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Abstract 

In this paper Bipolar fuzzy gradation of openness and bipolar fuzzy gradation of closedness 

are introduced and analysed. 

1. Introduction 

In Zhang [6] introduced the notion of a bipolar fuzzy set. In, Kim, et al. 

[5] defined bipolar fuzzy point and obtain some of its properties and 

introduced the concept of bipolar fuzzy topology in the sense of chang [1]. 

Definition of bipolar fuzzy set- A bipolar fuzzy set in a non-empty set is a pair 

  bpbpbp AAA ,  where  1,0:  XAbp  and  ".0,1:  XAbp  In 

Hazra, et al. [4] introduced the concept of gradation of openness. Using this 

concept they gave the new definition of bipolar fuzzy topology. In this articles 

[2, 3, 4], the authors developed a theory on gradation of openness. They 

associated a Chang fuzzy topology with every gradation of openness and vice 

versa. Also they introduced the definition of gradation preserving maps. In 

this paper, the concept of gradation of openness is extended to bipolar fuzzy 

topological spaces.  

2. Preliminary Definitions 

Definition: 2.1 [5]. Let X be a non-empty set. Then a pair 
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  bpbpbp AAA ,  is called bipolar-valued fuzzy set or bipolar fuzzy set in, X 

where  1,0:  XAbp  and  .0,1:  XAbp  The set of all bipolar fuzzy 

set in X is denoted as  .XBPF  

Definition: 2.2 [5]. The bipolar fuzzy null set denoted by 

  bpbpbp 0,00  is a bipolar fuzzy set in X defined as   00  xbp  and 

  ,00  xbp  for each .Xx    

Definition: 2.3 [5]. The bipolar fuzzy whole set denoted by 

  bpbpbp 1,11  is a bipolar fuzzy set in X defined as   11  xbp  and 

  ,11  xbp  for each .Xx   

Definition: 2.4 [5]. Let X be a non-empty set and let 

     bpbpbpbpbpbp BBBAAA ,,,  be bipolar fuzzy sets in X. Then  

(i) bpA  is a subset of ,bpB  denoted by bpbp BA   is defined as  

   xBxA bpbp
   and    ,xBxA bpbp

   for each .Xx   

(ii) The complement of bpA  is denoted by     
 c

bp
c
bp

c
bp

AAA ,  is a 

bipolar fuzzy set in X defined as  

     xAxA bp
c
bp


 1  and      ,1 xAxA bp

c
bp


  for each .Xx    

(iii) The intersection of bpA  and, bpB  denoted by bpbp BA   is a bipolar 

fuzzy set in X defined as  

            ,, xBxAxBxAxBA bpbpbpbpbpbp
   for each .Xx    

(iv) The union of bpA  and ,bpB  denoted by bpbp BA   is a bipolar fuzzy 

set in X defined as  

            ,, xBxAxBxAxBA bpbpbpbpbpbp
   for each .Xx    

(v) The intersection of    , bpA  a collection of bipolar fuzzy subsets in 
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X denoted by   bpA  is a bipolar fuzzy set in X defined as  

                ,, xAxAxA bpbpbp




    for each .Xx     

(vi) The union of    , bpA  a collection of bipolar fuzzy subsets in X 

denoted by   , bpA  is a bipolar fuzzy set in defined as  

                ,, xAxAxA bpbpbp




    for each .Xx      

Definition: 2.5 [5]. Let X be a non-empty set and let  .XBPFB  Then 

B is called a bipolar fuzzy topology on X, if it satisfies the following axioms:  

(i) .1,0 Bbpbp   

(ii) ,Bbpbp BA   for any ., Bbpbp BA  

(iii)   ,B  bpA  for any    .B bpA   

In this case the pair  B,X  is called a bipolar fuzzy topological space and 

each member of B is called a bipolar fuzzy open set  BPFOS  in X. 

 XBPFAbp  is said to be closed in X, if .Bc
bp

A  The set of all bipolar 

fuzzy topologies on X is denoted as  .XBPFT   

Definition: 2.6. Let  B,X  be a bipolar fuzzy topological space. Let 

.XY   Let   B. 
bpbpbp AAA ,  Define  YAYAYA bpbpbp

 ,  such 

that      zAzYA bpbp
   and      ,zAzYA bpbp

   for all .Yz   Define 

    BB  bpbp AYAY |  Then  YB  is called the bipolar fuzzy 

subspace topology on Y and  YY B,  is called a bipolar fuzzy subspace of 

 B,X  or simply Y is called a bipolar fuzzy subspace of X.  

Definition: 2.7 [5]. Let X and Y be a non-empty set, let  XBPFAbp   

and  YBPFBbp   let YX  :  be a mapping. Then  

(i) The image of bpA  under , denoted by       ,,  bpbpbp AAA  is a 

bipolar fuzzy set in Y defined as follows: for each .Yy    
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otherwise,0

if, 1
1 oyxA

yA bpyxbp  

and  

      
   





 




 

otherwise,0

if, 1
1 oyxA

yA bpyxbp  

(ii) The pre-image of bpB  under , denoted by    bpB1  

    ,, 11   bpbp BB  is a bipolar fuzzy set in defined as follows: for each 

.Xx    

       xBxB bpbp  1  and        xBxB bpbp  1   

Definition: 2.8. Let  1, BX  and  2, BY  be two bipolar fuzzy 

topological spaces. A mapping YX  :  is a bipolar fuzzy continuous if for 

all   ., 1
1

2 BB  
bpbp AA   

3. Bipolar Fuzzy Gradation of Openness 

Definition: 3.1. Let be a non-empty set. A mapping   IXBPF :  is 

said to be bipolar fuzzy gradation of openness over X, iff the following axioms 

are satisfied:  

      1101  bpbpBPFGO    

     ,02 ibpABPFGO   for 1i  to m  

    .0
1


 ibp

m
i

A   

     ,03 bpABPFGO   for all    

    0  bpA  

Therefore  ,X  is called bipolar fuzzy gradation space.  

Definition: 3.2. Let be a non-empty set. A mapping   IXBPF :F  is 

said to be bipolar fuzzy gradation of closedness over X iff the following 
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conditions are satisfied:  

      .1101  bpbpBPFGC FF  

     ,02 bpABPFGC F  for    

    0  bpAF   

     ,03 ibpABPFGC F  for 1i  to m 

    0
1


 ibp

m
i

AF   

Definition: 3.3. Let  ,X  be a bipolar fuzzy gradation space. Then the 

bipolar fuzzy topology on X induced by is given by 

       .0|  bpbp AXBPFA B  

Definition: 3.4. Let 1  and 2  be two bipolar fuzzy gradation of 

openness on X. Then    21    if    ,21 bpbp AA    for all 

 .XBPFAbp   

Definition: 3.5. Let  ,X  be a bipolar fuzzy gradation space and 

 .XBPFAbp   Then -closure of ,bpA  denoted by 

       bpbpbpbpbp ABBXBPFBAcl  ,0;  F  

Note:  

(i)    0bpAclF  and  

(ii) For every   bpbpbpbp BAXBPFBA  ,,  implies that 

   bpbp BclAcl     

Definition: 3.6. Let    21 ,,,  YX  be two bipolar fuzzy gradation 

spaces. Then a map YX  :  is called  

(i) a bipolar fuzzy gradation preserving map, if    bpA2  

    ,1
1 bpA   for each  .YBPFAbp   

(ii) a bipolar fuzzy strongly gradation preserving map, if    bpA2  
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    ,1
1 bpA   for each  .YBPFAbp    

(iii) a bipolar fuzzy weakly gradation preserving map, if  

         ,00 1
12  

bpbp AA   for each  .YBPFAbp   

Definition: 3.7. Let be a non-empty set. A mapping IX  2:  is said 

to be crisp gradation of openness on X, iff the following conditions are 

satisfied:  

(i)     1  Xo   

(ii)   ,0 iA  for 1i  to m  

  0
1


 i

m
i

A  

(iii)   ,0 A  for    

  0  A  

Therefore  ,X  is a crisp gradation space. Then the topology on X 

induced by   is      0/2   AA X B   

Definition: 3.8. Given XA 2  define   bpbpbp AAA ,  as 

 1,0:  XAbp  such that   ,0 xAbp  if Ax   and   ,0 xAbp  if ,Ax   

 0,1 XAbp  such that   ,0 xAbp  if Ax   and   ,0 xAbp  if Ax   

Therefore  .XBPFAbp    

Definition : 3.9. Let   IXBPF :  be a bipolar fuzzy gradation of 

openness on X. Define IX  2:  such that    .bpAA    Then   is a 

crisp gradation of openness on X. 

Theorem: 3.10. Let  be a bipolar fuzzy gradation of openness on X and 

  IXBPF :F  be a mapping defined by    .c
bpbp AA  F  Then F  is a 

bipolar fuzzy gradation of closedness on X.  

Proof: Let  be a bipolar fuzzy gradation of openness on X.  
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To prove: F  is a bipolar fuzzy gradation of closedness on X  

(i)         111'00 BPFGObybpbpbp  F   

        110'11 BPFGObybpbpbp  F  

(ii)        cibp
m
iibp

m
i

AA
11 

  F   

      0201 BPFGbyA
c
ibp

m
i    

(iii)        cbpbp AA    F   

      3BPFGObyA
c

bp    

    0  bpAF  

Therefore F  is a bipolar fuzzy gradation of closedness on X. 

Theorem: 3.11. Let F be a bipolar fuzzy gradation of closedness on X and 

  IXBPF :F  be a mapping defined by    .c
bpbp AA FF   Then F  is a 

bipolar fuzzy gradation of openness on X. 

Proof: Let F be a bipolar fuzzy gradation of closedness on X.  

To prove: F  is a bipolar fuzzy gradation of openness on X 

(i)         11100 BPFGCbybp
c
bpbp  FFF   

        11011 BPFGCbybp
c
bpbp  FFF    

(ii)        cibp
m
iibp

m
i

AA
11 

  FF  

      20
1

BPFGCbyA
c
ibp

m
i




F  

    01   ibp
m
i AF  

(iii)        cbpbp AA    FF   
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      3BPFGCbyA
c

bp  F  

    0  bpAF  

Therefore F  is a bipolar fuzzy gradation of openness on X.  

Remark: 3.12. Let  be a bipolar fuzzy gradation of openness on X and F 

be a bipolar fuzzy gradation of closedness on X. Then  

(i) 

F  

(ii) FF
F
  

Theorem: 3.13. Let  ,X  be a bipolar fuzzy gradation space. Then  

(i)   bpbpcl 00   

(ii)   bpbp AAcl   

(iii)         2121 bpbpbpbp AclAclAAcl      

(iv)     bpbp AclAclcl    

Proof: Proof of (i) and (ii) are obvious  

To prove (iii)  

Let  1bpA  and    ,2 XBPFAbp   from (ii),  

   22 bpbp AAcl   and    22 bpbp AAcl    

       2121 bpbpbpbp AAAclAcl      

From the definition of bipolar fuzzy gradation of closedness,  

   ,0 ibpAF  for 1i  to 2  

      021  bpbp AclAcl  F   

Since       021 bpbp AclAcl  F  and    21 bpbp AclAcl    

   21 bpbp AA   
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Then           12121  bpbpbpbp AAclAclAcl     

Now to prove         2121 bpbpbpbp AclAclAAcl      

We know that      211 bpbpbp AAA   and      212 bpbpbp AAA    

      211 bpbpbp AAclAcl    and       212 bpbpbp AAclAcl    

        2121 bpbpbpbp AAclAclAcl     

          22121  bpbpbpbp AAclAAcl    

 from (1) and (2)         2121 bpbpbpbp AclAclAAcl      

Proof of (iv) is obvious.  

Theorem : 3.14. Let  ,X  be a bipolar fuzzy gradation space. Then for 

each     0,  bpbp AXBPFA F  iff  .bpbp AclA    

Proof: Let  ,X  be a bipolar fuzzy gradation space. Assume, 

  ,0bpAF  for each  .XBPFAbp   To prove:  bpbp AclA   

       bpbpbpbpbp ABBXBPFBAcl  ,0|  F  

bpA  

(since   ,0bpAF  then bpA  is a member of above collections and also 

every member contains bpA ) therefore  .bpbp AclA   Conversely, Assume 

 bpbp AclA   To prove:   0bpAF  By the definition of -closure of bpA  

       bpbpbpbpbp ABBXBPFBAcl  ,0|  F  it is clear that 

   0bpAclF   

  .0 bpAF  

Theorem: 3.15. Let  nkk ,2,1,   be a finite family of bipolar fuzzy 

gradation of openness on X Then k
n
k


1

   is a bipolar fuzzy gradation of 

openness on X.  

Proof: Let  nkk ,2,1,   be a finite family of bipolar fuzzy 
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gradation of openness on X. Let k
n
k


1

   To prove: k
n
k


1

   is a 

bipolar fuzzy gradation of openness on X.    

(i)    bpk
n
kbp 00

1



   

       bpnbpbpbp 0000 321      

1  

(since for each nkk ,2,1,   is a BPFG01)  

   bpk
n
kbp 11 1     

       bpnbpbpbp 1111 321     

1  

(since for each nkk ,2,1,   satisfies the condition BPFG01)  

(ii)     ,
1 ibpk

n
kibpk AA 


   for 1i  to m  

        ,0321  ibpnibpibpibp AAAA     

for 1i  to m  

  0 ibpA  

(since for each   ,0ibpk A  for 1i  to m)  

       ibp
m

k
n
kibp

m AA 11111       

            011112111   ibp
m

nibp
m

ibp
m AAA    

(since for each     nkA ibp
m

k  ,2,1,011  )  

    011   ibp
m A  

(iii)     ,
1   bpk

n
kbp AA    for all    

         ,0321   bpnbpbpbp AAAA     
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for all   

  0 bpA  

(since for each   ,0bpk A  for all  )  

         bpk
n
kbp AA  

1  

           ,21   bpnbpbp AAA    

nk ,,2,1   

    0  bpA  

(since for each     nkAbpk ,22,1,0     

Therefore k
n
k


1

   is a bipolar fuzzy gradation of openness on X.  

Theorem : 3.16. Let    21 ,,,  YX  be two bipolar fuzzy topological 

spaces and be a YX  :  function. Then the following conditions are 

equivalent.  

(i)  is a bipolar fuzzy weakly gradation preserving map.  

(ii)      ,bpbp AclAcl    for all  .XBPFAbp    

Proof: Let    21 ,,,  YX  be two bipolar fuzzy topological spaces and 

YX  :  be a Function  

To prove:- (i)   (ii)  

Let us assume that (i) holds, that is      ,00 1
12  

bpbp AA   for 

each  .XBPFAbp   Then for each  XBPFAbp   

          0:11  
bpbpbp BYBPFBAcl


 F  and 

 bpbp AB   

       0: 11
1

 
bpbp BYBPFB F   

and  bpbp AB   



 S. MUTHAMIZHSELVI and A. KALAICHELVI 

Advances and Applications in Mathematical Sciences, Volume 21, Issue 4, February 2022 

1714 

             bpbpbpbpbp AABBXBPFB   1111 ,0:
1

F  

      bpbpbpbp ADDXBPFD  ,0:
1

F  

 bpAcl  

     bpbp AclAcl   1  

     bpbp AclAcl    

     ,bpbp AclAcl   for all  XBPFAbp    

Therefore (i)   (ii)  

To prove:- (ii)   (i) 

Let us assume (ii) holds, that is      ,bpbp AclAcl    for all 

 .XBPFAbp   From the theorem – ( ), we have, for each  .YBPFBbp    

     002 
c

bpbp BB  F  iff    c
bp

c
BBbpcl   

Since         ,11 c
bp

c
bp

c
bp

BBclBcl     we have   c
bp

Bcl 1  

 c
bp

B1  

Hence,  

      00 11
11

  c
bp

c
bp

BB  FF  

    01
1   cc

bpB  

   01
1  

bpB  

Therefore  is a bipolar fuzzy weakly gradation preserving map.  

Theorem: 3.17. let    21 ,,:  YX   is a bipolar fuzzy weakly 

gradation preserving map iff      21 ,,:  BB YX   is a bipolar fuzzy 

continuous.  

Proof: Assume is a bipolar fuzzy gradation preserving map.  
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To prove:      21 ,,:  BB YX   is a bipolar fuzzy continuous.  

Let  2BbpA  

  02  bpA  (since        0 bpbp AXBPFA B  

   01
2  

bpA  (since  is a bipolar fuzzy weakly gradation 

preserving map)  

   1
1 B 

bpA  

Therefore  is bipolar fuzzy continuous  

Conversely,  

Assume      21 ,,:  BB YX   is a bipolar fuzzy continuous.  

To prove:      21 ,,:  BB YX   is a bipolar fuzzy weakly gradation 

preserving map  

Let   02 bpA  

 2B bpA  

   1
1 B 

bpA  

   01
2  

bpA  

Therefore  is a bipolar fuzzy weakly gradation preserving map.  

Theorem: 3.18. For   ,1,0,2 IAA I   define     ,


 bpIbpI AA   

  
bpIA  as    1,0: 


IA bpI  such that     ,AxA bpI 


 for all Xx  and 

   0,1: 


IA bpI  such that     ,0


xA bpI  for all X.x   Therefore 

   .IBPFA bpI   

Let   be a bipolar fuzzy gradation of openness on X. Define 

  II
I  2:  such that       .bpII AA    Then  I  is a crisp 

gradation of openness on X.  
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Theorem: 3.19. Given  ,IBPFAbp   where  1,0:  IAbp  and 

 .0,1:  IAbp  Fix I  Define   IAbp   such that 

    , 
 bpbp AA  singleton set. Let  II  2:  be a crisp gradation of 

openness on I. Define   IIBPF  :  such that     .  bpbp AA   

Then   is a bipolar fuzzy gradation of openness on X.  

Theorem: 3.20. Let II  2:  be a crisp gradation of openness on I. 

Let X be any non-empty set. Fix   IXBPFXx x  :,   such that 

    ,xAA bpbpx


   singleton   .xAbp
  Then x  is a bipolar fuzzy 

gradation of openness on X.  

Theorem: 3.21. Let   IXBPF :  be a bipolar fuzzy gradation of 

openness on X. Let   IXBPFc :  such that    .c
bpbpc AA    Then c  

is a bipolar fuzzy gradation of openness on.  
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