py (¢ EjsUph, py3 (85 Gjs By, pg}
(65 Bj» Bjinjh,gs (dj3 85, Djy iy g = (Fjs Fji Vi, g5 (hjs Hj, @)y g

girerd B RO GO a1
Tt
where

m . n )
Hj:1rn] (bj —Bjs1 - BjSZ)Hj:1 e (1- aj +ojs + Ajsz)

y(sy, s9) = FE— 5 :
szlr (1 —bj —Bjs _BjSZ)Hj=n+1r ](aj +ags + Ang)

m T]" m &',
Hj:lr J(dj - 5]-81 - DjSQ)szlr 1(1 —cj+yjs + st2)

. P (1.2)
1 n; .
szlr T1l-dj—8s - Djsz)Hj:n+1F (cj +vjs1 + Cjsg)
my U; ny v
01(s1) 1 e B B A (1.3)
1881) = .
2 Ujq , 1 y2) Vi '
[1.r7a-5 F]sl)Hj:nZHF (ej + Ejs1)
m3 _P; ng _Q:
Hj:11“ ¢ Hjsz)H j:1F (1-gj+Gjsg)
02(sp) = (1.4)

q3 P; b3 .
[17, roa-n-ms] 7 19 Gm)

j=M3 +1

Here, the variables z; and z5 are non-zero real or complex numbers and
an empty product is interpreted as unity. m, n, my, ny, mg, ng, ms, ng,
b, q, D1, 91> P2, 92, P3, 93, are all non-negative integers such that
0<n<p0<m=<q0<m<p,0<m <q,0<ny9 < py,0<my <qo,

0 <ng < p3,0<mg <q3 and aj, Bj, vj» 9j, Aj, BJ-, Cj, Dj, Ej, Fj, Gj, Hj,
Ej» Mj &’j, n’j, Uj, V]-, Pj, Qj are all positive real numbers.
aj, bj, ¢, d]-, ej, fj, g hj are all complex numbers. The integration path L

in the complex s; plane runs from o — i to oy + i such that all the poles

of TV (b; —Bjs; — Bjsg)  for j=1,...,m, r'v (dj —8js; — Djsy)  for
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j=1..,m and FUj(fj — Fjs) for j =1,..., my lie to the right of I; while
all  the poles of re (1-aj-oajs; —Ajsg) for  j=1,...,n,
f . Vi
Féf(l —cj—vj51—Cjsg) for j=1,...,m and T /(1-ej-Es) for
J =1,..., ng lie to the left of L;. The integration path Ly in the complex s
plane runs from o9 —iwo to o9 —ic0c such that all the poles of
Fnj(bj —Bjs; — Bjsg) for j=1...,mrVQa —cj —vjs1 —Cjsg) for
j=1..,m and l"Pj(hj —Hjsg) j =1, ..., mg lie to the right of Ly while all
the poles of F&j(l —a; —ajs —Ajsg) for j=1,...,n, Fn’j(dj ~ 3881 — Djsg)

for j=1,..., m and FQj(l—gj ~Gjsy) for j =1, ..., ng lie to the left of L.

When the exponents of various gamma functions in equations (2), (3) and (4)
are not integers, the poles of gamma functions in numerator are converted to
branch points and branch cuts can be chosen that the paths of integration can
be distorted for each of contours as long as that there is no coincidence of

poles.

Using the results of Braaksma [2] and Rathie [1], it is easy to show that
the function I[z;, 29| defined by (1) is an analytic function of z; and zg if

p 1 P2 g 1 g2
V1 = Zijaj + Z@'ﬂj + ZU,'EJ' - ZT]]'B]' - Zn'ij - ZVJFJ < 0(1.5)
Jj=1 Jj=1 Jj=1 j=1 j=1 j=1

D q1 P3 q pul 43
Vo= D &iAj+ D iDj + 3 PG = D b= D €Cj - > QH; <0
= j=1 j=1 j=1 j=1 j=1

(1.6)

Similarly following Shantha Kumari et al. [3] and Prasad and Prasad [8],
it is easy to show that the double integral defined in (1) converges absolutely
if

| argz | < %TEQI and | argzs | < %an where
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O :ZE-’j aj Z 8jtj ZnJBJ Z”JBJ Zﬁﬂj ZE«‘JYJ an J
j=1

j=n+1

_in'jsﬁinEj- Z UjE; +ZVF iVjFJ»O (1.7

my+1 j=1 j=no+1 j=mg+1

and
n p m q 19 P2 my

Qo =D &iAj+ D &+ D By = D niB; - D EiC = D ECs + D il
j=1 j=n+1 j=1 j=1 j=1 Jj=1 j=1

ZnJDJ ZPG Z PG, +ZQ, - inHj >0 (1.8

my+1 Jj=ng+1 j=mg+1

Now the asymptotic behavior may be establish in the following

convenient form, see Braaksma [2].
I(z1, 22) = 0( 21 [, | 22 [*2), max (| z; [*1,] 29 [*2) > O
1(z1, 23) = 0( 21 ', | 25 2), min( 21 [, | 25 2) > 0,

where

. f h:
= RV =L || and oy = R Q| =L
A 1, {’(Fj “ =, 0, N g,

B; = max S}{Uj(e] H and By = max SR[P](gl_ﬂ
1<j<ny E; 1<j<ns G;

For simplicity, we shall use the following notations;

U=m, n : my, ng;mg, ng (1.9)
V =pi, a1 P2, 92;P3, Q3 (1.10)
A = (aj;a, A&, (1.11)
Ag = (cj3vj, Cji&jh py (1.12)
Ag = (ej, EjUj), p, (1.13)
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Ay =(813Gji Py (1.14)
By = (bj;Bj, Bjinj g (1.15)
By =(dj;8;, Djsnjh,q (1.16)
By = (fj> ¥}, Vi, g, (1.17)
By = (hj, Hj, Q) 4, (1.18)

Marichev-Saigo-Maeda integral operators, including the Saigo operators
and involving the Appell’s function F3(-) as the kernel, given by Marichev,

(see [5], [9]) are defined in the following way:

Definition. Let o, o, B, B, n € C and x > 0, then for R(n) >0 we have
(see [5], [9])

(15, P Pong) () = ?(_n) jx(x - t)”‘lt*“'F?,(a, o, B, Bim; 1 — % 11— %) f(t)dt

(1.19)

and

(L5 PP () =

_ o N1lma ' oo X 4t
l—*(n) t x) t FS((X, OL’ B’ ﬁ’n’l t 3 ]- xjf(t)dt

(1.20)

The corresponding Marichev-Saigo-Maeda fractional differential

operators are given as follows:

Definition. Let o, o/, B, B, 1€ C and x > 0, then for R(n) >0 we have
(see [5], [9])

(DG PP ) @) = (g 0 17) ) = (< (g o e e o)

- o () [ -
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x F3(— o,—a,m-B,-Bm-nl-=,1- —) f(¢)dt (1.21)
and

(D PP 7) (1) = (1% ) = (L) g o e B

x Fg[— oo~ m o frm ol Y1 ijf(t)dt (1.22)

where m = [R(n)]+1 and [x] denotes the greatest integer function.

Now, we are giving the following lemma (see [9]) which gives the power
function formulas for the above discussed factional differential operators.

These power function formulas are required for our present study.

Lemma. Let o, o/, B, B, neC and x >0. Then the following formulas
hold (see [9])

(@) Let R(n) > 0 and R(p) > max {0, R —a. — o' — B'), RB — o)}, then

(Da7 O~V7 Bs B'! ntp_l)(x) — r(p)r(p —n +'(X, + (X,' + B')F(p _, B + a‘) xp—'l']+(l+(ly—1
0, Tlp-n+a+a)(p—n+o+p)(p-P)

(1.23)
(b) Let R(n) > 0 and R(p) <1+ min {RPB'), R —a — '), R(n — o’ — B)}, then
(g2 00 o)
FA+p' —pl(l—a—o'+n-plA-0o'=B+n=p) pnrato-1 (1.24)
Il-pfl-a-a' -B+n-pfl-a +p -p) '

In 1903, the function E,(y) is defined by Mittage-Leffler [6] in the

following style:

® k
_ Yy
E,(y) = kz_(:) Mok + 1) where o, y € C, R(a) > 0 (1.25)
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In 1905, the function E,(y) is generalized by Wiman [15] and gave the
function E, p(y) in the following style:

Ea’ﬁ(y) = kz(;m where o, B, ¥ € C, R(a) > 0, R(B) > 0 (1.26)

In 1971, the function E, g(y) is generalized by Prabhakar [7] and gave

the function E(};’ﬁ(y) in the following style:

A T ) Y
E%BOO__;%TT&EITS7E (1.27)

where a, B, A, € C, R(a) > 0, R(PB) > 0, R(A) > 0

Saxena et al. [11] gave the multivariate analogue of multivariable
Mittage-Leffler function in the following style:

}“i _ }\,1,...,7\,1
BN (Gr e 30) = B2 (e, )

) k
Ol o Gy S o0

- (1.28)
1 Byl Ry
mo k=0 Tle+ Y k)

where ¢, A;, u; € C, R(y;)>0,vVi=12,...,1

A ey (A
For convenience, let F}i‘,i = ( 1)k1 ( l)kl

i€ l
e+, whk)

Srivastava [14] defined the general class of polynomials in the following

style:
[N/M]
S¥(y) = CNwi gk N 20,1, 2 29
k=0

where the coefficients Ay p(N, k> 0) are arbitrary constants, real or
complex, (L)y is the pochhammer symbol and M is an arbitrary positive
integer.
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2. Main Results

Fractional differentiation of the product of general polynomial,
multivariate Mittage-Leffler function and modified I-function.

Here, we shall state and prove two theorems for Marichev-Saigo-Maeda
fractional differential operators pertaining general polynomial, multivariate
Mittage-Leffler function and modified I-function of two variables.

Theorem 2.1. Let x>0,0,d,BB,np 8 veC, RN >0,pu WA,
m; e R" for i=1,2,...,1 and | argz; | < %an(j =1, 2) with Q; same as

in the equations (1.7) and (1.8). Further more

U min ER( V; ;’,]er min ER( le};—jjj<92(p)

1<j<mo Jj 1<j<mg
+min{0, RPB - o), R — o — o' — B')}. Then
,o, B, B, 1M My A U '
{Dg > PP s (ot JEL (ont™, o ot ™I [, veh D) (x)
[N/M] 0

— gPpta+o’-n-1 Z z (- N)MkA F}»l (GxX)kH (Gx

»1,

o ron+sU | St J1, Jo, J3, A3 Ag  Ag; Ay @.1)
pr3.a+3V] W |B,, Ky, Ko, K3; By : By; By .
where
l
Jy=(U-p-dk= D mk 1) 2.2
l
Jy=(L-p-2k=) . mk+B-op ;1) (2.3)
l
J3 =(1—P—%k—zi:1miki+n—0t—0t'—B'; B W 1) (2.4)
l
Ki=(QU-p-dk=D . mki+P 1) (2.5)
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l
K2:(1—p—kk—zi:1miki+n—a—a';u,u’;1) (2.6)

l
Ky =(-p-tk=D mhk+n-o-p;uu;1) 2.7)

Proof. To prove this theorem, using equations (1.1), (1.28) and (1.29) and
interchanging the order of integration, which is permitted under the given

absolute convergence conditions and denoting left hand side by A, we get

N/M o "
(=N )Mk Aok O1 c51 1

ANk Fu' < B RY (92

=0k, on v v (2m)
j j sy, )01 (51)03(52)

L Ly
g PHAREY l._ mgk; +usy +p'sg —1
x 8°Lv72 (Dt BBy =t ) (x)dsidss (2.8)

now using the power function formula (1.23), we get

[
. -N
A = Pro+a -n-1 z Z(k#AN,k plc(Gx )k

! m;
H(Gi% ! )i (zm)z J‘ J‘ D(sq, S9)

l
C(p + Ak + Z i m;k; + us; + W'sg)

l
C(p + Mk + Ziil m;k; — B+ psy + W'sy)

X

l
F(p+kk+zizlmiki -m+oa+a +p +pus +u'sy)

l
C(p + Ak + E .lmiki—ﬂ+0t+0t'+M31 +W'sy)
1=
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l
I'(p + Ak + Zi:1miki —B+a+us +usy)

X

]
C(p + Ak + E . lmiki—n+oc+[3'+p.81+u'82)
1=

01 (51)02(s5) ()L (v )2 dsy sy (2.9)

Now explaining the equation (2.9) in terms of Mellin-Barnes contour
integral with the help of equation (1.1), we get the right hand side of equation
(2.1).

Theorem 2.2. Let x>0,0,0,B,B,Mmp, 8 veC Rn) >0,y WA,
m; e R" for i=1,2,...,1 and | argz; | < %an(j =1, 2) with Q; same as

in the equations (1.7) and (1.8). Further more

1- 1-g;
1+p min “J%(Uj Eejj+u min SR(P Gtgjj>i)’1‘(p)
j

1<j<mg Jj 1<]<m3

—min{R(M —a — o’ — m), R(-a' — B +1n), RB)}-

Then
’ ’ _ As _ o
{Dg-&-P-F-ngp IS%(ctk)Eu;’c(Gltml, s o™ s, v D) ()
[N/M © m; \k;
_pratal-n-1 (- N)Mk x e (Gx l)
D= TNy (e
k=0 Fy,.... k=0
U dx M |y, J5, Jg, A3 Ag 1 Az Ay 2.10)
p+3.q+3V) W By, Ky, K5, Kg; By : B3; By .
where
J4—(p+7»k+z. mk; —m+a+a;p, y;1) (2.11)
5—(p+kk+z, mik; —m+a + B, ;1) (2.12)
!
Jg = (p+xk+zi=1 mik; — B, s 1) (2.13)
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l
Ky=(p+ kot ) mikis s 1) (2.14)
K5—(p+kk+z —-m+oa+a +Bu p;l) (2.15)
l
K5 =(p+rk+ ) miki =B +os 1) (2.16)

3. Integral Transforms

In this section we shall obtain some integral transforms like Beta
transform, Laplace transform, Verma transform of the fractional derivative

formulas obtained in the previous section.
3.1 Beta Transform

Definition. The beta transform of a function f(z) is defined as (see [13])

B{f(z):s, p} = I; 2711 - 2P f(z)dz (3.1.1)

Theorem 3.1.1. Let x>0,0, o, B, B, M, p, 8 veC Rn) >0, WA,
m; € R for i=1,2,...,1 and | argz; |< Lo, i =1, 2) with Q; same as

in the equations (1.7) and (1.8). Further more

. fi h; . .
ulsr?gur}lziﬁ(—V]F] +u1<r§1i1’;39{ Qij < R(p) + min {0, KB — a),

R -a—o P

Then
BIDG S PPN S @B (o100,
L oya)™ I [8(zt) ™, vzt M) (@) : s, p)
[N/M]
p+a+cx -n- lr(p) z z ( N)MkA Nk Fl ka)kH(Gx l)kl
k=0 Ky, ...
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(3.1.2)

% Im,n+4:U St
p+4,q+4:V

Jl’ J2, J3, J7, A]_;A2 . A3;A4 :|

vat By, Ky, K9, K3, K73 By = Bg; By

where Jq, Jo, J3, Kq, Ko, K3 are already given in the equations from (2.2) to
(2.7) respectively and

l
Jr =(s+rk+ zi:l m;k;; p, ;1) (3.1.3)

l
Ky =(s+p+Me+ > miks 15 1) (3.1.4)
=1
Proof. To prove this theorem, using the equation (3.1.1), we get

B{Dg & P IS (o(2t L (oy(2)™, .., oyt )T [3(at), vz} D) : s, p)

1 ' | .
= j 2711 - )P DG &P e-g (o(zt)}‘)E;”? Lo (=)™, ..., oy(zt)™)
0 ’ v

x I[8(zt W, vzt ] (x)} dz (3.1.5)

Now using equations (1.1), (1.28) and (1.29) and interchanging the order of
integration, which 1is permitted under the given absolute convergence
conditions, we get
[N/M] k k
_ N M kO o 1
= Ay  F't 6" = ——
k! e Byl Ryl (2ni)2

k=0 ky,...,lg=0

j , j [, Pt 20610 (52) x 6712

1-2z)Pldz

|:J‘1 s+rk+Y 5_1 m;k; +psy +p'sg —1
- -
0

1
' , +AR+Y . m:ki+usy+p'so—1
(D&’f’ﬁ’ﬁ’ntp 21:1 iR + 1S + S )(x)d81d32 (3.1.6)

Now using the power function formula (1.23), we get
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_xp+(x+(x nl z z NMkANsz (Gx)
=0 k...

(o™

F;! (2;)2 .[z,l I[Q (51, 52)

l
C(p + Ak + Z i m;k; + us; + W'sg)

l
C(p + Mk + Zizl m;k; — B+ psy + W'sy)

=1

X

l
F(p+kk+zi:1miki —B+a+us + sy

l
C(p + Ak + E . 1miki—n+a+a’+usl+u’sz)
1=

l
F(p+xk+zizlmiki —m+a+a +B +us +Wsy)

X

l
F(p+?»k+zi=1miki —M+a+ B +us +u'sy)

J‘l s+7\k+2§71 m;k; +psy +p'sg —1
5 =
0

1-2zPtdz

x By (1) (s2) (3 ) (v )2 dsy sy

6981

(3.1.7)

Now computing the z-integral and putting in the above equation (3.1.7), we

get

[N/M]

N .
xp+a+a -n-1 Z Z( )MkA kF:-zc(ka)k

k=0 Fky,...

! N
(Gixml)kl 1
(s,
g kil (2mi)? .[LJLZ (51, 52)

l
T(p + Ak + Z i m;k; + psy + p'sg)

l
T(p + Ak + Zizl m;k; — B+ us; + u'sy)

X
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l
F(p+Kk+Zi:1miki —B+a+us + sy

l
C(p + Ak + E . 1miki—n+a+a’+usl+u’sz)
1=

l
F(p+kk+zizlmiki —m+a+a +B +us +Wsy)

X

l
F(p+?»k+zi:1miki —M+a+ B +us +u'sy)

l
(s + Ak + Z i m;k; + us; + W'sy)

l
[(s+p+Ak+ Zi:1 m;k; + us; + Wsy)

x 01 (51 )09(s2) (5xH)%L (v )2 ds; sy (3.1.8)

Now explaining the above equation (3.1.8) with the help of equation (1.1) in
terms of Mellin-Barnes contour integral, we get the required result (3.1.2).

Theorem 3.1.2. Let x>0,0, o, B, B, M, p, 8 veC RM) >0, WA,
m; e R" fori=1,2...,1 and | argz; | < %an(j =1, 2) with Q; same as

in the equations (1.7) and (1.8). Further more

1+ ulSI?SiINILZ *R[Uj ! ;jj + u’lgr?girnlls SR[PJ- L &]‘_gfj > R(p)
—min {R(M — o — o' —m), R(—a' — B+ n), RB)}.
Then
B{DE PP (o(et) B (01(2t)™, ..., 01(zt)™ )I[3(=0)", v(z)* D () : s, p)

[IN/M]

, N m; \k;
_ gPrara’n-Ip(y) Z Z (- )Mk Ay F'/\ (ka)kH(G ix"™)
=0 k...
o oAU dx M | Jus J5, Jg, Iy, Aps Ag Az Ay (3.1.9)
prd a4Vl W B, K,, K5, K¢, K7; By : By; By o

where Jy, J5, Jg, J7, K4, K5, Kg, K7 are given above in the equations
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(2.11), (2.12), (2.13), (3.1.3), (2.14), (2.15), (2.16) and (3.14) respectively.
3.2 Laplace Transform

Definition. The Laplace transform of a function f(z) is defined as (see

[12])
Lif(2)} = _[ e *f(z)dz (3.2.1)

Theorem 3.2.1. Let x>0,0, o, B, B, M p, 8 veC Rn) >0, WA,
m; € R" fori=1,2...,1 and | argz; | < %an(j =1, 2) with Q; same as in

the equations (1.7) and (1.8). Further more

h.
u min SR( V; fjj+u min ER( Qj—]j<i}%’(p)+min{0, RP - ),
1<]<m2 E] ]_<]<m3 H]

RN - o — o'~ p)}
Then

LD 3PP IS (o) E)T (o1 (2t)™, ... ()™ )I[3(=0)", vz} ] (x)}

1 [N/M] © k1 ki
xProta -l N i 1
D VD Pl e Hk—
k=0 k,..., k=0 i=1

s dU {S(qlx)“ (3.2.2)

4,q+3:V — !
PRIV g oM

Jl’ J2, J3, J8, AI;AZ . A3,A4:|
By, Ky, Ky, K3; By : B3; By

where Jq, Jg, J3, Ki, Ko, K3 are already given in the equations from (2.2) to
(2.7) respectively and

l
Jg = (- Mk - Zi:l m;k;; u, s 1) (3.2.3)

Proof. To prove this theorem, using equation (3.2.1), we get

L{Dg & PP IS (o) E)T (o1 (2t)™, ... oy(2t)™ )I[3(=t)", vzt ] (x)}
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0 _ , , _ s
= I N % {pg-&PPneetsf (c(zt)k)Eul?,c(cl(zt)ml, ..., o(zt)™)

x [3(zt), v(zt)}]) (x)} dz (3.2.4)

Now using equations (1.1), (1.28) and (1.29) and interchanging the order of
integration, which is permitted under the given absolute convergence

conditions, we get

[N/M] 0 k k
i Z s N)Mk Ay FH RO OL 1
N EF 1 R 2
=0 ky,... Mot kR (2m)

J.Ll J.LQ D(sy, 82)01(s1)02(s1) x 57 v*2

!
© __ Ae+) . miki+us +u'se
U e ¥z L™ dz
0

1
' , +AR+Y . mik; +psy+p'se—1
(Dg’;"B’B’”tp D iy Miki tus s ) (x)dsydss (3.2.5)

Now using the power function formula (1.23), we get
a1 &N Mok
+a+a’'-n-— ;
et ST S M s

k=0 ky,.... k=0

(o™ )

;! (2;)2 I I J g, e )

=1

l
T(p + Ak + Z i m;k; + us; + W'sg)

l
C(p + Mk + Zizl m;k; — B+ us; + Ww'sy)

X

l
F(p+kk+zi:1miki —B+a+us + sy

I
C(p + Ak + E . 1miki—n+oc+a’+usl+u’sz)
1=
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l
F(p+kk+zi21miki -n+a+a +p +ps +usy)

X

I
I'(p + Mk + E . 1miki—n+a+[3’+p.sl+u'82)
1=

!
1 s+hk+> . mik;+us;+w'sg -1 _
J. z 2 iy ik (1-2)Ptdz

0

x 01 (51 )5 (59) (52cH)°L (v %2 disydisy (3.2.6)

Now computing the z-integral and putting in the above equation (3.2.6), we

get
N/M]
p+a+(x -n- 1[ : ( N)Mk A AR
>3 (o
k=0 Fkq,....,k;=0

l . .
(0™ )i
H ] (2;)2 J-Ll J L (s, 59)

1

l
C(p + Ak + Z i m;k; + us; + W'sg)

l
I(p + Mk + Ziil m;k; — B+ psp + w'sy)

X

l
F(p+%k+zi:1miki —B+a+us + sy

I
T'(p + Ak + o omik; —m+o+a +pus; + u's)
jop M 1 2

l
F(p+xk+zi:1miki —m+a+a +B +us +uwsy)

X

l
C(p + Mk + E . 1miki—n+0c+[3'+usl+u's2)
i=

l
1+ 1k + Z i m;k; + ps; + W'sg)

l '
Mot mik;+ps +p'sg +1

x 07 (51 )02 (59) (52M)°L (vacH )2 dsy dsg (3.2.7)
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Now explaining the above equation (3.2.7) with the help of equation (1.1) in

terms of Mellin-Barnes contour integral, we get the required result (3.2.2).

Theorem 3.2.2. Let x>0,0, o, B, B, M p, 8 veC Rn) >0, WA,
m; e R" for i=1,2...,1 and | argz; |< 1o, im(j =1, 2) with Q; same as
in the equations (1.7) and (1.8). Further more

1-— _ o,
1+u min R|U; % + mmiRP g > R(p)
E; G;

1<]<m2 Jj 1<]<m3

—min {RM —a — o' —m), R(—a' - B +n), RPB)}.
Then

(DL PENEISY (ofat) VBN (o1 (et)™, ... oyt I (et ™, vt ] ()

p+a+a nlN/M] © (N) ' k1 F;
SR e (TR
. =

m,n+4:U |:8(qx)_M (3.2.8)

4,q+3:V —
PrSATEY v(gae)™

Ja, J5, Jg, Jg, Ap; Ag A3;A4}
Bl’ K4, K5, KG;BZ . B3;B4

where Jy, J5, Jg, Jg, K4, K5, Kg are given above in the equations (2.11),
(2.12), (2.13), (3.2.3), (2.14), (2.15) and (2.16) respectively.

3.3 Verma Transform

Definition. The Verma transform of a function f(z) is defined as (see

)
@© —lsz
Vi) = [ (2 e 2 W)z (3.3.1)

where W, .(z) represents Whittaker function.

Theorem 3.3.1. Let x>0,0, o, B, B, M p, 8 veC Rn) >0,y WA,
m; e R" fori=1,2...,1 and | arg z; | < 1Q in(j =1, 2) with Q; same as in
the equations (1.7) and (1.8). Further more
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h.
yW min SR( V; f]j+u min ER( Qj—]J<iR(p)+min{0, RP - ),
1<]<m2 F] 1<]<m3 H]

RM - a—o' - B
Then

VIDE & PPN S (o(et) BN (o1(et)™, ., oyt I[S(et}, vt} D ()

o) k;
S S ey (2 T
N,k p,c k
=0 F,.. =1

J1, Ja, J3, Jg, Jig, Ar; Ag 1 Ags Ay

mn+5U |:8(81x)M
B,, Ky, Ky, K3, Kg; By : B3; By

p+5,q+4:V V(Silx)uy

} (3.3.2)

where Jq, Jo, J3, Ki, Ko, K5 are already given in the equations from (2.2) to
(2.7) respectively and

1 l ,
J :(—E—q—r—kk—g izlmiki;p,u,lj, (3.3.3)
1 l :
J1o :(—E—q+‘c—kk—§ ik, ,u,1j (3.3.4)
l
KS = (K —q — AR — E i miki;u, u', 1) (3.3.5)

Proof. To prove this theorem, using the equation (3.3.1), we get

VDG PP S (o(at ) )Eﬁ? Lo1()™, .., op(at)™I [3(zt), v(zt) ] (x)}
1 1 R A
- j i 207l 27W, | (s2) (DG PP (P S (o(zt) JE' (o1(2)™, ..., oy(zt)™)

I[5(zt)", v(zt)']) (x)} dz (3.3.6)

Now using equations (1.1), (1.28) and (1.29) and interchanging the order of
integration, which is permitted under the given absolute convergence

conditions, we get
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N/M] k K
_[ L) N 4 ghi Gk O1- /!
= 7! N,k Hi,CG Bl R 3
k=0 ky,..k=0 1 R (2m)

ILl '[Lz D(s1, 59)01 (5102 (s5) 51 v*2

l 1
1 g+hk+> . miki+us +'sg—1 —=sz
[J z Liam e 2 W, .(s2)dz
0 ,

p+Ak+Y 521 m;k; +usy +1'sg —1

(Dg-PFony ) (x)ds; dsy

now using the power function formula (1.23), we get

e S (& .
:xp+(1+a—n—1 Z z k'Mk AN,kaii’c(ka)k

k=0 ky,... k=0

l P
(ox™ )k’
11 k! (2;‘)2 I L J , 2o %)

=1

l
T(p + Ak + Z i m;k; + us; + W'sg)

l
C(p + Mk + Zizl m;k; — B+ us; + Ww'sy)

X

l
F(p+kk+zi:1miki —B+a+us +usy)

l
C(p + Ak + E . lmiki—n+a+a’+usl+u’s2)
1=

l
F(p+xk+zizlmiki —m+a+a +B +us +Wsy)

X

l
C(p + Mk + E . 1miki—n+0c+B'+usl+u'32)
i=

l 1
1 g+hk+) . mikj+ps +Wsg—1 —=
q+ + _m, ].LSl u 2
j z =1 e 2W, .(sz)dz

0

x 01 (51 )02 (52) (8xH)* (vaeH )*2 dsy sy

(3.3.7)

(3.3.8)
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Now computing the z-integral and putting in the above equation (3.3.8), we
get

1 [N/M] 0

k
_ xp+(x+0( -n- Z Z N Mk N . A {kaj
N,k Hi,c Sk

k=0 ky,.... k=0

I k;
H 1!(37} (2m) J J.Lz (s, s2)

=

l
C(p + Ak + Z i m;k; + us; + W'sg)

l
C(p + Mk + Ziil m;k; — B+ psy + W'sy)

X

l
F(p+%k+zi:1miki —B+a+us + sy

I
T(p + Ak + o omik; —m+ o+ +pus; + U'ss)
jop M 1 2

l
F(p+xk+zi:1miki —m+a+a +B +pus +Wsy)

X

l
C(p + Mk + E . 1miki—n+0c+[3'+usl+u's2)
1=

1 ! '
F(§+r+q+Kk+Zi_1miki + us; +p32)

l
F(I—K+q+7\,k+z. lmiki+H31+H'32)
12

1 : /
XF(E—r+q+kk+Zi1miki + us; +p82j

0 (51)05(s2) (B(x/s)* )L (v(x /) )" dsydisy (3.3.9)

Now explaining the above equation (3.3.9) with the help of equation (1.1) in
terms of Mellin-Barnes contour integral, we get the required result (3.3.2).

Theorem 3.3.2. Let x>0, 0, o, B, B, M p, 8 veC Rn) >0,y WA,
m; e R for i=1,2...,l and | argz; | < %an(j =1, 2) with Q; same as in

the equations (1.7) and (1.8). Furthermore

Advances and Applications in Mathematical Sciences, Volume 21, Issue 12, October 2022



6990 PRVINDRA KUMAR and HARENDRA SINGH

1-— _ o,
1+u min R|U; % + mmERP i > R(p)
E; G;

1<]<m2 Jj 1<]<In3

—min {R(M - a — o' —m), R’ — B + 1), RPB)}.

Then
V{DE L BB NP1 (o2t ) )Eﬁ;, Lo1t)™, ., oyt T (82, v(zt) ™ ] (x))
’ o0 kl
3 gpro+a’-n-1 [N/ZM] Z ( N)Mk Ay . l 1 (o M
B q k' N,k ”’L’ H k
k=0 Fy,..., k=0 -1

Al’ J4’ J5’ JG’ J9’ JlO’ AZ’ AS’ A4

m,n+5:U {8(896)_“
B17 K47 K57 KG’ K87 B27 B3’ B4

p+b,q+4:V v(sx)_“’

} (3.3.10)

where Jy, Js, Jg, Jg, Jig, K4, K5, Kg, Kg are given above in the equations

(2.11), (2.12), (2.13), (3.3.3), (3.3.4), (2.14), (2.15), (2.16) and (3.3.5)
respectively.

Conclusion

Our results are very general in nature. In this paper we have given two
theorems for Merichev-Saigo-Maeda fractional differential operators
involving general polynomial, multivariate Mittage-Leffler function and
modified I-function of two variables and six theorems for beta, Laplace and
Verma transforms of Merichev-Saigo-Maeda fractional differential operators
involving a product of general polynomial, multivariable Mittage-Leffer
function and modified I-function of two variables. On specifying parameters,
all the results of this paper can also be obtained for modified H-function of
two variables of Prasad and Prasad [8] and I-function of two variables of
Shantha Kumari et al. [3].
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