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Abstract 

In this paper, we introduce the notion of compatible of type (E) in L-fuzzy metric space and 

prove a common fixed point theorem of self maps with the property of (C) in the complete L-

fuzzy metric space.  

1. Introduction 

In 1986, the concept of fuzzy set was introduced by Zadeh [20]. Then 

fuzzy metric space was initiated by Kramosil and Michalek [9]. George and 

Veeramani [7] modified the notion of fuzzy metric space with the help of 

continuous t-norm. Using to idea of L-fuzzy set [8] Saadatietal, introduced the 

notion of L fuzzy metric spaces with the help of continuous t-norms as a 

generalization of fuzzy metric space due to George and Veeramani. In 2007, 
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M. R. Singh and Y. M. Singh introduced the concept of compatible mappings 

of type (E) in metric space. The aim of this paper, we introduce the notion of 

compatible of type (E) in L-fuzzy metric space and prove a common fixed 

point theorem of self mapping with the property of (C) in the complete L-

fuzzy metric space.  

2. Preliminaries 

Definition 2.1. Let  LL  ,  be a complete lattice and U be a non 

empty set is called universe. An -fuzzy set  on U is defined as a mapping 

.: LU   For each u in  uU ,  represents the degree to which u satisfies 

.  

Definition 2.2. A triangular norm (t-norm) on  is a mapping 

LLT 2:  satisfying the following conditions.  

(i)   xxT 1,  for all Lx   (boundary condition)  

(ii)    xyTyxT ,,   for all 2, Lyx   (commutativity)  

(iii)      zyxTTzyTxT ,,,,   for all 3,, Lzyx   (associativity)  

(iv) xx L   and    yxTyxTyy LL  ,,  (monotonicity)  

Definition 2.3. A t-norm T on  is said to be continuous if for any 

yx,  and any sequences  nx  and  ny  which converges to x and y. We 

have    yxTyxT nn
n

,,lim 


 

For example,    yxyxT ,min,   and   xyyxT ,  are two continuous t-

norms on [0, 1].  

A t-norm can also be defined recursively as an  1n -ary operation 

 n  by TT   and      11
1

11 ,,,,, 


  nn
n

n
n xxxTTxxT   for 

2n  and .Lxi   

Definition 2.4. The 3-tuple  TX ,, M  is said to be an -fuzzy metric 
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space if X is an arbitrary (nonempty) set, T is a continuous t-norm on  and 

M is an -fuzzy set   ,02X  on satisfying the following conditions for 

every zyx ,,  in X and st,  in  ,0  

(a)    0,, tyxM   

(b)   1,, tyxM  for all 0t  if and only if yx   

(c)    tyxtyx ,,,, MM   

(d)       stzxyxtyxT  ,,s,,,,, MMM   

(e)     Lyx  ,0:,,M  is continuous. In this case M is called an - 

fuzzy metric. If NM ,MM   is an intuitionistic fuzzy set, then the 3-tuple 

 TX NM ,, ,M  is said to be an intuitionistic fuzzy metric space.  

Example 2.5. Let  dX ,  be a metric space. Denote  baT ,  

  1,min, 2211 baba   for all  21, aaa   and  21, bbb   in L  and let 

M and N be fuzzy sets on   ,02X  defined as follows.  

      
 

 

  
















yxmdht

yxmd

yxmdht

ht
tyxNtyxMtyx

nn

n

NM
,

,
,

,
,,,,,,,,M  

for all .,,,  Rnmht  Then  ,,, , TX NMM  is an intuitionistic fuzzy metric 

space.  

Definition 2.6. A sequence   Nnnx   is an -fuzzy metric space 

 TX ,, M  is called a Cauchy Sequence, if for each  0\L  and ,0t  

there exists Nn 0  such that for all  0 0 ,m n n n m n     

   , , .m n Lx x t  M N  

The sequence   Nnnx   is said to be convergent to Xx   in the -fuzzy 

metric space  TX ,, M  (denoted by xxn

M

  if  , ,nx x tM  

 , , 1nx x t M   as n  for every .0t   
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An -fuzzy metric space is said to be complete if and only if every Cauchy 

sequence is convergent.  

Henceforth, we assume that T is a continuous t-norm on the lattice  

such that for every   1,0L  there is a   1,0L  such that 

      .,,1  NNN L
nT   

Definition 2.7. An -fuzzy metric space  TM,,X  has the property (C) 

if it satisfies the following condition   Ctyx ,,M  for all 0t  implies 

.1C   

Lemma 2.8. Let  TM,,X  be an -fuzzy metric space. If we define 

 0: 2
, 

  RXE M  by        NMM LtyxtyxE ,,:0inf,,  for 

each   1,0L  and ., Xyx   Then  

(i) For any   1,0L  there exists   1,0L  such that  

       nnn xxExxExxExxE ,,,, 1,32,21,1,   MMMM   for 

any .,,1 Xxx n    

(ii) The sequence   Nnnx 
 is convergent w. r. t. -fuzzy metric space M if 

and only if   .0,,  xxE nM  Also the sequence   Nnnx 
 is Cauchy w. r. t. - 

fuzzy metric space M if and only if it is Cauchy with ., ME   

Lemma 2.9. Let  TM,,X  be an -fuzzy metric space which has the 

property (C). If for all 0,,  tXyx  and for a number  ,1,0k  

   .,,,, tyxktyx L MM   Then .yx   

3. Compatible Maps of Type (E) 

Definition 3.1. Let S and T be two mapping from an -fuzzy metric 

space  TM,,X  into itself and  nx  be a sequence in X such that 

uTxSx n
n

n
n




limlim  for some .Xu   Then the mapping S and T are 

said to be Compatible of type (E)   
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iff   ,1,,lim 


tSTSSx nn
n

M   

  ,1,,lim 


tTxSSxn
n

M   

  ,1,,lim 


tTxSTxn
n

M  

  ,1,,lim 


tTSxTTx nn
n

M  

  ,1,,lim 


tSxTTxn
n

M  

  1,,lim 


tSxTSxn
n

M  for all .0t   

Proposition 3.2. If S and T are compatible mappings of type (E) on a - 

fuzzy metric space  TM,,X  into itself. If one of S and T is continuous,  nx  

is a sequence in X such that xTxSx n
n

n
n




limlim   for some .Xx   

Then (i)    xTxS   and  

n
n

n
n

n
n

n
n

TSxSTxTTxSSx


 limlimlimlim  

(ii) If there exists Xu   such that ,xTuSu   then .TSuSTu   

Proof. Let  nx  be a sequence in X such that xTxSx n
n

n
n




limlim  

for some .Xx   

Then by definition of compatible of type (E), we have 

 xTSTxSSx n
n

n
n




limlim  

If S is a continuous mapping. Then we get  n
n

n
n

SxSSSx


 limlim   

     xSxTxS   

Also .limlimlimlim n
n

n
n

n
n

n
n

TSxSTxTTxSSx


  

Similarly, if T is continuous, we get the same result.  

Again, suppose xTuSu   for some .Xu   
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Then    xSTuSSTu   and    xTsuTTSu   

From (i) we have    .xTxS   Hence TSuSTu   ∎  

Theorem 3.3. If  TM,,X  is a complete L fuzzy metric space with the 

property of (C). If one of the self mappings  SA,  and  TB,  of X is 

continuous such that  

(i) SXBXTXAX  ,  

(ii)    tTySxktByAx L ,,,, MM   for all Xyx ,  and  1,0k  

(iii) If  SA,  and  TB,  compatible of type (E). Then SBA ,,  and T 

have a unique common fixed point.  

Proof. Let Xx 0  from condition (i) there exists a point Xxx 21,  

such that 010 yTxAx   and 121 ySxBx   

Therefore by induction, we construct a sequence  nx  and  ny  in X such 

that nnn AxTxy 2122    and 122212   nnn BxSxy  for ,2,1,0n  

We first prove  ny  is a Cauchy sequence in  TM,,X   

   tBxAxtyy nnnn ,,,, 122122   MM  

 ktTxSx nnL ,, 122  M  

 ktyy nn ,, 212  M  

   ktyytyy nnLnn ,,,, 11   MM  

   n
LnnL ktyyktyy ,,,, 10

2
12 MM     

This implies    10,1, ,, yyEkyyE n
nn MM    

Therefore, for every   1,0L  there exists   1,0L  such 

that        , , 1 , 1 2 , 1, , , ,n m n n n n m mE y y E y y E y y E y y          M M M M   

     1 1
, 0 1 , 0 1 , 0 1, , ,n n mk E y y k E y y k E y y 
        M M M  

 
1

, 0 1, 0
m j

j n
E y y k


 

 M  as , .m n   
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Then by lemma 2.8,  ny  is a Cauchy sequence.  

Since  TM,,X  is complete,  ny  converges to some point Xz   and so 

that  

zSxBxyzTxAxy nnnnnn   2212121222 ,  

If A and S are compatible of type (E), one of the mapping of the pair 

 SA,  continuous.  

Then by proposition 3.2, we have .SzAz   

Since ,TXAX   there exists a point  in X such that  TAz   

To prove  TAz  

Using condition (ii) put ;,  yzx   

      LL tAzAztTSzktBAz 1,,,,,,  MMM  

  LktBAz 1,, M  and we get  BAz  

Now to prove zAzSz   

Put 12,  nxyzx  in (ii)    tTxSzktBxAz nLn ,,,, 1212   MM  as 

n  

   tzAzktzAz L ,,,, MM   

Hence we get zAzSz   

z is a common fixed point of A and S.  

Again if B and T are compatible of type (E) and one of the mappings of 

 TB,  discontinuous, .zAzTB   By proposition 3.2,  BTBB  

. TTTB  Thus TzBz   

Put zyxx n  ,2  in (ii)    tTzSxktBzAx nLn ,,,, 22 MM   as n   

   tBzzktBzz L ,,,, MM   

We have zTzBz   

z is common fixed point of B and T.  
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For uniqueness, suppose that A  is another common fixed point of 

SBA ,,   and T.  

Then using (ii), we put ;,  AyAzx   

       tAAztTASAzktAAzktBAAAz LL ,,,,,,,,  MMMM  

Therefore zAAz   

Thus z is a unique common fixed point of SBA ,,  and T.  

Corollary 3.4. If  TM,,X  is a complete L fuzzy metric space with the 

property of (C). If one of the self mappings  BA,  of X is continuous such that 

   tyxktByAx L ,,,, MM   for all Xyx ,   and  1,0k  and if  BA,  is 

compatible of type (E). Then A and B have a unique common fixed point.  

Proof. If we take xITS   an identity mapping of X in the theorem 

3.2, we get the result.  
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