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Abstract

In this article we show that every section of certain subclass H of the class H,(a, B) of

starlike functions are convex in the disk |z | < %

1. Introduction

Let A, be the class of analytic functions f defined on the unit disk

A ={z € C:|z| <1} with Taylor’s series expansion of the form

0

f(z)=z+ Zakzk, (neN:=1{,2,3, ). 1)

k=n+1
Let A denote the subclass A; of A, consisting of functions
fz)=z+ Z ::2 a,z" and S denote the subclass of it containing univalent

functions [2]. In [3], Srivastava et al. introduced the subclass H,(a, B) of A,

consisting of functions in A,, satisfying
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022" (2) + 2f' (2) n _ no
9‘{ ) J>QB(B+§ 1)+B 5

where o >0;0<B<1;zeA Putting n=1,a=1,=0 we obtain the

subclass H = H;(1, 0) and H,(a, B) consisting of f € A satisfying

S){z%" (2) + of (Z)j o1
1) 2

Functions in this subclass are known to be starlike [6]. The sections of

f € A are defined as

n
s,(z) =z + Zanzn.
k=1

An interesting problem in univalent function theory is to estimate the radius
of the largest disk inside the unit disk within which the sections of functions
in a subclass satisfy certain geometric properties like univalence,

starlikeness, convexity etc. Szego in [7] had proved that the partial sums of
univalent functions f € S are univalent in the disk | z | < % Following this,

several authors have obtained the radius of convexity of sections of functions
in several subclasses [1, 4, 5]. In this paper, we prove that the sections of

functions in the class " are convex in the disk | z | < i .

Lemma 1.1. Let f = z + Z:=2 a,z" € H. Then

Hn—1j2+2
=l j+2
(n—1)

Hn—1j2+2
=l j+2

flz)=z+ Z:;Wzn.

(1) la, | < and equality holds for

Advances and Applications in Mathematical Sciences, Volume 20, Issue 9, July 2021



RADIUS OF CONVEXITY OF SECTIONS OF A SUBCLASS ... 1677

nl] + 2 o
zn 2(n- 2)'H11]+2
Zn 2(n- 2)’H11]+2

for |z|=r<1. The

inequality is sharp.

_ _1J +2 1o < n- 1] +2 -1
i) 1-30 2(n— 1)vHJ -1 j+2 [ F@l1+ 3] 2 (n— 1)VH i1 j+2
for | z| = r <1. The inequality is sharp.

av) If f(z)=s,(z)+0,(2), with oc,(z)= z::ml apz®, then for
|z| =r <1, wehave

k-1

22 =
| on(2)| < Z - 1), [z

k=n+1

and

| zoh(2) | < Z i 2)1 H j] ++22 PRl

k=n+1

2 Main Theorem

Theorem 2.1. Every section of [ € H is convex in the disk | z| < % The

radius i cannot be replaced by a greater number.

Proof. Let f(z) =z + Z::2 a,z" be an arbitrary function in the class

H. Then s9(2) = z + agz” and

10 220)s Azl
%) -2 ay =]

Since for f € H, |ag | <1 and hence
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E)f{l+zs,2(z) o1 2| z| ‘
s5(2) 1-2|z|

which is positive if |z | < % Thus s9(z) is convex in the disk |z | < % To
prove that this is the best possible radius, consider the function

I,
=1 j+2
folz) =z + z (’n - {)! 2"

n=2
and the corresponding second partial sum sy(fy)(z) = z + 2%. At z = — i,
zs" z
w1+ ,2,f0( ) :9‘{(1+42):0.
s5, £, (2) 1+ 2z

2

We now show that the third partial sum s3(z) = z + agz® + agz® of f € H is

convex in the disk |z | < i

If f € H then there is a positive function p(z) =1+ p;z + pgz2 + .-+ such

that

LA @2 ) 3

1
2 2) B p(2).

Substituting the Taylor’s series for f and p and equating the coefficients gives
14 2

p1 = 2ag, pg = 5 9 %
Using the fact that | p; | < 2 and | py | £ 2 we obtain

Qg = Q, ag = %(ﬁ-i—g(lz)

where |[a|<1land|p|<1.

Now we show that
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" 2
9{[1 R (z)j _ DL{1+ daqz + 9ayz J -0

s5(2) 1+ 2a9z + 3a322
in|z|< 1
4
: 1+4 9azz” ) . . .
Since 9|~ 922 T 9482 | i< harmonic in |z | < l, it is enough to check
1+ 2a9z + 3agz 4
that
1+4 9agz?
R + 4Q92 + 0322 >0 (3)
1+ 2a9z + 3agz
1
f =—.
or | z| 7
Note that

1- 3a322 |

1+ 2a9z + 3a322|

2 2
m1+4a2z+9a322 _9_m 1-3a3z |=2-
1+ 2a9z + 3agz 1+ 2a9z + 3agz

By considering a suitable rotation of f it is enough to verify (3) for z = i In

other words we must prove that

16 — 3(13
16 + 802 + 3(13

2>‘

Substituting the values of a9 and as from (2) it is enough to verify that

3 9 9 3
2/16 + 8a + — = 16-=B-=
‘ + a+7[3+7a > 7B 7oc

92‘

for |a| =1 and B = 1. Using triangle inequality the above inequality follows

if we prove

—7> 16—7(1

2‘16+8a+ga

|7~ pe-7e]
7

Since | o | = 1, the above inequality is equivalent to proving

2|1120 + 56 + 9a | - [ 1126 - 9 | > 9.
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Putting R(a) = x it remains to show that

oV4032x2 + 13552x + 13745 — V14641 — 4032x2 > 9.

for -1 <x <1.

Let G(x) = 2v4032x% + 13552x + 13745 — V14641 — 40322,

Gy (x) = 4032x2 +13552x + 13745 and Go(x) = 14641 — 4032x2. Then
G(x) = JGy(x) = Gy (x).

G, (x) is positive and increasing in [-1, 1] with
Gl(x) > Gl(—l) = 4225.

Similarly Gg(x) is also positive and attains its maximum at x = 0 in

[-1, 1] Hence Gy(x) < G5(0) = 14641. Therefore for x € [-1, 1]

G(x) = 2//Gy(x) - JGa(x) > 2JGy(-1) - JG5(0) = 9.

Thus we have proved that 9‘{(1 + m >0 in|z|< 1
s5(2) 4

zs,(2)

sn(2)

Wenowprovethatiﬁ(lJr )>0forn24in|2|<i.

It 1s enough to show that 9‘{(1 + ZZ,L(Z(?j >0 hold for all n >4 for
n

r= i thereby the conclusion follows by maximum principle.
_ o0 n .
Any f(z) =z + Z _pZ" canbe written as
f(z) = Sy(2) + o, (2)

with c,(z) = Z:znﬂ a,z". Then

m[l R Jj _ 9{1 Ao, <z>]]

sn(2) [f'(z) = o (2)]
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@)
Gn(z) —2G, (Z)
A e @
e T e ae
H@) o1 ()]~ 20", (2
>1— 2f"(2)| | f'(z) |on(2)| | 20", (2)|
i /') [f'(z)|-| oy (2)]

o n n—1j2+2 n-1
r
D s
h 0 n n*1j2+2 n-1
1- r
zn=2(n—1)!Hj:1 j+2
Zn=2(n—2)!Hj:1 j+2 "
0 n n71j2+2 n-1
1-
Zn=2(n—2)!Hj:1 j+2 :
© k k13212 54
_+Zn=2(k—2)!Hj=1 j+2 "
n k k—1j2+2 ro1
1-
Zk:z(k—Z)!Hj=1 j+2 4
2 -9
© n n—lj +2 a4
1— _r
_ anZ(n—Z)!szl j+2 "
« n n—1j2+2 n-1
1 Zn:2(n—2)!Hj=1 j+2 "
© n ”—1j2 +2 na
i——r
Zn:Q (n—2)'HJ:1 j+2
1- S T2,
Zn=2(n—2)!1_[j=1 j+2
o k 15242 5
+ —7r
B Z:n=2(k—2)!1_[j:1j+2
n n k—1j2 +2 p1 '
1- - r
Zkzz(k—z)!Hjﬂ j+2

It is enough to show that
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. 2

n n—1j2+2 n-1
1 anz(n—2)!Hj:1 j+2 "
[>e} n n71j2+2 n-1
1-— T
Zn:Z(n—Z)!Hj:I j+2 :

0 -1;2
IR | Jae
n=2(n-21 1,21 j+2 o E k152 4 2 =

+
1_200 n Hn71j2+2rn_1 Zk=n+1(k—2)!H]1]+2
B n=2(n-1L1Lja j+2
n k kl] +2 S|
1 zk:z(k—Z)!H =1 j+2

We prove that (4) holds for all n > 4 for r = % which is same as proving

n— 1] +2 n-1
Zn 2 (n- 2)‘H] =1 ]+2( j
n 172 49/1)"!

1- =
Zn=2(n—2)!Hj=1 j+2 (4)
e ek

n=2(n-2L Lj=1 j+2
_Zn=2(n—1)!H =1 j+2 (4)
n-1 n-1
Jo+2
B Zk n+1 (k- 2)'1_[ =1 ]+2( ) >0
n k- 1] +2/ 1\
1- _r
Zk:Z(k—Z)!H =1 j+2 (4]
for n > 4. Let
2 -9 n-1
® n n-1j%4+2(1
)_1 Zn:Q(n—Z)!szl Jj+2 (4)
© n n-1;2 42011
1- =
Zn:Z(n—l)!szl j+2 (4)

> 0.

4
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© n n-1;2 491\t
Zn:2 (n-2) Hj:l j+2 (Zj
© n n-1j2 49 /1\"1
1_Zn:2 (n—l)!Hj:1 j+2 (Z)
MG
3 j=1 j+2 \4
n n 152 4201 k-1
1_Zk=z(k—2)!Hj:1 j+2 (Z)

Then we must prove that G(n) > 0 for n > 4. For n =4,5,6 we have

o k
" Z k=n+1 (k — 2)!

G(4) = 0.23704, G(5) ~ 0.24598, G(6) ~ 0.24701. Thus G(n) is increasing and

non-negative for all n > 4.

Hence for f € H, s,(z) is convex for all n > 4.
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