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Abstract

In this paper, the problem of time to recruitment is analyzed for a single grade manpower
system in which attrition takes place due to two types of policy decisions where this
classification is done according to intensity of attrition. Assuming (i) policy decisions and exits
occur at different epochs (ii) the inter-decision times form an ordinary renewal process (iii)
wastage of manpower due to exits form a geometric process and (iv) breakdown threshold for the
cumulative wastage of manpower in the system has three components which are independent
exponential random variables. Stochastic model as constructed and the variance of the time to
recruitment is obtained using an univariate CUM policy of recruitment. Employing a different
probabilistic analysis, analytical results in closed form for system characteristics are derived.

1. Introduction

Authors in [1] and [2] are the pioneers in the study on manpower models
for a system with one or more grades. In [14] the authors have initiated the
study on the problem of time to recruitment for the single grade manpower
system which is subject to attrition with instantaneous exits, using the
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univariate policy of recruitment based on shock model approach for
replacement of systems in reliability theory. In [8], the author has obtained
the system characteristics when the loss of manpower process and inter-
decision time process form a correlated pair of renewal sequences. For the
study of this problem corresponding to correlated inter-decision times under
different policies of recruitment, one can refer to [10], [11], [12] and [13]. In
[9] the author has studied this problem assuming geometric process and order
statistics for inter-decision times. In [7] the authors have studied the problem
of time to recruitment by assuming that the attrition is generated by a
geometric process of inter-decision times using a different probabilistic
analysis. In [3] the authors have considered the single grade manpower
system with non-instantaneous exits and obtained variance of the time to
recruitment when the wastage of manpower, inter-decision times and exit
times are independent and identically distributed continuous random
variables and breakdown threshold is an exponential random variable. While
in [4] the models in [3] are studied when the policy decisions are classified
into two types, in [5], the models in [4] are studied when breakdown
threshold for the cumulative wastage of manpower in the system has two
components. The present paper extends the research work in [4] when the
breakdown threshold level for the cumulative wastage in the manpower
system is the sum of three components namely an exponential threshold for
cumulative wastages due to exits, an exponential threshold for cumulative
wastage due to frequent breaks of existing workers and an exponential
threshold for cumulative wastage due to backup sources.

2. Model Description and Analysis

Deviating from the conventional method of using Laplace transform, a
different probabilistic analysis is employed here.

By the recruitment policy, recruitment is done whenever the cumulative
wastage exceeds the threshold Y] + Y5 + Y3. When the first decision is taken,
recruitment would not have been done for B; units of time. If the wastage
X; =(S;) in the first exit epoch is greater than Y, +Y; +Y; then
recruitment is done and in this case 7' = B; = D;. However, if the non-

recruitment period will continue till the arrival of next exit epoch. If the
cumulative sum S; of wastage in the first two exit epochs exceeds
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Y] +Y, +Y;, then recruitment is done and T =B +By =D, If
Sg =Y] + Y5 +Y; then the non-recruitment period will continue till the
arrival of next exit epoch. Depending on S3=Y+Y, +Y; or
S3 =Y +Y +Y; recruitment is done or the non-recruitment period

continues and so on.

In terms of indicator function of an event, we can write T as

T = zDi+1X(Si <Y+ Y, Y3 <S;4q) ¢))
1=0

First we shall express E(7) in terms of E(B) which is the mean of the
inter-exit times.

Taking expectation on both sides of (1) and using the result (for any event
L)

E(T) = Y E(D;1)P(S; < Yy + Y, Y < Sp1) )
1=0

From (2) and from the definition of D, ;, we get

ET) =Y B[Y.\ By P(Si < ¥y + . i = i) ®
1=0

E(T) = Z(L +1)EB)P(S; <Y1 +Yy + Y3 < S;,1) 4)
1=0

By using law of total probability, we get
P(S; <Y + Yo + Y3 < Spyy) = PO < (Y1, Yo, ¥3) - S; < Xj4y)

S8

I Bt - x)m; (x)h(t)dxdt 5)
0

By hypothesis,

Bt - x) = %4 ) () = @ Im(d1x) and
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hy(t) = e 02t _ 0t e—(91+92)t _ e7(62+63)t

Therefore

P(S; <Y +Yy +Y3 <S;,)

||
O'—.S

¢
o—ad’ (- x) i-1 0100 [ 09t 01t | _—(6,+09)t
[m(d x)] 5 [e et te
0

— e O1+08) gy

06:0 @ —oad™ld
P(S; <Y +Yy + Yy <S”1)=—91i922I [ eod dr]

[e%2 — O 4 e (O1+02)t _ (0 +e3)t]e_°‘didt (6)

Consider,
I [1— e 99 Gr][e 02 ]e 0 gy
0
_ Je—(adi+92)t _ e—adi_lat[e—egt]e—aditdt
0
°° 1 : i-17
J.[l _eod dt][efegt]efocdldt _ : od di_l )
0 (ocd + 92)((1(1 + 92)
Similarly
J.[l _ efocdi*lgt] [efegt]ef(xdidt _ ' (ldiilc? ®)
0 (O,dl + 91)(ad171 + 91)
J.[l _ e—adi_lgt] [e—(91 +92)t]e—aditdt _ . Otdi_lc?
9 (ad’ + 6 + 09)(ad ™! + 6; +05)
(€))
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J.[l _ efocdi*lcilt][e—(61+63)t]e—cxditdt _ . Otdi71(z (10)
(O,dl + 92 + 63)((Xdl_1 + 62 + 63)

0
Sub’s (7), (8), (9) and (10) in (6) we get,

0t9195 adi-1

P(Si£Y1+Y2+Y3<Si+1)=el_ )

) (d +d ™) (08 — afy) + (67 - 63)
(ad’ + 0g)(ad"™ + 0g)(ad’ + 0;)(ad ™" + 6;)

(d +d ) (a0 — aB3) + (67 — 03) + (67 — 02) + 20,05 — 20,05

: : . 1 (11)
(ad’ + 0] +05)(ad ™ + 07 + 09)(ad’ + 07 + 05) (ad" ™" + 67 + 65)
From (4) and (11)
E(T) = E(B)i (i +1)-20%2 g1
: 0, — 6y
1=0
(d' +d" 1) (ab; — aby) + (62 — 63)
(ad' + 09)(ad"™! + 0y)(ad' + 0;)(ad" " + 6)
(& +d")(c8) — 0By) + (6F — 03) + (65 — OF) + 20,05 — 26,05
(ad’ + 07 +05)(ad ™ + 07 + 09)(ad’ + 0] + 05)(ad ™" + 67 + 65)
E(T) = K1E(B) (12)
We now find E(B) for the present model.
E(B) - J' xdG(x) (13)
0
ahg + agh
E(B) = 122271 14
() - U2l (1)
Using (14) in (12), we get
Ao + QoA
E(T) = K,| &/2 2 1) 15
(1) - Ky 2 (15
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We now evaluate E(T'?) for the present model.

Squaring both sides on (2), we get

E(T?) =Y E(DA1)P(S; < Yy + Yy + Y3 < Spp). (16)
=0
Now
E(Df1) = ( +DV(B) + [(i + DE(BF 17)

Using (17) in (16), we get

BT = (+ DVB)PS; < ¥ + Yy + Yy < Sty
=0

+ D (+1PEXB)[P(S; < Yy +Yp + Y3 < Spy)] (18)
1=0
We now evaluate E(B?) for the present model

From (13) we get

B(B?) - [ xdGx) = [+2] g3 1= af fy(w)ax
0 0

BBY) = 03 (1 - 0 [ %, e as)
n=1 0

We now evaluate I x2f,(x)dx in (19).
0

0

J' ©2f, dx = V(C,) + [E(C,)P
0

l.e.
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0

2 2
Ixzfn(x)dx _ 2”[“&12%2“ _n[E(AR + n2[EA)R. (20)
0

From (19) and (20), we get

B(B?) = [261 [ + aghf] + 2(1 — @) [ayhg + ‘12%1]2} 1)
(Mg

From (21) and (18) we get

E(T?) = K1 E(B?) + E*(B)[K; - K5] (22)
V(T) = K1|:2q [ + a2f] + 21 —261) [arhg + G27v1]2}
(Mr2q)

Ao + aghy ] T2
K2+ K - K [[6‘12—21}
[1 1 2] 7\‘1)"2q

3. Conclusion

The models discussed in this paper improve the earlier relevant research
work in the context of admitting the realistic assumption of non-
Iinstantaneous exits in the system and taking into account wastage due to
policy decisions, frequent breaks and backup sources for this system. They
will be useful in the process of planning recruitment when the system has the
above cited provision. The suitability of distributions assumed in the present

work can be tested by data analysis.
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