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Abstract

In this paper Bipolar fuzzy gradation of openness and bipolar fuzzy gradation of closedness
are introduced and analysed.

1. Introduction

In Zhang [6] introduced the notion of a bipolar fuzzy set. In, Kim, et al.
[6] defined bipolar fuzzy point and obtain some of its properties and
introduced the concept of bipolar fuzzy topology in the sense of chang [1].
Definition of bipolar fuzzy set- A bipolar fuzzy set in a non-empty set is a pair

App = (App, App) where Ay, : X —[0,1] and Ay, : X > [-1,0]. In

Hazra, et al. [4] introduced the concept of gradation of openness. Using this
concept they gave the new definition of bipolar fuzzy topology. In this articles
[2, 3, 4], the authors developed a theory on gradation of openness. They
associated a Chang fuzzy topology with every gradation of openness and vice
versa. Also they introduced the definition of gradation preserving maps. In
this paper, the concept of gradation of openness is extended to bipolar fuzzy

topological spaces.
2. Preliminary Definitions

Definition: 2.1 [5]. Let X be a non-empty set. Then a pair
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Ayp = (Ag’p, App) is called bipolar-valued fuzzy set or bipolar fuzzy set in, X

where Ap, : X — [0,1] and A, : X — [-1, 0] The set of all bipolar fuzzy
set in X is denoted as BPF(X).

Definition: 2.2 [5]. The bipolar fuzzy null set denoted by
Opp = (Opp, Opp) is a bipolar fuzzy set in X defined as 0;,(x) =0 and

Opp(x) = 0, for each x € X.

Definition: 2.3 [5]. The bipolar fuzzy whole set denoted by
1pp = (Igp, 1pp) is a bipolar fuzzy set in X defined as 1j,(x) =1 and

1pp(x) = -1, for each x € X.

Definition: 2.4 [5]. Let X be a non-empty set and let
App = (Apps App). Bpp = (Bpp, Byp) be bipolar fuzzy sets in X. Then

(i) App 1s a subset of By,, denoted by Ay, — By, is defined as

App(x) < Bppy(x) and Apy(x) > Bpy(x), for each x € X.

(ii) The complement of Ay, is denoted by Agp = ((Agp)+, (Agp)_) is a
bipolar fuzzy set in X defined as

((Agp)+(x) =1- Ap,(x) and (45,) (x) = -1 - App(x), for each x € X.

(iii) The intersection of Ay, and, By, denoted by A, (1 By, is a bipolar

fuzzy set in X defined as
(App N By ) (x) = (App(x) A Bpp(x), App(x) v Bpy(x)), for each x e X.

(iv) The union of Ay, and By, denoted by Ay, U By, 1s a bipolar fuzzy

set in X defined as
(App U By ) (x) = (App(x) v Bpp(x), App(x) A Bpy(x)), for each x € X.

(v) The intersection of ((App); )scn» @ collection of bipolar fuzzy subsets in

Advances and Applications in Mathematical Sciences, Volume 21, Issue 4, February 2022



BIPOLAR FUZZY GRADATION OF OPENNESS ... 1705

X denoted by My (App ), is a bipolar fuzzy set in X defined as

(Mhen (App)p) () = (Apen (App)y) (%), Vien (App);) (x)), for each x € X.

(vi) The union of ((App); )scn» @ collection of bipolar fuzzy subsets in X

denoted by Uy (App)y, is a bipolar fuzzy set in defined as

Unea (App)) () = (Vaea (App)i) (%), Anea (App )y ) (%)), for each x e X.

Definition: 2.5 [5]. Let X be a non-empty set and let B = BPF(X). Then
B is called a bipolar fuzzy topology on X, if it satisfies the following axioms:

(l) Obp’ lbpe%.

(ll) Abp ﬂ Bbpe%’ for any Abp’ Bbp c ‘8.

(iii) Ujen (App )y €8, for any ((App )y hen < B.

In this case the pair (X, B) is called a bipolar fuzzy topological space and
each member of % is called a bipolar fuzzy open set (BPFOS) in X.
Ay € BPF(X)is said to be closed in X, if Agp € B. The set of all bipolar
fuzzy topologies on X is denoted as BPFT(X).

Definition: 2.6. Let (X, ) be a bipolar fuzzy topological space. Let
Y ¢ X. Let Ay, = (App, App) € B. Define Ay, /Y = (45,/Y, Ap,/Y) such
that (A4;,/Y)(2) = Ap,(2z) and (Ap,/Y)(2) = App(2), for all z € Y. Define
(B/Y) = {(App/Y) | App € B} Then (B/Y) is called the bipolar fuzzy
subspace topology on Y and (Y, B/Y) is called a bipolar fuzzy subspace of
(X, B) or simply Yis called a bipolar fuzzy subspace of X.

Definition: 2.7 [5]. Let X and Y be a non-empty set, let A, € BPF(X)
and By, € BPF(Y) let 6 : X — Y be a mapping. Then

(i) The image of Ap, under 6, denoted by 6(A4,,) = (6(4;,), (45,)), is a

bipolar fuzzy set in Y defined as follows: for each y € Y.
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[6(Ap,) () = {Vxee_l(y) Ay (), if 071 (y) # ¢
g 0, otherwise

and

[0(45,) (») = {Axee—l(y) Ay, i£07(3) % 0
i 0, otherwise

(i) The pre-image of By, under 6, denoted by Ofl(Bbp):

(9_1(ng), G_I(ng)), is a bipolar fuzzy set in defined as follows: for each
x e X.

[0~ (By, )1 (x) = Bf,(8(x)) and [67"(Byp)l(x) = By (6(x))

Definition: 2.8. Let (X,9;) and (Y, B,;) be two bipolar fuzzy
topological spaces. A mapping 0 : X — Y is a bipolar fuzzy continuous if for

all Ay, € By, 07 (4y,) € By.

3. Bipolar Fuzzy Gradation of Openness

Definition: 3.1. Let be a non-empty set. A mapping G : BPF(X) — I is

said to be bipolar fuzzy gradation of openness over X, iff the following axioms
are satisfied:

(BPFGO1)G(0p,,) = 6(15,) =1
(BPFGO2)G((App);) > 0, for i =1 to m
= G2, (Anp)) = 0.
(BPFGO3)G((App),) > 0, for all & e A
= G(Upen (App)y) > 0
Therefore (X, G) is called bipolar fuzzy gradation space.

Definition: 3.2. Let be a non-empty set. A mapping § : BPF(X) —> I is

said to be bipolar fuzzy gradation of closedness over X iff the following
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conditions are satisfied:

(BPFGC1)3(0,) = §(1yp) = 1.
(BPFGC2)F((Ayp);) > 0, for A € A
= S(nXeA (Abp)x) >0

(BPFGC3)§((App);) > 0, for i =1 tom

= S (App);) >0

Definition: 3.3. Let (X, G) be a bipolar fuzzy gradation space. Then the

bipolar  fuzzy  topology on X induced by is given Dby
B(G) = {App € BPF(X) | G(Ap,) > O}.

Definition: 3.4. Let G; and G5 be two bipolar fuzzy gradation of
openness on X. Then (Gy)=>(Gy) if Gi(App) = Go(Apy), for all
App € BPF(X).

Definition: 3.5. Let (X, G) be a bipolar fuzzy gradation space and
Ay, € BPF(X). Then G-closure of Apps denoted by
Gel(App) = N{Byp, € BPF(X);35(Byp) > 0, By, 2 App}

Note:

(i) Sg(Gel(App)) > 0 and

(i) For every Ay, By, € BPF(X), Ay, 2 By, implies that
Gel(App) 2 Gel(Byy)

Definition: 3.6. Let (X, Gy), (Y, G3) be two bipolar fuzzy gradation

spaces. Thenamap 06 : X — Y is called
(i) a bipolar fuzzy gradation preserving map, if (Gg)(App)

< (G1)(07'(App)), for each Ay, e BPF(Y).

(i) a bipolar fuzzy strongly gradation preserving map, if (Gg)(4pp)
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= (G1) (07" (App)), for each Ay, € BPF(Y).
(111) a bipolar fuzzy weakly gradation preserving map, if
(G2)(App) > 0 = (G1) (67 (App)) > O, for each Ay, € BPF(Y).

Definition: 3.7. Let be a non-empty set. A mapping G, : 2X 5 T is said

to be crisp gradation of openness on X, iff the following conditions are
satisfied:

@ G«(p) = G.(X) =1

(i) G.(A4;)>0,fori=1tom

= g*(mg'il A;)>0

(i) G«(A4;) >0, for A € A

= GuUpea 42) > 0

Therefore (X, G,.) is a crisp gradation space. Then the topology on X
induced by G, is B(G,) = {A € 2X/G.(A) > 0}

Definition: 3.8. Given A =2% define App = (App, App)  as
Ap, : X — [0, 1] such that Aj,(x) > 0, if x € A and Ap,(x) = 0, if x ¢ A,
AppX — [-1, 0] such that Ap,(x) <0, if x € A and Ap,(x) =0, if x ¢ A
Therefore A;, € BPF(X).

Definition : 3.9. Let G : BPF(X) — I be a bipolar fuzzy gradation of

openness on X. Define G, : 2% — I such that G,(A) = G(App)- Then G, isa

crisp gradation of openness on X.

Theorem: 3.10. Let G be a bipolar fuzzy gradation of openness on X and
Sg : BPF(X) — I be a mapping defined by Fg(Ap,) = Q(Agp). Then Fg is a
bipolar fuzzy gradation of closedness on X.

Proof: Let G be a bipolar fuzzy gradation of openness on X.
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To prove: 3 is a bipolar fuzzy gradation of closedness on X
() Sg(0pp) = G(0pp") = G(1pp) =1 (by(BPFGOL))
86 (1pp) = G(1pp") = G(0pp) =1 (by(BPFGOL))
() Fg( UL (App);) = GLUT (App);)°
=GNy (App)7) > 0 (by(BPFG02))
(i) Fg(Nnea (App)) = G(Nsea (App )y )
= GUsen (App);) (by(BPFGO3))
= Tg(Nrea (App)) >0
Therefore §; is a bipolar fuzzy gradation of closedness on X.

Theorem: 3.11. Let § be a bipolar fuzzy gradation of closedness on X and
Gz : BPF(X) — I be a mapping defined by Gz(A,) = S(Agp). Then Gz isa
bipolar fuzzy gradation of openness on X.

Proof: Let § be a bipolar fuzzy gradation of closedness on X.

To prove: Gz is a bipolar fuzzy gradation of openness on X
() G5(0pp) = F(05,) = F(pp) =1 (bY(BPFGCY))
G3(1yp) = 305,) = §(0,) =1 (by(BPFGCY))
() Gz(N7) (App);) = SO (App);)°
= FU, (A4p)) > 0 (by(BPFGC2))
= G5(N7%1 (App);) > 0

(i) G5 (Unen (App)y) = SUsea (App)y)°
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= 3(Myen (App)5) (bY(BPFGC3))
= GzUjen (App)) >0
Therefore Gz is a bipolar fuzzy gradation of openness on X.

Remark: 3.12. Let G be a bipolar fuzzy gradation of openness on X and §

be a bipolar fuzzy gradation of closedness on X. Then
M Gy, =G
i) 3o, = §
Theorem: 3.13. Let (X, G) be a bipolar fuzzy gradation space. Then
(i) Gel(0pp) = Op)
(i) Gel(App) 2 App
(i) Gel((App)y U (App)g) = Gel(App )y U Gel(Apyp g
(iv) Gel(Gel(App) = Gl App)
Proof: Proof of (i) and (ii) are obvious

To prove (ii1)

Let (App); and (App)g € BPF(X), from (ii),
Gel(App )y 2 (App )y and Gell(App )y 2 (App g
= gCl(Abp )1 U gCl(Abp )2 =2 (Abp )1 U (Abp )2

From the definition of bipolar fuzzy gradation of closedness,

86 = (App);) > 0, for i =1 to 2
= 3g(Gel(App)y U Gel(Ayp )y) > 0

Since Sg(Gel(App )y U Gel(App )g) > 0 and Gel(App )y U Gel(App g
=2 (Abp )1 U (Abp )2
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Then Gel(Apph U GellApp ) 2 Gell(App b U (App)g)--- (1)
Now to prove Gel((Asy ), U (Agy)) 2 Gel(As, )y U Gell Ay, ),
We know that (App); = (App); U (App)e and (App)g = (App)y U (App)y
= Gel(App )y < GellApy )y U (App)o) and Gel(App )y = Gell(App )y U (App )
= Gel(App h U Gel(App)g < Gel((App )y U (App o)
= Gel((App ) U (App)a) 2 GellApp h U (App)y ---(2)
from (1) and (2) Gel((App )y U (App)a) = GellApp hy U Gel(App g
Proof of (iv) is obvious.

Theorem : 3.14. Let (X, G) be a bipolar fuzzy gradation space. Then for
each Ay, € BPF(X), 3g(App) > 0 iff Apy = Gel(App).

Proof: Let (X,G) be a bipolar fuzzy gradation space. Assume,
Sg(App) >0, for each Ay, € BPF(X). To prove: Ay, = Gel(Ayy)
gCl(Abp) = m{Bbp € BPF(X) [ Sg(Bbp) > 0, Bbp D Abp}

(since Fg(App) > 0, then Ay, is a member of above collections and also

every member contains Ayp,) therefore Ay, = Gel(Ap,). Conversely, Assume

App = Gel(App) To prove: Fg(App) > 0 By the definition of G-closure of Ay,

Gel(App) = NiBy, € BPF(X) | §g(Byp) > 0, By, 2 App) it is clear that
3o (Gcl(Apy)) > 0

= Sg(Abp) > 0.

Theorem: 3.15. Let {Gp, k =1, 2, ...n} be a finite family of bipolar fuzzy

gradation of openness on X Then G = ﬂzzlg . 18 a bipolar fuzzy gradation of

openness on X.

Proof: Let {G,, k=12 ...n} be a finite family of bipolar fuzzy
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gradation of openness on X. Let G =}_;G, To prove: G =N}_ G is a

bipolar fuzzy gradation of openness on X.
(i) G(0pp) = N}_1G1(0pp)
= G1(0pp) A G2(Opp) A G3(Opp) ... A G, (0py)
=1
(since for each G5, k =1, 2, ...n is a BPFGO01)
G(pp) = Ni=1Gk(pp)
= G1(Ipp) A Gallpp) A G3(lpp)..- A Gp(Lpp)
=1

(since for each G, k =1, 2, ...n satisfies the condition BPFG01)
(i) G(Apy); = M2, Gu(App)s. for i = 1 tom
= G1(App); A Go(App); A G3(App); --- A Gu(App); > 0,

fori=1tom

= G(App); > 0

(since for each Gp,(Ayy); > 0, for i =1 to m)

= G141 (App);) = N1 Gk (M (App);)

= G1(NTL (App)i) A Ga(MLy (App);i) A A G2 (App);) > 0

(since for each G (N1 (App);) > 0,k =1,2,...n)

= G(M1%1 (App);) > 0

(ii)) G(App )y = N _1Gr(App)y, forall 1 e A

= gl(Abp)x A gZ(Abp)x A QS(Abp)x s A gn(Abp)x > 0,
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forall L = A

(since for each Gj,(App), > 0, forall A € A)

= g(UkeA (Abp)x) = Z=1gk(UXEA (Abp)x)

= G1(Unea (Apph) A GoUsen (App)i) A oo A Gr(Upen (App ),
k=12 ..,n

= GUjen (App)y) > 0

(since for each = G, (Upcp (App);) >0,k =1,2...2, n)

Therefore G = ﬂzzl G}, 1s a bipolar fuzzy gradation of openness on X.

Theorem : 3.16. Let (X, Gy), (Y, G3) be two bipolar fuzzy topological

spaces and be a 0: X — Y function. Then the following conditions are

equivalent.
(i) Ois a bipolar fuzzy weakly gradation preserving map.

(ii) 0(Gel(Ayp)) < Gel(6(Ayp)), for all Ay, e BPF(X).

Proof: Let (X, G;), (Y, G3) be two bipolar fuzzy topological spaces and
0 : X > Y bea Function

To prove:- (1) = (1)

Let us assume that (i) holds, that is Gg(Ap,) > 0 = G; (071 (App)) > 0O, for
each A, € BPF(X). Then for each A, € BPF(X)

07" (Gel(0(App)) = 067 [N {By, € BPF(Y): g, (By,) > 0 and
By, 2 0(4p)1]

= 07" [N {By, € BPF(Y): §g, (67" (By,)) > 0

and By, 2 0(A, )]
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> N0~} (Byy) € BPF(X): §g, (6'(Byp)) > 0,07 (By,) = 071 (6(4yp)) = App)
> N{Dyp € BPF(X): 3g,(Dyp) > 0, Dyp 2 Ay}
> Gel(App)
= 071(Gel(0(App))) > Gel(Ayp)
= Gel(6(App)) = (Gel(App))
= 0(Gel(App)) < Gel(6(Ay)p)), for all Ay, € BPF(X)

Therefore (1) = (ii)

To prove:- (i1) = (1)

Let us assume (ii) holds, that is 6(Gcl(App)) < Gel(6(Apy)), for all
Ay, € BPF(X). From the theorem — (), we have, for each By, € BPF(Y).

Go(Bpp) > 0 = Fg((Bpy)) > 0 iff Gel(Bbp))© = (ng)
Since 6(Gel(07'(Bg,)) < Gel(07'(Bg,)) < (Bg,), we have Gel(6™(Bf,))
c 07'(B;,)
Hence,
Fg, (671 (Bg,)) > 0 = Fg, (671 (Byp))* > 0
= G1((07(Byp) ) > 0
= G107 (Byp)) > 0
Therefore 0 is a bipolar fuzzy weakly gradation preserving map.

Theorem: 3.17. let 0: (X, G;) —> (Y, Gy) is a bipolar fuzzy weakly
gradation preserving map iff 0 : (X, B(G,)) — (Y, B(Gy)) is a bipolar fuzzy
continuous.

Proof: Assume is a bipolar fuzzy gradation preserving map.
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To prove: 0 : (X, B(G;)) — (Y, B(G3)) is a bipolar fuzzy continuous.
Let Ap, € B(Gy)
= Go(Ayy) > 0 (since B(G) = {Ay, € BPF(X)/G(Ay,) > O})

= 92(9_1(Abp)) >0 (since 0 is a bipolar fuzzy weakly gradation

preserving map)
= 071 (App) € B(G))
Therefore 0 is bipolar fuzzy continuous

Conversely,

Assume 0 : (X, B(G;)) — (Y, B(Gs)) is a bipolar fuzzy continuous.

To prove: 0 : (X, B(G;)) — (Y, B(Gy)) is a bipolar fuzzy weakly gradation
preserving map

Let gz(Abp) >0

= Abp € %(gz)
= 071 (App) € B(Gy)

= G9(07(App)) > 0

Therefore 0 is a bipolar fuzzy weakly gradation preserving map.

Theorem: 3.18. For A2/, Ac[0,1]=1, define (Ap)y, = (A7),
(A7)pp) as (A[)gp : I — [0, 1] such that (A[)gp(x) = A, for all x € X and
(Ap)yp : I = [-1,0] such that (Ap)y,(x) =0, for all x € X. Therefore
(Ar)y < BPF(I).

Let G be a bipolar fuzzy gradation of openness on X. Define
Gy). : 20 > I such that (G1):(A) = G(Ar)pp) Then (Gp), is a crisp

gradation of openness on X.

Advances and Applications in Mathematical Sciences, Volume 21, Issue 4, February 2022



1716 S. MUTHAMIZHSELVI and A. KALAICHELVI

Theorem: 3.19. Given Ay, € BPF(I), where Ay, :1 —[0,1] and
App i I > [-1,0  Fix oael Define (Apy), <1 such that

(App)g = {App(a)}, singleton set. Let (G, : 2l 5 T be a crisp gradation of
openness on I Define G, : BPF(I) — I such that G,(App) = G+((App)y)-

Then G, is a bipolar fuzzy gradation of openness on X.

Theorem: 3.20. Let G, : 2l 51 bea crisp gradation of openness on I
Let X be any non-empty set. Fix x e X,G, : BPF(X) —> I such that

Gu(App) = Gu{Apy(x)}, singleton {Ap,(x)l. Then G, is a bipolar fuzzy
gradation of openness on X.

Theorem: 3.21. Let G : BPF(X) — I be a bipolar fuzzy gradation of
openness on X. Let G. : BPF(X) — I such that G.(Apy) = Q(Agp). Then G,

is a bipolar fuzzy gradation of openness on.
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