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Abstract

The most important curve pairs in differential geometry are involute-evolute, Bertrand, and
Mannheim curve pairs. In this study, the condition of the conjugate of an original curve to be a
Tzitzeica curve is formulated for each of these special curve pairs in Euclidean 3-space.
Moreover, the particular states of the curvatures of the original curve of curve pairs are
considered, and the conditions of the conjugate curves to be a Tzitzeica curve are interpreted.
Especially, if a curve is a planar curve, circle, or helix, it is found whether its conjugate satisfies
the condition of being a Tzitzeica curve.

1. Introduction

In 1911, Gheorghe Tzitzeica who is a Romanian mathematician, first

expressed the Tzitzeica curves as the class of a space curve. For any curve
o, T is the torsion of the curve o and d? is the square of the distance

between the origin and its osculating plane at an arbitrary point of the curve
a. The curve a is called the Tzitzeica curve in Euclidean space if d_‘; is a non-
zero constant [1]. Since Gheorghe Tzitzeica researched affine invariants, the

Tzitzeica curves and Tzitzeica surfaces are considered to be the first
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examples of affine invariants in differential geometry. Afterward, further
studies have been produced on the Tzitzeica curve and Tzitzeica surface in
Euclidean and Minkowski spaces, see [2, 3, 4, 5]. In [6, 7], depending on the
solution of the harmonic equation, elliptic and hyperbolic cylindrical curves
that satisfy the condition of being a Tzitzeica curve were investigated. In
particular, the conditions of Salkowski and anti-Salkowski curves, rectifying
curves, and spherical curves to be Tzitzeica curves were investigated in
Euclidean space [8] and Minkowski space [9].

On the other hand, the well-known curve pairs in differential geometry
are involute evolute, Bertrand, and Mannheim curve pairs. Recently, many
research papers related to involute evolute curve [10, 11, 12, 13], Bertrand
curve pair [14, 15, 16], and Mannheim curve pair [17, 18, 19, 20] have been
treated in different spaces.

In this study, our aim is to formulate the condition of a pair of curves to
be the Tzitzeica curve in Euclidean 3-space. In the first part of the study, a
literature review is given. In the second part, definitions and theorems
related to curve pairs are expressed. In the last part, according to the specific
states of the curvatures of the curve, the condition of a curve to be a Tzitzeica
curve has been investigated. Especially if the curve is planar, circle, and
helix, it has been found whether this curve pair satisfies the Tzitzeica curve
condition.

2. Preliminaries

Let o =o(s) be a regular curve with speed v =|a'(s)||=dt/ds in
Euclidean 3-space. If T, N and B denote the tangent, principal normal and
binormal unit vectors at any point a(s) of the curve a, respectively, then the

Frenet formulas are given

T 0 x O||T
N|=v|l-x 0 =1||N|
B 0 -t Of|B
where k = M is the curvature and 1 = M is the torsion of
el o> a”|

the curve a.
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Definition 2.1. Let a:I — E® and o; : I > E? be regular curves.
{T, N, B, x, t} and {I}, N;, B;, x;, 1;} denote the Frenet apparatus of the
curves oo and o; at points a(s) and o;(s), respectively, for all s € I. The
curve o; is called involute of the curve a and the curve a is called evolute of
the curve a;, if o; lie on the tangent surface (o;(sp) lies on the tangent line
to o at a(sp)) and the tangents to a and o; are perpendicular at a(sy) and

a;(sp), that is,
T, 7y - 0.

Thus, it is evident that if o is a regular curve (not necessarily unit speed),

then the involute curve of the curve a is given by

a;(s) = a(s) - f(s)T(s), (2.1)

where f(s) = I ° | o'(e) |du is the arc-length function of the curve o, that is,
50
fi(s)=]o(s)|=v forall sel.

Especially, if o is a unit speed curve, then the formula of the curve a;

which is involute of the curve a is
a;(s) = a(s) + (c — s)T(s),

where c is non-zero constant for all s € I[10, 11].

Definition 2.2. Let a:I — E® and op : I > E? be regular curves

with arc-length parameters s and s, in E®. At points a(s) and oy(s), the
Frenet apparatus of the curvesoand o are {T, N, B,«x, t} and
{T},, Ny, By, Kp, 1p}, respectively. If the principal normal vectors of the
curvesaand oy are linearly dependent, the curve pair (a, ap) is called the

Bertrand curve pair, and the equation of the curve o is given by
op = o+ AN, (2.2)

where A is non-zero constant [16].
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Definition 2.3. Let a:I — E® and o, : I - E® be regular curves

with arc-length parameters s and s, in E°. At points a(s) and o,,(s), the
Frenet apparatus of the curves o and a,, are given as {T', N, B, x, t} and
{T,,, N,,, B,,, K, T,,}, respectively. If the principal normal vectors of the
curve a and the binormal vector of the curve a,, are linearly dependent, then
the curve o is called the Mannheim curve, the curve a,, is called the
Mannheim pair of the curve o and the curve pair (o, a,,) is called the

Mannheim curve pair. The equation of the curve a,, is
a,, =a—eN, (2.3)
where ¢ 1s non-zero constant [18].

Definition 2.4. Let o:I > E> be a regular curve with arc-length
parameters and {T, N, B, k, 1} be the Frenet apparatus in E3. For the

curve a, the following definitions are given

i. The curve a is a line if and only if « = 0,
ii. The curve a is planar if and only if Tt = 0,
iii. The curve « is a circle if and only if k¥ > 0 is constant and T = 0,

1v. The curve a is a circular helix if and only if k¥ > O is constant and t 1s

constant,

v. The curve a is a cylindrical helix if and only if % is constant [21, 22].

3. On Curve Pairs of Tzitzeica Type

In this part of the study, we present conditions for the involute-evolute

curve, Bertrand curve pair, and Mannheim curve pair to be Tzitzeica curve in

E3
Theorem 3.1. Let o; : I — E3 be an involute curve of a regular curve

o : I - E®. The involute curve o; is a Tzitzeica curve if and only if
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5vik't + k(6v'T + vt')
AP (= (o, T) + k(ay, B))

5 =P

such that p; is non-zero constant where {T, N, B, x, 1} is Frenet apparatus of

the curve a.and f(s) = IS | o'(w) | du is the arc-length function of the curve a.
50

Proof. If a;:1 —> E® is the involute curve of a regular curve

o: I — E>, then we can write the equation of the involute curve of the

curve a as
a;(s) = afs) = f(s)T'(s).
For all s € I, taking the derivatives of this curve equation, we find
o; = —fvklV,
", 2.2 2 ' ' 2
al : VAT — (k(v® + V) + v )N — v kB,
of = vk (2vZk + 3k + 3T
+ (v(8V'k + 2vK') + f(v3k(k® + %) — 2V’ — vk — vK"))N
+ (2v3kt — A(2vi't + k(3V'T + vT)))B.
Considering these last three equations, we find the torsion t; as

(o xaf xof 5v't + k(6v'T + vt')

| o % af |? Ax(k? + %)

(3.1)

For curve o;, the square of the distance between the origin and its
osculating plane at an arbitrary point of the curve o; is found by

q2 - (o, o x o) (~f2332doy, T) + f2v3<(a;, B))

i = =

[ i x af ||2 f4v61<4(k2 + 12)

(3.2)

From the ratio of the equation (3.1) to the equation (3.2), we obtain
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T 5vi't + 1(6V'T + vt')

& Aoy, T) + o, B

r n
. . L LT o X o X o
The condition of being a Tzitzeica curve is —‘2 = M = constant
! n
di (o, o x aj)

# 0, where t; is the torsion and d; is the distance from the origin to the

osculating plane at any point of the curve. This completes the proof.

Corollary 3.2. Let o; : I —> E? be an involute curve of a regular curve

oa:l —> E3, then the involute curve o; is a Tzitzeica curve if and only if

T 5vi't + 1(6V'T + vt')

& (e, T) + (o, B)Y

= Pi>
where p; is a non-zero constant.

Corollary 3.3. Let o; : I — E3 be an involute curve of a regular curve

o: I — E® and the curveabe a circle or any planar curve, then the involute

curve o; of the curve o cannot be a Tzitzeica curve.

Corollary 3.4. Let o; : I —> E? be an involute curve of a regular curve

a: I — E3 and the curveabe a curve with constant curvatures or circular

helix. The involute curve o of the curveais a Tzitzeica curve if and only if
T; 6v't

& Aoy, T) + oy, B

Now, we express the condition of the Bertrand partner curve to be a
Tzitzeica curve, and we interpret this condition in terms of the curvatures of

the Bertrand curve pair.

Theorem 3.5. Let oy : [ —> E3 be a Bertrand partner of a regular curve

a:l > E3, oy, satisfies the following equation
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v31(i(-1 + k) + A2 )2 = A2V(k(=1 + Ak) + A1) (= A’ + T(-1 + k)
+ (223" + (-1 + 32 = (<1 + ) (372 + kK")))
T+ A2 (3t + (=1 + k) + (<1 + Ak) (K'T'(1 — Bhk) + k(=1 + Ak)))
dp Avi((=L + 2u6) + 222) (0, T) = M0t + 7(1 = ) (o, NV
\{+ V(=1 + Ax) (ik(-1 + Ax) + A1) (0, B) J

’

where T, is the torsion of the curve oy and dy is the distance between the

origin and its osculating plane at any point of ay,.
Proof. If op: 1 —> E® is a Bertrand partner of a regular curve
a:l > EB, then we can write
op = o+ AN,

where A is constant. For all s € I, taking the derivatives of this curve

equation, we find
ap, = v(1 — )T + vi1B,
af = (1= AV = VAT + v3((1 — ax)k — A2)N + A(v't + vi')B,
af = (vV3k(k(-1 + Ax) + At?) — 20K’ + V(1 — Ak) — Ave")T
+ v(=30v'k” + vk’ + (V' — Avi') — 3ht(tv' + vT'))N
+ (v3r(k - ac? = a1?) + A2V + V") + Avt")B.
Considering these last three equations, we find the torsion of o, as

(o, oy x ap)

T = ! [/
* " Topxop]

V3(k(=1 + 2x) + A12)% — AV (k(=1 + Ax) + A2 ) (A’ + T(=1 + Ax))

+ (22" + (-1 + 32 = (=1 + k) (312 + 1K")))
2B+ (-1 + A + (-1 + k) (KT — 3hi) + k(-1 + AK)))
V(R (e(-L ) + At2) + (<1 + 2 + 2212 + 2200 + T — w))

Also, the square of the distance from the origin to the osculating plane of
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the curve oy, is

(Wt(k(=1 + Ak) + A2 (ap, T')
— w2 + (1 - Ax)) (o, N)
a7 = (> b g;;>2 _ VI M) (Lt ) + A7) (e, B))
| oy > oty || v2(i(=1 + Ax) + 212 )?
VL (-1 + ac)? + 2222 + 20k’ + T(1 - m))z]

3.9

Thus, the ratio of the equation (3.3) to the equation (3.4) gives us

V31(ic(=1 + Ak) + At2)? = 22V(x(=1 + Ax) + A12) (= ik’ + T(=1 + AK))
+ (222" + At((-1 + 3h)? — (-1 + Ax) (312 + k"))
T _ + MPEAT + 7L+ ) + (<1 + ) (71 — Bhk) + kT(=1 + Ax)))

dp V[?wr(x(—l + k) + A1) (o, T') — Mk’ + T'(1 = Ak)) (o, N)]2
+ (=1 + Ax) (k(-1 + Ax) + A1%) (0, B)

This completes the proof. The condition of being a Tzitzeica curve is
T _ (o xap, ap)
2 ' n\\2
dy  ((ap, ap x )

the origin to the osculating plane at any point of the curve ;. According to

, where 7, is the torsion and dj is the distance from

this condition and the last theorem, one can characterize the Tzitzeica curve

for a Bertrand curve pair in the following corollary.

Corollary 3.6. Let oy : I —> E? be a Bertrand partner of a regular curve

a:l — EB, then the Bertrand pair curve oy is a Tzitzeica curve if and only
if
v31(i(=1 + Ax) + A12)? = Av(k(=1 + Ak) + At2) (= A’ + T(=1 + Ak))
+ (2223 + At((—1 + 3 — (-1 + ) (312 + k"))
+ A2 (BT + (<1 + k) + (=1 + k) (7' (1 — 3hc) + Kt’(—1 + Ak)))
wt(k(—1 + Ak) + At2) (o, T — ATk’ + T(1 = Ak)) (o, N) ?
) + (=1 + Ax) (k(=1 + Ax) + A72) oy, B)

= Pb>

where py, is a non-zero constant.
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Corollary 3.7. Let oy : I —> E? be a Bertrand partner of a regular curve

o: 1 — E® and the curve be a planar curve or a circle, then the Bertrand

partner curve ay, is not a Tzitzeica curve.

Corollary 3.8. Let oy : I —> E? be a Bertrand partner of a regular curve

o: I — E? and the curve a be a circular helix curve, then oy is a Tzitzeica

curve if and only if

V31(i(-1 + k) + A2 + A2tV (i(=1 + Ax) + A1)
T _ M2+ (1 + Bh)? - (-1 + Ax)))
dj wt(i(—1 + Ak) + At2) (ap, T') — 22 ( oy, N) ?

[+ V(=1 + Ax) (k(=1 + Ax) + A1%) (0, B) J

In this regard, the condition of the Mannheim pair curve to be a Tzitzeica
curve and the interpretation of this condition in terms of the curvatures of
the Mannheim pair curve are given in the following.

Theorem 3.9. Let a,, : [ —> E3 be a Mannheim partner of a regular

curve o : I — E3, then at any point of the curve o,,, the Mannheim partner

curve o, satisfies the following equation

V3r(k(l + ex) + e 2 )2 + ev(x(l + ex) + 7)) (—et’ + T(1 + £K))
{82‘631{" + ek 2(1 + 3ex) + (1 + £1) (372 + k")) ]
Im _ o e?(Bext + T'(1 + e1)) + (1 + £ (1 + 3ex)'t’ — k(1 + £K))
dy, \{avm((l ++ek + e7)(a, T) + &((1 + 1)’ — ex't) (a, N)J2
+v(1 + e (1 + ek + ) (a, B)

b

where d,, is the distance between the origin and its osculating plane at any

point of .

Proof. If oy, : I > E? is a Mannheim partner of a regular curve

a:l—> E3, then we can give the equation of the Mannheim pair curve as

a,, =a—eN,
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where ¢ is a non-zero constant. For all s € I, taking the derivatives of this

curve equation, we find as
o, = v(1 +ex)T — eviB,
ol = (VA + &) + evic)T + v2((1 + ex)x + e12)N — g(nv' + vi')B,
ol = (—v3k(k(l + ex) + e12) + 26V’ + (1 + ex)V" + eve")T'
+v(3ek2V' + vk’ + k(v + 3vk') + Bet(tv' + vi'))N
+ (V3r(k(1 + ex) + e72) — &(2v'T + V") — evt")B.
Considering these last three equations, we find the torsion of o, as

o o oy <o)
m
| oty x iy, |

Vir(k(l + ex) + e 2 )2 + ev(x(l + ex) + £7) (—ew’ + T(1 + £K))

23" + e —k?(L+ex) + (1 + £ (372 + k"))
+ e\ —eP(3ex't + T'(1 + £K))
+ (1 + &) (kK't'(1 + 3ex) — k(1 + £x))

) \{VZ(K(l +EK) + 312)2((1 n 8K)2 4 8212)] : (3.5)

+e2(ew’ — (1+ex)r)?

Also, the square of the distance from the origin to the osculating plane of

the curve a,, is

d2 _ (<a’ a;n X a;n>) —
T e xan |

(SV‘I(K(]_ ++e)+e7)(a, T) + e(— e’ + 7'(1 + £K)) (a, N)]2

+v(1 +e1) (k1 + £x) + £7) (o, B)

3.6
V(1 + +ex) + e @ )2 (1 + +ex)® + £212) + e2(ew’ — T'(1 + +ex))? 36

Thus, the ratio of the equation (3.5) to the equation (3.6) gives us
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V3r(k(l + ex) + e 2 )2 + ev(x(l + ex) + e2) (~ew’ + T(1 + &x))

N 8\{ 20" + e—k2(1 + 3e1) + (1 + ) (372 + xx")) ]
Im _ — P (3ex't + (1 + £x) + (1 + 1) (K'T(1 + 3ex) — k(1 + £x))
dz, V[svx((l +4e)k + &) (a, T) + e((1 + e’ — ex't) (o, N)J
+v(1 + e (( + ek + £7)(a, B)

Corollary 3.10. Let a,, : [ > E3 be a Mannheim partner of a regular
curve o.: I — E>, then the Mannheim pair o, is a Tzitzeica curve if and
only if

Vir(k(l + ex) + e?) + evi(x(l + ex) + e7) (—ew’ + T'(1 + £x))

e 203" + e1—k2(1 + 3ex) + (1 + £%) (372 + k"))

— e (Bex't + T'(1 + ex) + (1 + ex) (KT'(1 + 3ex) — kr"(1 + £K)) .
evi(l ++ek + e7)(a, T) + &((1 + ek}t — ex't) (o, N) "
v
+v(1 +e9)((1 + ek + £7)(a, B)

where p,, is a non-zero constant.

Corollary 3.11. Let a,, : I —> E? be a Mannheim partner of a regular
curve o : I — E® and the Mannheim curve o, be a planar curve or a circle,
then the Mannheim pair is a,, not a Tzitzeica curve.

Corollary 3.12. Let a,, : I —> E3 be a Mannheim partner of a regular

curve a.: I — E® and o be a circular helix, then the Mannheim partner curve

o, is a Tzitzeica curve if and only if

(V k(@ + e1) + e 2 )2 — 2V (x(l + ex) + €7 J
+ e(e2%k" + e1—k2(1 + 3e1) + (1 + £x) (+ kx")))
v(evi((1 + ek + @) (a, T) — €31, N) + v(1 + e1) (1 + ek + £ ) (o, B))

IS a non-zero constant.

4. Conclusion

In this study, the conditions of involute-evolute, Bertrand, and
Mannheim curve pairs to be a Tzitzeica curve are formulated for each of
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these special curve pairs in Euclidean 3-space. According to the specific states
of the curvatures of the curve, the conditions of a curve pair to be a Tzitzeica
curve have been investigated. Especially if the original curve is planar, circle,
or helix, it is found whether its conjugate satisfies the Tzitzeica curve

condition.
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