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Abstract

The stability of a network plays a significant role in a communication network for its
designers and users. The domination integrity is the well-known parameter used to measure the

vulnerability of a network and for the simple connected graph G = (V(G), E(G)) its defined as
DI(G)=min{|{D|+m(G -D): D is a dominating set} where m(G — D) is the order of a
maximum component of G — D. Here we determine the domination integrity of snake graphs

and sunlet graphs.
I. Introduction

We begin this with a connected, finite, undirected graph without loopless
and multiple edges. The undefined notations and terminology are in [1, 13].
Any communication network can be modeled as a graph by considering the
processor as a nodes and connection or links between them as edges. The
vulnerability means that any type of damage caused on processor (nodes) or
connection between them (edges) or any failure in transmission and also fault
in hardware and software for a long duration will result in a loss of
effectiveness. On constructing (or designing) the communication network, the
network designers and its users give much more importance to its stability.
Always the communication network requires the higher degree of stability or

less vulnerable. A modeled graph of a network is highly vulnerable if any
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small destruction cause huge consequences and also the communication links

exist only between the few members.

In terms of a graph, vulnerability means the weakness or lack of
resistance in its structure after the deletion of nodes or edges or both. On
measuring the vulnerability two quantities are important (i) the number of
non-working members (i1) the order (the number of vertices) of maximum
component within which a mutual communication exists still. Here the first
one shows the vertices which are left free to attack by the attacker and the
second one shows the reaction after a disruption. We have a variety of graph
theoretic parameter used to measure the vulnerability of a network. Among
that Domination Integrity is one of the parameters introduced by
Sundareswaran and Swaminathan [2] and investigated it for various graphs,
trees, power of cycles and also the middle graphs of some basic standard
graphs [3-5].

Definition 1.1. Let G be a connected graph with the vertex set V(G) and

the edge set E(G). A subset D of the vertex set V(G) is a dominating set if
V(G) = N(D)U D.

Definition 1.2. The domination integrity is denoted as DI(G) and is
defined by DI(G) = min {{ X |+ m(G — X): X is a dominating set}, where
m(G — X) is the order (number of vertices) of a maximum component of

G- X.

Vaidya and Kothari [7-9], Vaidya and Shah [10-12], Sulthan Seena and
Veena [6], were investigated the domination integrity of various graph

operation on some standard graphs.

Definition 1.3. The Sunlet graph is the graph of 2n vertices obtained by
joining the pendant vertices of the cycle graph C,, and is denoted by S,,.

Definition 1.4. The Triangular Snake graph is obtained from a path

having vertex vy, vg, v, ..., U, by joining v; and v;,; to a new vertex u; for

1< j<n-1 andisdenoted by Ss ,.
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Figure 1. Labeling of a vertex in a Triangular Snake Graph.
Definition 1.5. An Alternate triangular snake graph A(Sj ;) is obtained

from a path vy, vg, vs, ..., v, by joining alternately v; and v;,; to a new

vertex u; for 1 < j <n-1.

Definition 1.6. A Double Triangular Snake graph D(SS, ») consist of two

triangular snakes that have a common path.
II. Main Results

Theorem 2.1. DI = S,, =n+1 for n > 3.

Proof. Let the vertex set of S, be {v;, vy, ..., v,, Uy, Vg, ..., U} and

| B(S,) | = 2n.

e If n=2,i=N\{1}, (e, n=4,6,8..) Let the set
S = {v149k, V9,0, \k =0 toi—1} and | S| = n.

o Ifn=2-i1i=N\{l}, (lie, n=3,5,7,9,11, ...). Consider the set
S = {v1,9p, Voo Nk =0toi—-1and ¢ =0 toi-2}and |S|=n.

For the above two cases, the set S will be a dominating set as

Vgy9r> Uiror € N(v149,). Further we have m(S, —S)=1. Therefore,
|S|+m(S,-S)=n+1.

Now to analyze the minimum of | S | + m(S,, — S).
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Let S; be any other possible dominating set with m(S,, —S) > 1, then
due to the structural nature of the graph S,,, we get | S; | = | S |. Therefore,

| S1 [+ m(S, = S1) >[ S|+ m(S, - S).

From this we conclude that,

| S|+m(S, -8)=min{ X|+m(S, - X)}

= DI(S,,).
Hence,
DI(S,)=n+1 for n > 3.
Theorem 2.2.
3,n=23
DI(S =3 ’
( S’n) {n, n=4,5.

Proof. Let the vertex set of Sg, be {v1,vg,..., 0y, Upi1,Upsg, - Ugpq |-

To prove the result we need the following three cases.

Case (i) n = 2, 3.

For n =2, consider S ={vg} is a dominating set Sz, and
m(S3 o — S) = 2. Therefore, | S|+ m(S3 5 — S) = 3. Also for S = {v;} or {v3}
we get | S|+ m(S3 9 —S) = 3. If we consider S = {vy, vg} or S = {vy, vy} or
S = {vg, v3} and m(S3 4 — S) =1, then also we get |S |+ m(S3 9 - S)=3.
Hence DI(S35) = 3.

For n =3, consider S = {vg}, the dominating set of S35 and we have
m(S3 3 -8S)=2. So |S|+m(S33-S)=5.If S={v,v3} or S =1{vy, vs}
and m(Ss 3 —S) = 3, then for these S we get | S|+ m(S3 3 —S) = 5. Hence
DI(Ss 5) = 3.

Case (ii) n = 4, 5.
For n = 4, let us consider S = {vg, v3} as a dominating set of S3 4 and
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m(Ss 4 — S) = 2. Therefore, | S|+ m(S5 4 —S)=4. If for S = {vg, vy, v5}
and S = {v5, vg, U7}, we have m(Ss, —S) are 2 and 4 respectively. So
|S|+m(S3 4 -S) is equal to 5 and 6 respectively. Therefore,
| S|+ m(Sg 5 —S)=4 is minimum. Hence DI(S3 4) = 4.

For n = 5. Now consider the set S = {vy, v4} as a dominating set and
m(Ss5-S)=38. So [S|+m(Sg5-S)=5. Also for S={vg,vy,0v7},
m(S3 5 —S)=2, then |S|+m(S35—-S)=5. If S=1{v,v3, v5} we have
m(S3 5 - S) =3 and then | S|+m(S35-S)=6. Therefore
|S|+m(Sg5-S)=5 is minimum. Hence DI(S35)=5. From this we
conclude that,

3,n=23
n,n=4,5.

DI(S?;,n):{
Theorem 2.3. DI(S; ) = [gJ +3 for n > 6.

Proof. Let S = {vg,9,\¢t =0 to {%J -1} for n>6 and |S|= L%J
Further the set S will be a dominating set as vy,9;, Un+14+s> Von-1-¢ € N(Ug49r)
and we have m(Ss , — S) = 3. Therefore, |S |+ m(Ss , - S) = L%J + 3. Now
to check the minimality of | S | + m(Ss ,, — S).

Let S; be any other dominating set with m(Ss, —S;) =1, then each

component of Sz ,, — S; is an isolated vertex. Therefore, | S; | > | S |. Hence,
| S1[+m(Ss ., —S1)>|S[+m(Ss, - S) (¢Y)

Consider any other dominating set Sy with m(Ss , — Sy) = 2, then due

to the structural nature of the graph Ss , we have | Sy | > | S |. Therefore,

| Sg | +m(S3 , —Sg) >|S [+ m(Ss, —S) 2)
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For any other possible dominating set S3 with m(S;3 , — S3) > 3, then
| S3|>|S| So

| Sg [+ m(S5 , = S2) >|S[+m(S;, - S). 3)
From (1), (2) and (3) we conclude that,
| S|+ m(Ss, —S)=min{ X |+ m(S;3, - X): X is a dominating set}
= DI(S&n).

Hence,

DI(Ss ) = th +3 for n > 6.

Theorem 2.4. In an alternate triangular snake graph, the triangle starts

from the first vertex of the path, then

DI(A(S3 ) = EJ +2 forn > 2.

Proof. Let the vertex set of | V(A(S;3 ,)) | = L%J

Consider S = {vg,9;\t =0 to L%J—l} and it’s a dominating set of

A(S3 ) as vi,g, 0{3_,1% € N(vg 9;) for t=NU{0} and |S|= L%J
2

Moreover, m(A(Ss )~ S) = 2. Therefore, | S|+ m(A(S;3 ,) - S) = L%J + 2.

Now to check the minimality of | S |+ m(A(S3 ) - S).

Let S; be any other possible dominating set of A(S3,) with
m(A(S3 ) - S;) < 2, then each component of A(S;,)-S; is an isolated

vertex. So | S; | > | S|. Therefore,

| S1 |+ m(A(Ss ) = S1) > | S|+ m(A(Ss ) - S). 4)
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Let Sy be other possible dominating set with m(A(S; ) - S) = 4, then
due to the structure of the graph A(Ss5 ;) we get | Sy | > | S|. Therefore,
|8y |+ mlA(Sy )~ 85) > | 8|+ m(A(Ss,,) - S) ®
From equations (4) and (5), we conclude that
| S|+ m(S3’n -S)=min{{ X |+ m(A(S3,n) - X): X is a dominating set}

= DI(A(S3,,)).
Hence,

DI(A(Ss ,,)) = L%J +2 for n > 2.

Theorem 2.5. In an alternate triangular snake graph, the triangle starts
from the second vertex, then

3, n=3,4
DI(A(S3’n)) =4, n=>5
EJM, n > 6.

n-2

Proof. Let the vertex set of | V(A(S5,))|=n +[ —l We need the

following three cases to prove this theorem.

Case (i) n = 3, 4.

For n =3, consider S = {vy} the dominating set of A(S33), then
m(A(S3 3) - S) = 2. Thus, |S|+m(A(S53)-S)=3. If S ={v,v3}, then
m(A(S; 3) - S) = 2. So | S|+ m(A(S53)-S) = 4. Hence
| S|+ m(A(Ss53)-S) =3 is minimum.

For n = 4, consider the dominating set S = {vg, v3} of A(S34), then
m(A(Sg 4)-S)=1. Thus |S|+m(A(S34)-S)=3. If S={v,v3} or
S = {vg, vg}, m(A(S3 4) - S) =2, then we get |S|+m(A(S3,4)-S)=4.

Hence | S|+ m(A(S3 4) - S) = 3 is minimum.
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Case (ii) n = 5.

For n =5, consider the set S = {vg, vy} which is a dominating set of
A(S35), then m(A(S35)-S)=2. So |S|+m(A(S35)-S)=4. If
S = {vy, vg, v5}, then m(A(S35)-S)=2. So |S|[+m(A(S35)-S)=>5.

Hence | S|+ m(A(S3 5) - S) = 4 is minimum.
Case (iii) n > 6.
Let us consider S = {vg,9;\¢t =0 to [gJ -1} as a dominating set

because, vy, 9;, U3 9, U [nw € N(vg o) for £ =0,1,2,... and | S| = L%J
n+ -t

Further, m(A(Ss )~ S) = 2. Therefore, | S |+ m(A(S3 ,,) - S) = LgJ +2.

Now to analyze the minimum of | S | + m(A(S3 ) - S).

Let S; be any other dominating set with m(A(Ss )~ S) < 2, then each
component in A(S;,)-S will be an isolated vertex. So |S;|>|S].
Therefore,

| S1 [+ m(A(S5 ) = S1) > [ S|+ m(A(S; ) - S). (6)

Now consider other possible dominating set Sy with m(A(Ss ,) - S) = 4,
then due to the construction of the graph A(S3,), we get | Sy |2|S].
Therefore,

| Sg |+ m(A(S3 ) = S2) > | S|+ m(A(S; ,,) - S). M

From equations (6) and (7), we conclude that

| S|+ m(A(S3 ) - S)=min {| X | + m(A(S3 ,) - X) : X is a dominating set}

= DI(A(S3,,))

Hence,
3,n=3,4
DI(A(SS’,L)) =4, n=5
EJ +2,n26.
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Theorem 2.6.

n+1, for2<n<7
DI(D(S3,n))= LEJ_’_E) n>8
2 T

Proof. Let the vertex set of D(Ss ,) be | V(D(Ss ,,)) | = 3n — 2. To prove
this we need the following two cases.

Case (i) For 2<n < 7.

Consider S = {v;\i =1 to n} as a dominating set and | S | = n. Moreover
m(D(S3 ,,) - S) = 1. Thus | S|+ m(D(S3 ,) - S) =n +1.

Now to check the minimality of | S | + m(D(S3 ,) - S).

Let S; be any other dominating set with m(D(Ss ,)-S) =5 or 3, then

due to the nature of the graph D(S3 ,,), we have | S; | 2| S |. So,
| Si |+ m(D(Ss )~ S1) > |S|+m(D(Ss,)-S) ®)
From the equation (8), we get
| S|+ m(D(S3,,)-S)=min {| X | + m(D(S3 ,) - X) : X is a dominating set}
= DI(D(S3,,)).

Case (ii) n > 8.

Consider the set S = {vg,9,\¢ = 0 to L%J -1} will be a dominating set as

Ul420s Vons2t> U2n+142ks U2n-1-2¢ V2n-2-2k € N(v29;) ~where t=0 to

LEJ -1 and k=0 to LEJ -2 and [S|= LEJ Moreover,
2 2 2

m(D(S3 )~ S) = 5. So, | S|+ m(D(S;,,) - S) = L%J + 5. Let us consider the
dominating set S; with m(D(S3 ;) - S;) < 5, then due to the structure of the
graph D(S3 ), weget | Sy | >|S|. So,

| St [+ m(D(S3 )~ S1) > | S|+ m(A(S3,) - S). 9
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Consider the other possible dominating set Sy with m(D(S; ) - Sy) > 5,
then at least one component of the graph D(S3 ,,) — Sy will have number of

vertices greater than six. So | Sg [ > | S|.

Thus we conclude that,

| So |+ m(D(Ss )~ Sg) > | S|+ m(A(Ss ) - S). (10)

From equations (9) and (10) we get

| S |+ m(D(Ss,,,)—S) = min {| X | + m(D(S3 ,) - X) : X is a dominating set}
= DI(D(S3, )

Hence,

n+l, for2<n<7

DI(D(S3.,)) = H+5n>s
R

II1. Conclusion

In modern days, we are in search of more secured and sustainable
network. We have investigated the resistance of a network (i.e. vulnerability
of a network) after disruption or failure of a nodes or links or both by the
parameter known as Domination Integrity. We studied the domination
integrity of sunlet and some Snake graphs and analyzed that the domination
integrity value is less than the order of the graphs. The investigation of
shadow, line, total, middle and central graph of sunlet and some snake

graphs are an open area.
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