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Abstract

In this paper, truncations of lexicographic min-product of fuzzy graphs and totally regular
properties of lexicographic min- product of two given fuzzy graphs are discussed.

1. Introduction

Fuzzy graph theory was introduced by Azriel Rosenfeld in 1975. The
properties of fuzzy graphs have been studied by Azriel Rosenfeld [9]. Later
on, Bhattacharya [7] gave some remarks on fuzzy graphs, and some
operations on fuzzy graphs were introduced by J. N. Mordeson and C. S. Peng
[3]. The conjunction of two fuzzy graphs was defined by A. Nagoor Gani and
K. Radha [4]. Properties of truncations on fuzzy graphs were introduced by A.
Nagoorgani and K. Radha [5]. The concept of Double vertex fuzzy graph and
complete Double vertex fuzzy graph were studied by K. Radha and S.
Arumugam [10]. In this paper we discussed about some properties of
truncations on double vertex fuzzy graphs and complete double vertex fuzzy
graphs.
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First let us recall some preliminary definitions that can be found in [1-10].

A fuzzy graph G is a pair of functions (o, u) where c is a fuzzy subset of a
non empty set V and u is a symmetric fuzzy relation on . The underlying
crisp graph of G : (o, u) is denoted by G : (V, E) where E c VxV. A
fuzzy graph G is an effective fuzzy graph if p(u, v) = o(u) A o(v) for all
uv € E and G is a complete fuzzy graph if p(u, v) = o(u) A o(v) for all

u, v € V. Therefore G is a complete fuzzy graph if and only if G is an
effective fuzzy graph and G* is complete.
The degree of a vertex u of a fuzzy graph G : (o, u) with underlying crisp

graph G : (V, E) is defined as dg(u) = 3 u(uv) where the summation runs

over all uv € E.
The lower and upper truncations of o at a level ¢, 0 < ¢t < 1, are the fuzzy

subsets (1) and o) defined respectively by

o(u), if, o(u) > t

o) = {0, if o(u)<t

t, if, o(u) > ¢
() =
o(u), if o(u) < t.

Let Gj : (o1, n;) and Gy : (o9, ug) denote two fuzzy graphs. The
lexicographic min-product G;[Gy];, = G : (6, p) with underlying crisp
graph G* : (V, E) where V =V, xVy. E = {(u;, v;)(ug, vg)/ujug € E; or
u; =ug and v; vy € Eg) is given by o(uy, v;) = 61(w1) v og(vy) for all

(ul, Ul) € Vl X Vz and

p.(ul, Uy ), if Uy € El

W, 1) (g, v2)) = {

ouy) A pg(vvg), if wy = ug, v1vy € Ey.
2. Truncations of the Lexicographic Min-Product

Theorem 2.1. The lexicographic min-product of the lower truncation of

Advances and Applications in Mathematical Sciences, Volume 20, Issue 6, April 2021



TRUNCATIONS AND TOTALLY REGULAR PROPERTIES ... 1103

two fuzzy graphs Gy and Gy is the fuzzy subgraph of the lower truncation of
lexicographic min-product of Gy and Gy that is Gy)[Go)lnin is @ fuzzy sub

graph of (Gy()[Galin )e)-

Proof. First we prove that oy()[o9¢)lnin < (C1lo2]min)e)- Let

(u, v) € V] x Vg be any vertex.

By the definition of lexicographic min product o(u, v) = o1(«) v c9(v).
Without loss of generality assume that o;(u) < o9(v). Let 0 <t <1 be

arbitrary.
There are three possibilities to consider:

t < o1(u) < o3(v), o1(u) <t <o9(v) and o;(w) < oy(v) < ¢
Case 1. t < 6;(u) < 65(v).
Then o1)(1) = 61(), 654)(v) = o3(v).
Therefore
(01(1) [0 2(4) Jnin (& ©) = G1(1)(®) v G5 (0)
= 01(w) v o3(v)
= o5(v).
Since (61(7)[02(t) lmin (%, ©) = 02(V) 2 t), (01[02]min )¢ (W v) = 02 (V).
Therefore (o1(;)[2() lnin (4 V) = (01[62 i )y @ )
Case 2. 61(u) <t < o9(v).
Then o1()(x) = 0 and oy94)(v) = 62(v).
Since oy()(w) = 0, u € V{;) and hence (u, v) & Vi) x Va(p).
Therefore (o1()[09(t) ] ) (s v) = 0

Since
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(01[02 i) (@ V) = 01 () v 63(v)
= og(v) >t
(01[02 ]min )(t) (, v) = o2(v).
Therefore, in this case (61()[02(¢)lmin) (% V) < (61[62 ]in )W )

Case 3. o;(u) < 59(v) < ¢
Here o1(;)(u) = 0 and og(;)(v) = 0.
Therefore u ¢ Vi) and v ¢ Vy( and hence (u, v) & Vy(,) x Va(p).
Therefore (o1()[09()lmin) (> v) = 0.
Also since o1 (u) v 63(v) = 02(v) < t, (61[02] i ) (. v) = 0.
Therefore (o) [03(0) Jmin) (& ©) = 00102 ]min ) (@ )
Hence in all the three cases, (61()[02()lmin) (% V) < (61[02 ]in ) @, V).
The proof is similar if 64 (v) < o, ().
Next we prove that (1 [12 Jnin )iy (1) [H2() Imin Jmin-
Consider the edge e = (1, v)(u, w) of G;[Gs].

(112 ]min) (€) = 01 () A pa(vw).
Assume that o () < pg(vw).
There are three possibilities to consider:
() t < o1(u) < pa(v, w)
(i) o1(w) <t < py(vw);
(ili) o7 (x) < palow) < ¢
Case (i). ¢ < o1(u) < pg(vw).
Then oy(;)(w) = 01(1) and pyp(vw) = ug(vw).
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Therefore
(M) [o(e) Jmin ) (€) = o1(1) (@) A pg)(vw)
- o1 ()
Since
(1 [12 ]min ) () = 01 (%) A pa(vw)
=o,(u) >t
(M1[12 Jmin )(t)(e) = o1 ().
Therefore (1y(s)[Ha(r) Dmin (€) = (11 [M2 Jmin ) (€):
Case (ii). o1 (u) <t < uy(v, w).
Proceeding as in the above case (i),
(1)) Imin ) (€) = 0 < pa(v, w) = (g [Ka]min ) (o)
Case (iii). o1() < (v, w) < ¢ proceeding as in the above case 3,
(1) M2 Dimin (€) = 0 = (1(p) [ Imin e (e)
Hence (11[u2]min))(€) < () [M2() Imin ) (e)
The proof is similar if o1 (1) > pg(vew).
Now consider the edge of the form e = (u, x) (v, y) where uv € Ej.
Then (w112 ]min )y () = m1(@v) = (my)[Ma@) lmin ) (€)  if m(wv) <t and
(1 [ T ) (©) = O = (o)) i) (€) if 113 (uv) < £ Therefore in all the

cases, (1115 i ) (©) < (1()lH3(0) i) ) Hence (Gy [Galuyin )y is & fuzzy

subgraph of (G; [G]nin)) where 0 < ¢ <1.
Theorem 2.2. The lexicographic min-product of the upper truncation of

two fuzzy graphs G; and Gg is the fuzzy subgraph of the upper truncation of

is the

min

the lexicographic min-product of G; and Gy. That is, Gl(t)[Gg)]
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®) . In other words, Gl(t)[Gg)] ) are

same as (G1[Gg] i) min @nd (G [G2]min)(t

isomorphic.

Proof. First, we prove that th)[cg)] = (og [01])(t). Let (v, v) € V; x V5 be

any vertex. By the definition of lexicographic  min-product

o(u, v) = o;(u) v og(v). Without loss of generality assume that
c1(w) < 69(v). Let 0 <t <1 be arbitrary. There are three possibilities to

consider ¢t < o;(u) < 69(v); 01() <t < 69(v); o9(v); 01(1) < o9(v) < t.
Case 1. t < 61(u) < oy(v).
Then o)) =t o) =t Therefore (c\[c¥], ;) v) = sP(w)
valw)=tvi=u
Since (01[02]yin) (1, v) = 02() > ¢
(6102 ]min ) (. v) = .
Therefore (o{[c\]), ;.. (1, v) = (01[02 ] )V (@, V).

Case 2. o,(u)<t<ocy(v). Then th)(u) =oy(u) and cg)(v) =t.

Therefore

06V in) (@, v) = sP(@) v sP(w)

ci(u) vt

=1,
Since (61[02]in) (1, v) = 61(w) v 63() = o5(v) 2 ¢.
(01002 Jnin )2, v) = 2.

Therefore in this case (cgt)[cg)])min = (o102 ) in )(t) )
Case 3. o;(u) < 69(v) < t. Here cgt)(u) = o7(u) and G(zt)(v) = o9(v).
Therefor (cgt)[cg)]min)(u, v) = cgt)(u) v Gg)(l)) = o1(u) v o5(v) = 55(v) < ¢
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Hence cgt)[c(zt)]min (u, v) = 69(v). Since

)(t)

(01002 ]min)"” @, v) = 61(¥) v 65(v) = o5(v) < ¢,

(o1[02 )min ) (@, v) = 05(0)

Hence in this case also th)[cg)]min = (o1[o9] )(t). This proof is similar if

G5 (v) < oy(w). Hence o[ ; (, v) = (01[02] i), v) for every vertex
(u, v).
Next we prove that
(1 [0 Jmin ) < 008 -
Consider the edge e = (u, v) (1, w) of Gy [G ],
(11 (12 Dimin (€) = 01 () A pg(Vw).

Assume that o;(z) < pg(v, w).

There are three possibilities to consider:
1) t < o1(w) < pg(v, w); () o1(w) <t < po(vw); (i) oq(w) < pa(vw) < ¢
Case (i). ¢t < o1(¢) < py(vw).
Then
csgt)(u) =t and ug)(vw) = 1.
Therefore (ugt)[ug)]min)(e) = cgt)(u) A pgt)(vw) =t
Since (s 42 Jmin ) (¢) = 01(2) A 13 (010) = o) > 1,
(“1 [HZ]min)(t)(e) =t
Therefore (u (1§ ]in) (€) = (1 [ ]in ) (e).

Case. (ii) o;(u) < t < py(vw).

Then cgt)(u) = o1(«) and Gg)(vw) =t
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Therefore (pgt)[ug)]min)(e) th)(u) v pg)(vw) =o(w)vt=t.
Since (1 Jin) (€) = 01 (8) v Ba(v10) = pa (V) = 4, (i [1g ]win )Pl = 2.

Therefore (uf"/[u§ Jyin) (€) = (1 12 Jnin)* (e).
Case (iii) o1(u) < palv, w) <t proceeding as above

(ugt)[ug)])(e) = g (vw) = (ul[pg])(t)(e). Now consider the edge of the form
e =(u, x)(v, y) where wv e E;. Then (uq[ug],;,)(e) = ni(vu). Therefore

OO () = po@v) = () Pee), if wy (ww) > t and
OO ) (@) = 1 @) = (s )P (e) TR () s Hence
(k1 [12 Jimin )(t) = (ugt)[ug)])min in all the cases.

nin 1S the same

The proof is similar if o;(z) > uy(v, w). Hence Gl(t)[Gg)]

as the fuzzy graph (G;[Gs] i, )(t) where 0 < ¢ <1.

3. Total Degree of a Vertex in Lexicographic Min-Product

The total degree of any vertex in the lexicographic min-product

G;[Gs].;,, of the fuzzy graph G : (o, py) with G4 : (o9, 1g) is given by,

min

4G, [Gy] ;. (W15 Vj)= > () + > 01 () Apg o) + o1 () v o5 (v;)).
ujupekq, vjeVy uj=up,vjv el

Theorem 3.1. If G; : (o1, ny) and Gy : (o9, ng) are two fuzzy graphs

such that o1 = pg, then the total degree of a vertex in the lexicographic min-

product G;[Gs] of the fuzzy graph G : (o1, ny) with Gy : (cq, ng) is

min
given by,

tdg,[Gy] .. Wi> vj) = | V1 |dg, (u;) + dg, (vj) + o1 (w;) v 63(v;).

min

Proof. Let Gj : (o1, n;) and Gy : (o9, ug) are two fuzzy graphs such
that o; > png. This implies that o; A pg = py. Then the total degree of any

vertex (u;, vj) € V) x Vy is given by,
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G, [Gy i (i) = Z“l(ui’”k)Jf Zc(ui)/\uz(vjvz)

ujupeky,veVy uj=up,vjuieky
+op(u;) v Gz(vj)

= Vol Dl m)+ D uaju)+or(w)v oy ()

ujup eEy uj=up,vjvyeky
=| Vo |dg, () + dg, (v) + 01(w;) v o5(v;).

Corollary 3.2. If Gy : (o1, uy) and Gy : (69, ng) are two fuzzy graphs
such that 6; > ng, o1, 69 and Wy are constant functions of value ¢y, ¢y and c

respectively, then the total degree of a vertex in the lexicographic min-product

G1[G3 ], Of the two fuzzy graphs Gy : (o1, pu1) and Gg : (o9, ng) is given
by,

tdg [Gy)

min

(wis vj) = | Va | dg, () + dge (0j)e + ¢ v ca.

Proof. When 5 is a constant function of value ‘¢, then
melu) = Y e=dg)e
wi=up,, vjvyEy wi=up, vj v eEy
and o7 (u;) v o9(vj) = ¢; v cg.
Hence the result follows from Theorem 3.1.

Corollary 3.3. If Gy : (o1, 1by1) and Gy : (o9, ng) are two fuzzy graphs
such that o1 2 n9oq, o9 and ng are constant functions of value c;, ¢y and c

respectively, then the total degree of a vertex in the lexicographic min-product

G1[G3 ], Of the two fuzzy graphs Gy : (o1, pu1) and Gs : (o9, ng) is given
by,

dG, Gyl Wis vj) =1 Va |dg, () + e ©j)e =] Vg [ep + ¢ vey.

Proof. Since |V, |dg, (v;) =] Vs |(dg, (1;) - 01(%;)), the result follows

from Corollary 3.2.
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Theorem 3.4. If G; : (o1, 1y) and Gy : (o9, nug) are two fuzzy graphs
such that o1 = pq, then the total degree of a vertex in the lexicographic min-
product G;[Gs] of the fuzzy graphs Gy : (o1, 1) with Gy : (o9, ny) is

min

given by,
tdg, (G, .. Wi,vj)=| Vs [tdg, (u;)+tdg, (v;)—| Va |01 (1;)-02(v))+01 (1;)v o2 (v;).

Proof. Since | Vo |dg, (w;) = | Va |(tdg, (w;) - 01(%;)) and

dg, (v;) = tdg, (vj) - o2(v;), the result follows from Theorem 3.1.

Corollary 3.5. If Gy : (o1, 1uy1) and Gy : (o9, ng) are two fuzzy graphs
such that o1 > n9oq, o9 and ng are constant functions of value c;, ¢y and c
respectively, then the total degree of a vertex in the lexicographic min-product
G1[Gs] of the two fuzzy graphs G : (o1, n;) and Gg : (cg, 1) is given

min
by,

tdg (G, (Wi, vj)=|Va |dg (&) +dg,(v;)—| Vo e —cg + ¢ v ey

Proof. Since | Vs |dg, (v;) = | Vs |(tdg, (v;) - 61(%;)), the result follows
from corollary 3.4.

Theorem 3.6. If G; : (o1, ny) and Gy : (o9, ug) are two fuzzy graphs
such that o1 > ng then the total degree of a vertex in the lexicographic min-
product G;[Gs] of the fuzzy graph G : (o1, ny) with Gy : (cq, ng) is

min

given by,
d6y[Gy),y, (Wir vj) = | Va | dg, (w;) + g (vj)o1 (1) + o1(ki) v og(v;).
Proof. G; : (oq, u;) and Gy : (o9, ng) are two fuzzy graphs such that

61 2 H1g. This implies that o; A ug = ;. Then, the total degree of any

vertex (u;, vj) € V; x Vy is given by,

tda,(Gy] . Wi> ;) =]V |dg, (w;)+ ch(ui)/\H2(Ujvl)+01(ui)vc2(vj)

min
uj=up,vjujeky
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= | Vo g, () + Y o1 () + o1(;) + 01 () v 52.(v;)

u;=up, UleEEz
=| Vs |dg, () + d(;; (vj)o1(p) + o1(w;) v o2(v;).

Corollary 3.7. If Gy : (o1, 1) and Gy : (cq9, ng) are two fuzzy graphs
such that o1 > ng and o1 and o9 are constant functions of values ¢; and cq
respectively, then the total degree of a vertex in the lexicographic min-product
G1[Gs] ., of the fuzzy graph Gy : (o1, u;) with Gs : (o9, uy) is given by,

min
LGy Gy s, Wi Vi) = | Va |, (i) +dge (vj)er + 1 v €

Theorem 3.8. If G, : (o, 1) and Gy : (69, ng) are two fuzzy graphs
such that o1 = ng then the total degree of a vertex in the lexicographic min-
product G;[Gs] of the fuzzy graph Gy : (o1, 1) with Gy : (cq9, ng) is

min

given by,

d,[Gy ], Wirvj)=Va [tdg, (ui)""dG; ©;)o1 (1)~ Va |o1 () + o1 () v o3(v;).

Proof. Since |V; |dg, (v;) =| Vs [(tdg, (u;) - 01(x;)), the result follows
from Theorem 3.8.

Corollary 3.9. If Gy : (o1, ny) and Gy : (69, ng) are two fuzzy graphs
such that o1 2 png and o1 and oy are constant functions of values ¢; and cq
respectively, then the total degree of a vertex in the lexicographic min-product
G1[Gs )i, Of the fuzzy graph Gy : (o1, 1) with Gy : (o9, ny) is given by,

min

tdal[GQ] - (, Uj) =|Vq |th1 () + dGE (Uj)cl —| Vo lep + ¢ vey.

min

4. Totally Regular Properties of Lexicographic Min-product

Theorem 4.1. Let Gy : (o1, u1) and Gy : (o9, pg) are two fuzzy graphs
such that o1 219, 01,09 and Ly are constant functions of value ¢y, cg and c

respectively. Then the lexicographic min-product G;[Gs] is totally regular

min

if and only if Gy is a regular fuzzy graph and G5 is a regular graph.
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Proof. Assume that G;[Gs] ;. is a k-regular fuzzy graph.

min
First, we prove that Gy is a regular fuzzy graph.
Let u and w be any two vertices of Gj.

Fix a vertex v € Vy. Since G;[Gs] is a k-regular fuzzy graph, using

min
corollary 3.2,

A6, Gy i W V) = 464Gy, (05 V)
implies | V3 [dg, (w)+ dG§ (V)e+ep veg =] Vy |dg, (w)+ dG; (v)e+c¢y veg which
gives | Vs |dg, (1) =| V3 |dg, (w) and hence dg, (v) = dg, (w).

This is true for every pair of vertices of G;. Hence Gj is a regular fuzzy
graph. Let u and w be any two vertices of Gy.

Fix a vertex wveVy idg g, (v u) = tdg,| [Go i (v, w) implies
| Vo |dg, (v) + dG§ (w)e+c1veg =|Vy |0lG1 (v) + dG;‘ (w)c + ¢ v ¢y which gives
des (w)c = dis (w)c and hence die () = s (w). This is true for every pair of

2 2 2 2

vertices of Gy. Hence G; is a regular graph.

Conversely assume that G; is a k-regular fuzzy graph and G35 is a m-

regular graph. Then for any vertex (u, v) of G;[Gs]

min’
tdg,| [Gs ], (u v)=| Vs ldg, (u)+d (u)c+cl Vv Co

=|Vy |k+mec+cvey.

Hence G1[Gy];, isa (| Vo |k + me + ¢ v ¢g)- regular fuzzy graph.

min
Theorem 4.2. Let Gy : (61, ny) and Gy : (o9, ng) are two fuzzy graphs
such that o1 29,071,609 and pg are constant functions of value ¢y, cg and c

respectively. Then the lexicographic min-product G;[Gs] is totally regular

min

if and only if Gy is a totally regular fuzzy graph and G5 is a regular graph.

Proof. The proof follows by proceeding as in Theorem 4.1 by using
Corollary 3.3.
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Theorem 4.3. Let Gy : (o1, uy) and Gy : (69, ng) are two fuzzy graphs
such that o1 > py,071,09 and Wy are constant functions of value ¢y, ¢y and c

respectively. Then the lexicographic min-product G[Gs] is totally regular

min

if and only if G; and Gy are totally regular fuzzy graphs.

Proof. The proof follows by proceeding as in Theorem 4.1 by using
Corollary 3.5.

Theorem 4.4. Let Gy : (o1, ny) and Gy : (o9, ug) are two fuzzy graphs
such that o1 > ng and o1 and o9 are constant functions of values ¢; and cq

respectively. Then the lexicographic min-product G;[Gs] is totally regular

min
if and only if Gy is a regular fuzzy graph and G; is a regular graph.

Proof. The proof follows by proceeding as in Theorem 4.1 by using
Corollary 3.7.

Theorem 4.5. Let Gy : (o1, ny) and Gy : (o9, ng) are two fuzzy graphs
such that o1 > ng and o1 and o9 are constant functions of values c¢; and cq

respectively. Then the lexicographic min-product G;[Gs] is totally regular

min
if and only if Gy is a totally regular fuzzy graph and G5 is a regular graph.

Proof. The proof follows by proceeding as in Theorem 4.1 by using
Corollary 3.9.

Conclusion

In this paper we have discussed the truncation properties of lexicographic
min-product of two fuzzy graphs and the totally regular property of
lexicographic min-product of two fuzzy graphs. These properties will certainly

be helpful in studying the fuzzy graphs in detail.
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