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Abstract

Generating function is just a different way of writing a sequence of number. Here we will

be dealing mainly with sequence of number {a,}. Which represent the number of object of size

n for an enumeration problem the interest of the rotation is that certain natural operation on

generating lead to powerful methods for dealing with recurrences on {a,,}.

Introduction

In dealing with generating function, we frequently want to use different
transformation and manipulation that are illegal if the generating function
are viewed as analytic function. Generating function is a method to solve the
recurrence relations (1). In this chapter deals with solving recurrence and
proving some of the combinatorial identities, finding asymptotic formulae for

terms of sequence.

Definition. The sequence aqg, o, a9, ..., @,, of real numbers. For some

interval of real numbers containing zero whose value at ¢ is given, the
function G(t) is defined by the series (2).

G(@t) = ag + at +a2t2 +otal +.

This function G(t) is called the Generating function of the sequence a,..
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Theorem. If we know the generating function for the sequence a,, then

the generating function of sequences a,.1, a,.9 can be find easily.

Proof. Let us consider, that G(t) be the generating function for the
sequence, having the general term a,, then we have

G(t) = ag + at +a2t2 +otat +

G(t) — Qo r—1

r
7 +ar+1t .

=a + aof + a3t2 +...+al

(or)

. G(t) - ag

Thu is the generating function for the sequence a, ;.

In the same way,

G(t) —Qy — a]_t

; = ag + ast + a4t2 + ... Is the generating function for a,,o.

Example. Solve the recurrence relation a,, 9 —3a,,; +2a, =0 by the
method of generating functions with the initial conditions ay =2 and

(071 = 3.

Solution. Let us assume that

G(t) = Zartr
r=0

Given a,,9 — 3a,41 + 2a, = 0. 1)
Multiply equation (1) by ¢" and summing from r = 0 to « we have
© r © r R r o_
Zr:O ar ot — 32;«:0 a..qt + 227“:0 alt =0
(ag + agt + agt® +..) = 3(ag + oyt + agt® +..) + 2(ag + ayt + agt®..) = 0

[ G@t) = ag + apt + agt” .. ]

.. G —to;o —at _ S(G(t)t— ‘10] +2G(1) = o. @)
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Now put gy = 2 and @ = 3 in equation (2) and solving, we get

2 -3t 2 -3t
G(t) = or) G(t) = — >
s R () [
Now,
Let 2 -3t A B

T-0a-2) 1-¢ 1-2

2 -3t =AQ1-2t)+ B1 -t). 3)
Put ¢ = 1 on both sides of the equation (3) to find A
Hence -1 =-A

LA=1

Put ¢ = % on both sides of the equation (3) to find B.

1 1, 5.

Hence§—§B . B=1
1 1

Thus Gt) = 15+ 75

Hence, a, =1+ 2"
Example. Solve the recurrence relation
a, —"7a,_1 +10a,_9 =0

By the method of generating functions with the initial conditions ay = 3

and ¢ = 3.
Solution. Given equation a, — 7a,_; +10a,_9 =0 1)

Let us assume that

G(t) = Zartr
r=0

Multiply equation (1) by " and summing from r = 2 to o, we have
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0 0 0

ZGrtr - 72 a,_it" + IOZ a,_ot" =0
r=2 r=2 r=2
(agt? + agt® +..) = T(ayt? + agt® +..) +10(apt® + a4t® +..) = 0
G(t) - ag — eyt — TG(t) — ap] + 1062G(¢) = 0. 2)
Now, put ay = 3 and a; = 3 in equation (2) and solving, we get

3+ 24t

G(t) = — 22
10t° =7t +1

_ 3+ 24¢
(Bt -1)(2t-1)

G@t) =

10 13
@ -1 Gt-1)
13 10

G(t) = a-51) (@-20)

Therefore, a, = 13(5)" —10(2)".
Example. Solve the recurrence relation
Qg — 20, +ap =2
By the method of generating functions with the initial conditions ag = 2
and ¢ = 1.
Solution. Given equation a,.9 — 2a,,; + a, = 2" 1)

By taking the generating functions of equation (1) both the sides, we have

G(t) _;O -t _ Q(G(t)t_ an + G(t) — I _12t (2)

Now, put ay = 2 and a; = 2 in equation (2) and solving

We get
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2
G(t) -2 —t — 20G(t) — 2 _t?G(t) = - i 5

2
2 B t
(¢ 2t+1)G(t)_2+3t+1_2t

2
2 _ t
(1-¢ )G(t)—2+3t+—1_2t

2 3t t2
G = (1 -ty " (1 -ty " (1-2t)(1 - t)?

By partial fractions

£2 1 1

A-20)1 -1 (—-20) (q_g

! 3t 1
Hence, G(t) = T A )

Therefore, a, = (r +1) + 3r + 2"
a, =1+4r+2".

Example. Solve the recurrence relation a,,o —5a,,; +6a, =2 by the

method of generating functions satisfying the initial conditions aqy =1 and

a = 2.
Solution. Given equation a,,9 — 5a,,1 + 6a, = 2 (1)

Let us assume that

0
G(t) = z a,t’
r=0
Now, by taking generating functions of equation (1), we have

G(t) _;0 —at 5(G(t)t— aoj + 6G(t) = %

Put gy =1 and a; = 3 in the above equation and solving, we get
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5% — 4t + 1
1-t)@-26)(1-3t)

G(¢) =

By partial fractions

1 1 1

CO=a—p*a-m T

Therefore, the solution after applying inverse transformations.
a =1-2"+3"
Example. Find the generating function of the sequence
(02,12, 22, 32, ...
Solution. We have

X

—2:x+2x2+3x3+4x4+...
1-x)
Differentiating both sides

2
(L —x) +2x(1 —x) _ 1+2%x +3%x2 + 4223 + ...

-
1;363 =1+2%x +3%x2 + 4243 + ...
(1 -x)
—3(6(1 ki 9)c3) = 0x0 + 120 + 2222 + 3222 + 4243 +
1-x
02, 12, 22 , 82, ...} has the generating function M
(-«

Example. Evaluate the sum: 12+22 4382+ 417 using generating

function.

—lt+z+22+.. 42 +...

Solution. We know that 1 1

Differentiating both sides with respect to z, we get
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1
-2y

—14+22+32%2+ ... +r2" 14 .

Multiplying both sides by z, we get

4

5 —z+222 4322+ .. 42"+ ...
1-2)

Differentiating both sides with respect to z, we get

1+2z
-2y

2

=12 422243222 4 4% 4.

Multiplying both sides by z, we get

21+2) _

5 0% +122+ 2222 +322% 4% 4 .
1-2)

This shows that z(1 + z)(1 — 2)° is the generating function of the numeric

function 02, 12, 22, . 2.
Now
1 +2) =(l+z+22+..+27+.)x (0% +1%22+..)
-2z 1-2p

=02 +(0%2+1%)z+ (02 +12 4222 + ...+ (0> + 12 + ...+ 72)" +...

Thus 0% +12 +22 + ...+ 7% = coefficient of 2" in the expansion of
2(1+2)/(1 - 2)%

But from binomial theorem we know that the coefficient of 2" in the
expansion of 1/(1 — z)* is

(—4)(—4—1);!-(—4 —rtl) gy _4:5-6 -r.!..(r+3)

_ (r+1)(r+2)(r+3)
1-2-3

So, the coefficient of z” in the expansion z(1 + z)/(1 — 2)* is
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r(r+1)(r + 2) N rr-1D(r+1) _rr+1)@r+1)

1-2-3 1-2-3 6
Hence 12 + 22 + 3% + ...+ 72 = rr+1)@r+1) +1)6(2r +1).
Conclusion

We have discussed some basic application of generating functions (3), as a
method to solve a linear recurrence or combinatorial problems. However
there are certainly many more aspects that are not discussed here. Readers
interested to learn more are invited to read for a very extensive treatment of

generating functions (4), (5).
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