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Abstract

The aim of this paper is to introduce a new twelfth order iterative method for solving non-
linear equations. Modification of Newton’s method with higher-order convergence is presented.
Analysis of convergence finalized that the order of convergence is 12. Some numerical examples

illustrate that the algorithm is more efficient and performs better than classical Newton’s
method and other methods with the same order.
1. Introduction

Nowadays a lot of attention has been made on solving non-linear scalar

equations in engineering and science. In this literature of finding a root of
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non-linear Newton’s method (NR) [2] is one of the well known optimal

methods to obtain the zero of a non-linear equation
h(t) =0 1.1)
and is given by
tyi1 =ty = (R(t,) [R'(E,)
n=012.. 1.2)

and the NR method converges quadratically and its efficiency index is

V2 =1.414.

New predictor-corrector iterative method (JA) with twelfth order
convergence for solving non-linear equations proposed by Yasir, Hassan [5] is

given by
Yn =l — (Zh(tn) /3h'(tn))
Zn = Xp — Jf(xn)(h(tn) /hl(tn ))’

where Jf(xn) = [BR'(y,) + H'(t,)) /(61 (y,) - 3R'(2,))]
thel = Zn — [(h(zn )h,(zn)(z + 2h'(zn )2

+hizg 1 (25))) /(2R (22 (L + B (20 )P) = B2 2 (25,))] (1.3)

Twelfth order iterative method (HL) for non-linear equations proposed by

Hou, Li [3] is given by

Yn =ty = (R(t,) /P (t,))
2y, =y —[2(ty) = 1(y,)) [ @h(t, ) = Ry, (A3 ) 7 (2)
o, = 2z, = [(2h(t,) = h(z,)) /(2h(t,) = Bh(z,))] (R(zy,) [ F(2)),
where, F(t,) = [(h(z,) = h(yn)) /(20 = 3)1 + [(A(z5) = P2,) /(25 = 1)
“H'(tn)) /(zn = )l (2 = ¥2)

lpy1 = O — [(h(tn) + Qh(Zn )) /(h(tn) + Zh(zn ))] (h(mn) /F(tn )) (1-4)
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A quadrature based three-step twelfth order iterative method (SK)
proposed by Khattri [7] is given by

Yn =tp — (h(tn) /h,(tn))
Zn = ¥n — [((tn - yn)h(yn)) /(h(tn) - 2h,(yn))]
tn+1 =Z2p — [h(zn> /(hr(zn) - h(zn) (h(zn - (h(zn) /h'(zn ))) /h/(Zn )))] (1~5)

An iterative method (WA) for solving the twelfth order convergence

proposed by Liu, Wang [9] is given by
Yn =ty = (Rlt,) [H(En))
zn = Yn — [2h(t,) /(W' (t,) + B'(y,))]
o, = 2, = (h(z,) /H(2,))
tri1 = 0 = [(A(2,) + 2h(0,)) [h(z,)] (A(wy) /R (2,)). (1.6)

A New twelfth order J-Halley method (JH) for solving non-linear
equations proposed by Ahmad, Hussain [1] is given by

Yn =lp — (zh(tn) /3h'(tn ))
Zn =Xp — Jf(xn)(h(tn) /W (t,)),

where J(y, ) = [(8R'(y,) + A'(2,)) /(6R'(y,) = 3R(2,,))]

lptl = 2 — [(2h(zn )h'(zn )) /(Zh,(zn )2 - h(zn )h”(zn ))] (1-7)

In section 2, we described the new three-step iterative method, and
section 3, we provided its convergence analysis. Finally in section 4, a
comparison of our new method with other schemes using some defined

examples.

2. Twelfth Order Convergent (SR) Method

Consider ¢ is an exact root of (1.1) where A(t) is continuous and has

well defined first derivatives. Let ¢, be the root of nth approximation of (1.1)

and is
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t =t, +e,, 2.1)
where ¢, is the error. Thus, we get
h(t") = 0. (2.2)
Writing A(t") by Taylor’s series about ¢,, we have
(") = h(ty) + ("~ t)W'(6,) + [ = 1) [2110°(t5) . ...
h(t*) = hit,) + £,h'(t,) + [€2 /2h"(t,) +, ... (2.3)

Here higher powers of ¢, are neglected that to from sf’L onwards. Using

(2.2) and (2.3), we have

e2h(t,) + 26,h'(t,) + 2h(t,) = o

&n = [_ 2h/(tn ) i\/4h'(tn) - 8h<tn )h”(tn )] /2h”(tn ) (2‘4)
On Substituting t* by ¢, in (2.1) and from (2.4), we get

tnet = tn — (2h(t,) /P(8,)) (1 + V1= 2pn) 7" (2.5)
where,
P = hlty W' () [P (1))
The second derivative in p, was considered by Solaiman [6] as
R'(tn) = [2/(tn1 — t)]BI(At 1) = h(t,)) [(tra — 2] = 20'(t,) — A/ (6r1)]-

We develop the algorithm by taking (1.2) as the first step and (2.5) as the
second step and (1.2) as the third step.

Algorithm: The iterative scheme is computed by x,,; as
zn =ty — (lt,) [R'(t,))
Yo =2 —(2h(z,,) [W(2,))1+V1=2p0) " py =h(z, 2(2,)(H(2, ) 2 (2.6)
and 7'(z,) = [2/(t, — 2,)1[8[(A(t,) = (2p)) /(t, = 2)] = 2 (2,,) = '(2,,)]

b1 = Yn — (h(yn) /h,(yn))-
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The method (2.6) is called a twelfth order convergent method (SR), which

requires three functional evaluations and three of its first derivatives.

3. Convergence Criteria
Theorem. Let ty € D be a single zero of a sufficiently differentiable

function h for an open interval D. If ty is in the neighborhood of t*. Then the

algorithm (2.6) has twelfth order convergence.
Proof. Let the single zero of (1.1) be t* and t* = ¢, + ¢, then A(t") = 0.
By Taylor’s series, writing A(t") about ¢,, we obtain
h(t,) = W'(t*) (e, + coe2 + 360 + cytm+, ... (3.1)
R(t,) = h'(t*)[L + 2co8, + c3e2 + dcgeo+, ... (3.2)
From the first step of (2.6), we get
z, = 1" + el + (205 — 22 ) &> + (3¢, — Tegeg + 4ch ek + ...
Now, we obtain
R'(z,) = h'(t*)(2cg + 2(3cgcy — ¢y )e2 —4(3cSeq —8cE —cocy +5)Es+,...) (3.4)
and
Mzp) (B'(2,)) " = coel + (203 — 2¢3 e + (3¢5 — Teges + 3¢y )en+, ... (3.5)
From p,, = h(z, h"(z,) [W'(2,)] %, we get
2p,, = 4c3e2 + 4(Beocd — 2c5cy — BCacy + 205¢, )ES
+ 2(— 8cBeg + dcgcy + 203 )en+, .. (3.6)
From (3.6), on simplification
1 +1-2p,) " = 2[1 + c2e2 + (6cgc? — 2c5¢y — Beies)es
+(—4c3eq + 2c9c, +6c3 )en +,...]. (3.7

Using (3.4) and (3.7), we get
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(2h(z,,) /W' (z,)) (1 +J1=2p,, ) L = coe2 +(2c5 — 22 )ed + (3¢5 — Teges + 3y ek
+ (16cZcq —10cqc, — 4ca — 6¢2 + des)ed + (11cSes — bedey — 95 — 12¢9¢5
+4c3ey +12c5¢3 — 8cBege, +12¢5c8 —12¢5cs + 4cacy el + o(el). (3.8
From the second step of (2.6), we get
¥, =t +, where y=(1 10303 - 50504 - 9c§’ —1202c§ + 4c§c4 + 120305
— 8c3cgey +12c5c2 —12c5eq + dchey e + o(el)
h(yn) = B'(E") (y + cay® + e3y” + degt+, ) (3.9)
R(y,) = h'(t*) (1 + 2c9y + c3y? + deyy>+, ). (3.10)
Using (3.9) and (3.10) in the third step of (2.6), we get
gpe1 =(1 10%03 - 50304 - 903 - 12c§c§’ + 4czc§c4 + 1203092, - 80%0304 + 120303%

13).

—12¢8cq + 4¢3y )el? + ofek

Thus, we proved the convergence of this new method which is of twelfth

order and its efficiency index is 12 =1.5183.

4. Numerical Examples

We consider some examples considered by Vatti [8] and Mylapalli [4], and
compared our method with NR, SK, WA, JA, JH, and HL methods. The
computations are carried out by using mpmath-PYTHON and the number of

iterations for these methods i1s obtained for comparisons such that

| Xpi1 — 25 | < 107*°! and | A(xpy1) | < 107201

The test functions and simple zeros are given below:

N
By (x)=sin (2cosx)-1—x2 +e5(57) ¥ = _0.7848959876612125
ho(x) = sinx + cos x + x, t* = —0.4566247045676308

hy(x) = (x + 2)e* —1, t* = —0.442854010023885
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hy(x) = x2 + sin ((x/5)) - (1/4), t* = 0.4099920179891371
hs(x) = cosx —x, t* = 0.7390851332151606
he(x) = x® —10, t* = 2.1544346900318837
hy(x) = e™ +cosx, t* =1.7461395304080124

hg(x) = ™% —x +1,¢" = 2.6306641479279036.

A chemical equilibrium problem: Consider the equation from [6]
describing the fraction of the nitrogen hydrogen feed that gets converted to

ammonia (this fraction is called fractional conversion) in polynomial form as
hg(x) = x* —7.79075x% + 2.511x — 1.674, t* = 0.2777595428417206.

Volume from van der Waals equation: One has to find out the volume

from Van der Waals’ equation [6] in polynomial form as

hyo(x) = 40x> — 95.26535116x% + 35.28x — 5.6998368, t* =1.9707842194070294.

Table 4(a). Analogy of efficiency.

Methods P N El
NR 2 2 1.414
SK 12 6 1.513
WA 12 6 1.513
JA 12 6 1.513
JH 12 6 1.513
HL 12 6 1.513
SR 12 6 1.513

Where P is the convergence order, N is the number of functional values

per iteration and EI is the efficiency index.
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Table 4(b). Analogy of different methods.

h Methods Xg n er fu Xg n er fo
NR 0.8 8 8.9(201) 2.4(200) 0.5 | 10 8.9(201) 2.4(200)
SK 4 6.5(201) 2.4(200) 4 6.5(201) 2.4(200)
WA 5 8.9(201) 4.1(201) 6 4.8(201) 4.8(200)
h JA 8 3.2(201) 2.4(201) 9 4.1(201) 4.1(201)
JH 8 4.1(201) 4.1(201) 9 4.1(201) 4.1(201)
HL 5 2.4(201) 4.1(201) 4 4.1(201) 4.1(201)
SR 3 4.1(201) 4.1(201) 4 4.1(201) 4.1(201)
NR 1 8 2.4(201) 5.3(201) 02| 9 2.4(201) 5.3(201)
SK 4 2.4(201) 5.3(201) 4 2.4(201) 5.3(201)
. WA 6 5.3(200) 5.3(201) 5 2(201) 5.3(201)
? JA 6 6.5(201) 5.3(201) 6 2.6(201) 5.3(201)
JH 6 6.5(201) 5.3(201) 6 6.5(201) 5.3(201)
HL 5 4.3(200) 1.8(200) 6 1.3(200) 5.3(201)
SR 3 3.2(201) 1.8(200) 3 3.6(201) 5.3(201)
NR 0.7 11 6.9(201) 1.1(200) 1.2 | 11 2.4(201) 4.1(201)
SK 5 3.6(201) 4.1(201) 5 2.8(201) 1.1(200)
Y WA 6 3.9(200) 4.1(201) 7 1.2(201) 4.1(201)
’ JA 7 2.8(201) 4.1(201) 7 2.8(201 4.1(200)
JH 6 8.9(201) 1.1(200) 7 6.5(201) 4.1(201)
HL 5 1.5(200) 4.1(201) 5 2.7(200) 1.1(200)
SR 4 6.1(201) 4.1(201) 4 6.1(201) 4.1(201)
NR 0.3 9 2.0(201) 2.2(201) 0.5 9 2.0(201) 2.2(201)
SK 4 2.0(201) 2.2(201) 4 3.2(201) 2.2(201)
. WA 6 2.8(201) 2.2(201) 5 1.2(200) 2.2(201)
! JA 6 4.1(201) 7.7(201) 6 4.1(201) 2.2(201)
JH 6 5.7(201) 2.2(201) 6 5.7(201) 2.2(201)
HL 4 4.7(200) 7.7(201) 5 9.7(201) 2.2(201)
SR 3 6.9(201) 2.2(201) 3 3.6(201) 7.7(201)
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NR 0.9 9 1.6(201) 2.4201) | -09 | 12 1.6(201) 2.4(201)
SK 4 1.6(201) 2.4(201) 5 7.3(201) 2.4(201)
WA 5 4.8(201) 4.1(201) 16 8.9(201) 2.4(201)
s JA 6 2.4(201) 1.3(201) 11 4.1(201) 2.4(201)
JH 6 5.7(201) 2.4(201) DIVERGENT
HL 5 4.1(201) 2.4(201) 8 2.4(201) 2.4(201)
SR 3 4.1(201) 2.4(201) 4 4.1(201) 2.4(201)
NR 2.2 8 1.6(200) 2.0(199) 12 | 1 1.6(201) 2.0201)
SK 4 2.6(200) 2.0(199) 5 5.8(200) 1.2199)
WA 5 9.4(200) 2.0(199) 6 9.4(201) 2.0201)
e JA 6 4.2(200) 2.0(199) 7 4.2(200) 2.0(199)
JH 6 4.2(200) 2.0(199) 7 4.2(200) 2.0(199)
HL 3 3.5(200) 2.0(199) 8 7.1(200) 2.0(201)
SR 3 3.9(200) 2.0(199) 4 2.2(200) 2.0(199)
NR 1.5 9 4.8(201) 6.5(201) 19 | 8 4.8(201) 6.5(201)
SK 4 4.8(201) 6.5(201) 4 4.8(201) 6.5(201)
WA 5 3.1(200) 6.5(201) 5 3.1(200) 6.5(201)
h JA 6 1.3(200) 6.5(201) 6 1.3(200) 6.5(201)
JH 6 1.3(200) 6.5(201) 6 1.3(200) 6.5(201)
HL Divergent 3 3.4(200) 6.5(201)
SR 3 1.1(200) 6.5(201) 3 6.5(201) 6.5(201)
NR 1.4 13 3.5(200) 8.8(200) 24 | 8 3.5(200) 8.8(200)
SK 5 3.5(200) 8.8(201) 4 9.7(200) 1.4(199)
WA DIVERGENT 5 3.2(201) 8.8(200)
s JA DIVERGENT 6 3.2(201) 8.8(200)
JH 10 3.2(201) 8.8(200) 6 3.2(201) 8.8(200)
HL 5 6.5(200) 1.4(199) 3 6.5(200) 1.4(199)
SR 4 4.2(200) 8.8(200) 3 4.2(200) 8.8(200)
NR 0 11 8.1(201) 8.1(201) 03 | 8 8.1(201) 8.1(201)
SK 5 8.9(201) 8.1(201) 4 7.7(201) 8.3(200)
WA 6 5.3(201) 8.1(201) 5 6.9(201) 8.3(200)
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hg JA 7 4.8(201) 8.3(200) 6 2.0(201) 8.1(201)
JH 7 2.0(201) 8.1(201) 6 2.0(201) 8.1(201)
HL 5 2.8(201) 8.1(201) divergent
SR 4 2.0(201) 8.1(201) 3 2.0(201) 8.1(201)
NR 2.5 26 1.6(200) 2.1(198) 16 | 27 1.6(200) 2.1(198)
SK 10 5.5(200) 1.0(197) 10 1.6(200) 2.1(198)
WA 18 9.9(200) 2.8(198) 14 4.1(200) 2.1(198)
P10 JA 24 2.1(200) 1.0(197) 24 4.4(200) 2.1(198)
JH 23 5.5(201) 2.1(201) 24 4.4(200) 2.1(198)
HL 10 9.7(200) 1.0(197) 14 9.7(200) 1.0(197)
SR 9 7.5(200) 2.1(201) 10 3.9(200) 2.1(198)

Where xq is the initial approximation, n is the number of iterations, er is

the error and fuv is the functional value.

5. Conclusion

In this method, we introduced the new twelfth order convergent iterative

method with efficiency index 1.513. Table 4(a) compares the efficiency of

different methods and the computational results in table 4(b) show the
dominance of SR over NR, SK, WA, JA, and JH methods in terms of the

number of iterations. Moreover, our method SR requires an either fewer or

equal number of iterations when compared to the method HL, even though its

efficiency index is more.
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