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Abstract 

In this paper, simplicial vertices in some products of two fuzzy graphs are studied. 

Conditions for a vertex to be simplicial in the direct sum, strong product, Lexicographic product 

and Maximal product of two crisp graphs are derived. Using them and the effective edge 

properties, conditions for a vertex to be simplicial in the above operations of two fuzzy graphs 

are obtained.  

1. Introduction 

Azriel Rosenfeld [10] introduced Fuzzy graph theory in 1975. He has 

developed fuzzy analogue of many graphs’ theoretic concepts. Since then, it 

has been growing fast and has numerous applications in various fields. Terry 

A. Mckee [11] introduced the concept of simplicial and non-simplicial 

complete subgraphs. K. Radha and S. Arumugam introduced and discussed 

the effective properties of direct sum [3], strong product [6], lexicographic 
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products [4] and maximal product [5] of two fuzzy graphs. K. Radha and N. 

Kumaravel [8, 9] discussed the degree of an edge in union, join, cartesian 

product and composition of two fuzzy graphs. K. Radha and P. Indumathi [7] 

discussed about properties of simplicial vertices in some graphs. In this 

paper, simplicial vertices in some products of two fuzzy graphs are studied.  

Conditions for a vertex to be simplicial in the direct sum, strong product, 

Lexicographic product and Maximal product of two crisp graphs are derived. 

Using them and the effective edge properties, conditions for a vertex to be 

simplicial in the above operations of two fuzzy graphs are obtained.  

2. Basic Concepts 

Definition 2.1 [8]. Let V  be a non-empty finite set and .VVE   A 

fuzzy graph  ,:G  is a pair of functions  1,0:  V  and  1,0:  E  

such that      yxyx  ,  for all ., Vyx   Underlying crisp graph of 

 ,:G  is denoted by  .,:* EVG   

Definition 2.2 [8]. A fuzzy graph  ',',: PH  is called fuzzy subgraph 

of  ,,: VG  if     Puuu  ,'  and      ',',,'  Pvuuvuv  

is a spanning fuzzy subgraph of  ,  if '  and ,'   that is, if 

   uu '  for every Vu   and    ee '  for every  ','  Ee  is an 

induced fuzzy subgraph of  ,  if    uu '  for every Pu   and 

   uvuv '  for every ., Pvu    

Definition 2.3 [3]. An edge uv  is effective if      .yxxy   G is an 

effective fuzzy graph if      yxxy   for all .Exy   G is a complete 

fuzzy graph if      yxxy   for all ,, Vyx   that is, if all its edges are 

effective edges.  

Definition 2.4 [3]. Let  111 ,: G  and  222 ,: G  be two fuzzy 

graphs with underlying crisp graphs  11
*

1 ,: EVG  and  22
*

2 ,: EVG  

respectively. Let 21 VVV   and Let  1;, EuvVvuuvE   or 2Euv   

but not both}. The direct sum [3] of 1G  and 2G  is a fuzzy graph 

  ,:21 GGG  given by  
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The strong product [6]  ,21 GG   of 1G  and 2G  on  ,, EV  where 

21 VVV   and     2,|,, EvyxuyxvuE   or 1, Euxyv   or 

,, 21 EvyEux   is given by  

     uuvu 21,   and  
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The lexicographic min-product [4]    ,:min21 GG  of 1G  with 2G  on 

 ,, EV  where 21 VVV   and     1|,, EuxyxvuE   or ,xv   

,2Euy   is given by      vuvu 21,   and  
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The lexicographic max-product[4]    ,:min21 GG  of 1G  with 2G  on 

 ,, EV  where 21 VVV   and     1|,, EuxyxvuE   or ,xv    

,2Euy   is given by      uuvu 21,   and  
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The maximal product [5]  ,21 GG   of 1G  and 2G   on  ,, EV   where 

21 VVV   and     2,|,, EvyxuyxvuE   or ,, 1Euxyv   is 

given by      uuvu 21,   and  
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3. Simplicial Vertices in Direct Sum 

If a vertex is simplicial in either of the two fuzzy graphs, then it need not 

be simplicial in their direct sum. The vertex u in the following figure 3.1 is 

simplicial in both 1G  and .2G  But it is not simplicial in their direct sum.  

 

Figure 3.1. 

Theorem 3.1. Let  EVG ,:1
  and  EVG ,:1

  be two graphs. Let u be a 

vertex in 21 VV   such that all edges of  uNG

1  are in 1E  only. Then u is 

simplicial in 
1G  if and only if u is simplicial in .21

  GG  

Proof of Theorem 3.1. Since all the edges of  uNG
*
1  are in 1E  only, 

they all appear in .21 GG   Since ,21 VVu   no other edge is incident at u 

in the direct sum. Therefore    .
211

uNuN
GGG  

  Hence the result follows.  

Theorem 3.2. Let  111 ,: G  and  222 ,: G  be two effective fuzzy 

graphs on  EVG ,:1
  and  EVG ,:2

  respectively. Let 21 VVu   be such 

that all the edges of  uN
G

1
 are in 1E  only and each edge vw  of  uN

G
1

 with 

one end 21 VVv   satisfies    .11 wv   Then u is simplicial in the fuzzy 

graph 1G  if and only if u is simplicial in .21 GG    

Proof of Theorem 3.2. By theorem 3.1, u is simplicial in 
1G  if and only 

if u is simplicial in .21 GG   Also    .
211

uNuN
GGG  

  Let u be simplicial in 

.1G  Let uwe   be any edge of  .
21

uN
GG 

 Then      wvvw 111   and 

     vwvw 121   By hypothesis, both v and w cannot be in .21 VV   
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Therefore, either both 1, Vwv   or one of the vertices, say 21 VVv   and 

.1Vw    

Case 1. 1, Vwv    

Using the definition of direct sum,  

                 wvwvvwvw 212111121    

Case 2. 21 VVv   and 1Vw    

By hypothesis    .11 wv    

Therefore,                wwvwvv 21112121    

Hence            wwv 212121    

Now            wwvvwvw 121121    

           wvw 212121    

Hence in both cases, vw  is an effective edge.  

Therefore  uGNG 21
  is complete. Hence u is simplicial in .21 GG   

Conversely let u be simplicial in .21 GG   Let vw  be any edge of  .
1

uNG   

Then            wvvw 212121   (3.1)  

If ,, 1Vwv    then the above relation (3.1) becomes    vw1  

   wv 11   

If 21 VVv   and ,1Vw   then        wv 2121     

Therefore              wwwv 1212121    

        wvwv 1111    

Therefore (3.1) becomes        .111 wvvw     

Thus in both cases, vw  is an effective edge.  

Therefore  uNG1
 is complete. Hence u is simplicial in .21 GG   
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4. Simplicial Vertices in Strong Product 

Theorem 4.1. Let  EVG ,:1
  and  EVG ,:2

  be two graphs. A vertex 

 vu,  is simplicial in the strong product 
21 GG    if and only if is simplicial 

in 
1G  and v is simplicial in .2

G   

Proof of Theorem 4.1. Let .21
  GGG   Let  vu,  be simplicial in .G  

Then    vuNG
G

,
  is complete. Suppose that u is not simplicial in .1

G  

Then there exists  uNyx
G

1
,  such that .1Exy   Since ,, 1Euyux   the 

vertices  vx,  and  vy,  are adjacent to  vu,   in .G  But  vx,  and  vy,  

are not adjacent in G  since .1Exy   Therefore    vuNG
G

,
  is not 

complete which is a contradiction. Hence u is simplicial in .1
G  Similarly, v is 

simplicial in .2
G  

Conversely suppose that u is simplicial in 
1G  and v is simplicial in .2

G  

Consider any two vertices  yx,  and  ts,  in   ., vuN
G  If one of them is 

 ,, vu  then they are adjacent. So let    vuyx ,,   and    .,, vuts   Since 

 vu,  is adjacent to both  yx,  and   2,,, Eyvuxts    or 1, Exuvy   

or 221 ,;, EtvusEyvExu   or 1, Eusvt   or ., 21 EtvEsu   

Therefore, there are nine cases to consider for  yx,  and  ., ts   

Case 1. 22 ,,, EtvusEyvux    

Then .sx   Since 21, EtvEyv   and v is simplicial in ., 22 EytG    

Hence  yx,  and  ts,  are adjacent in .G  

Case 2. 12 ,,, EusvtEyvux    

Then 1Exs   and .2Eyt   Hence  yx,  and  ts,  are adjacent in .G   

Case 3. 212 ,,, EtvEsuEyvux     
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Then .1Esx   Also since 22, EtvEyv   and v is simplicial in 

., 22 EytG    

Hence  yx,  and  ts,  are adjacent in .G   

Case 4. 22 ,,, EtvusExuvy    

Then ., 21 EytExs   Hence  yx,  and  ts,  are adjacent in .G  

Case 5. 11 ,,, EusvtExuvy    

Then .ty   Also since 11, EusExu   and u is simplicial in 

., 11 ExsG    

Hence  yx,  and  ts,  are adjacent in .G  

Case 6. .,,, 211 EtvEsuExuvy    

Then .2Etv   Also since 11, EsuExu   and u is simplicial in 

., 11 ExsG    

Hence  yx,  and  ts,  are adjacent in .G  

Case 7. .,,, 221 EtvusEyvExu    

Then .1Exs   Since 22, EtvEyv   and v is simplicial in ., 22 EytG    

Hence  yx,  and  ts,  are adjacent in .G  

Case 8. .,,, 121 EusvtEyvExu    

Then .2Eyt   Also since 11, EusExu   and u is simplicial in 

., 11 ExsG    

Hence  yx,  and  ts,  are adjacent in .G  

Case 9. .,,, 2121 EtvEsuEyvExu    

Since u and v are simplicial in 
1G  and 

2G  respectively, 
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111, ExsEsuExu    and ., 222 EytEtvEyv   

Hence  yx,  and  ts,  are adjacent in .G  

Therefore, any two vertices in   vuN
G

,  are adjacent. Hence 

   vuNG
G

,
  is complete. This implies that  vu,  is simplicial in .G  

Theorem 4.2. Consider two fuzzy graphs  111 ,: G  and  2222 ,: G  

on crisp graphs  EVG ,:1
  and  EVG ,:2

  respectively. A vertex  vu,  is 

simplicial in the strong product 21 GG   if and only if u is simplicial in the 

fuzzy graph 1G  and v is simplicial in the fuzzy graph .2G   

Proof of Theorem 4.2. Let 21 GGG   be the strong product of the 

fuzzy graphs 1G  and .2G   

Let  vu,  be simplicial in G. Then  vu,  is simplicial in 
G  and all the 

edges of    vuNG
G

,
  are effective. By theorem 4.1, u is simplicial in 

1G  

and v is simplicial in .2
G  Let xy  be any edges in   .

1
1 uNG

G


 Suppose xy  is 

not effective in .1G  Then      .111 yxxy    

For the edge    vyvx ,,  in    ,, vuNG
G

  

                vyxvxyvyvx 2112121 ,,    

       vyvx ,, 2121    

Thus the edge    vyvx ,,  is not effective in G. This is a contradiction. 

Hence xy  is effective in .1G   

Thus all the edges in   uNG
1  are effective. Similarly, all the edges in 

  uNG
2  are also effective. Hence u is simplicial in 1G  and v is simplicial in 

.2G   

Conversely assume that u is simplicial in 1G  and v is simplicial in .2G   
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Then u is simplicial in 
1G  and all the edges of   uNG

1  are effective; v is 

simplicial in 
2G  and all the edges of   uNG

2  are effective.  

By theorem 4.1,  vu,  is simplicial in .G  Let    tsyx ,,  be any edge in 

   ., vuNG  Then    vuNGsx ,, 1
  and    .,, 2 vuNGty    

Case 1. 2, Eytsx    

Since v is simplicial in ytG ,2  is effective in .2G  So 

                tyxytxtxyx 2212121 ,,    

                 txyxtxyx ,, 21211121    

 Case 2. 1, Exsty    

Since u is simplicial in xsG ,1  is effective in .1G  Now  

                ysxyxsysyx 2212121 ,,    

       ysyx ,, 2121    

Case 3. 21, EytExs    

Here xs  is effective in 1G  and yt  is effective in .2G  

                  tysxtysxtxyx 22112121 ,,,,    

                   tsyxtsyx ,, 21212121    

Hence    txyx ,,   is effective in 21 GG   all the three cases.  

Hence    vuNG ,  is complete. Thus  vu,  is simplicial in .21 GG    

Theorem 4.3. Let  111 ,: G  and  222 ,: G  be two fuzzy graphs on 

 EVG ,:1
  and  EVG ,:2

  respectively. Then  

(i) The edge    tuyu ,,  is effective in 21 GG   if and only if the edge yt  is 

effective in .2G   

(ii) The edge    vsvx ,,  is effective in 21 GG   if and only if the edge xs  is 
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effective in .1G   

(iii) The edge    tsyx ,,  is effective in 21 GG   if and only if the edge xs  is 

effective in 1G  and yt  is effective in .2G  

5. Simplicial Vertices in Lexcicographic Products 

Theorem 5.1. Let  EVG ,:1
  and  EVG ,:2

  be two fuzzy graphs. A 

vertex  vu,  is simplicial in  
21 GG  if and only if u is simplicial in 

1G  and v 

is simplicial in .2
G   

Proof of Theorem 5.1. Let  vu,  be simplicial in  .21
 GG  Suppose u is 

not simplicial in .1
G  Then there exists  uNw

G
1

 such that .1Euw   Then 

the edge    vwvu ,,  is not in  .21
 GG  So  vu,  is not simplicial in  

21 GG  

which is a contradiction. Hence u is simplicial in .1
G  Similarly, v is simplicial 

in .2
G  

Conversely assume that u is simplicial in 
1G  and v is simplicial in .2

G  

Suppose  vu,  is not simplicial in  .21
 GG  Then there exist non-adjacent 

vertices    
 

  .,,,
21

vuNtsyx
GG    Therefore either 1Exs   or sx   and 

.2Eyt   This implies that either u is not simplicial in 
1G  or v is not 

simplicial in .2
G   This contradiction shows that  vu,  is simplicial in  .21

 GG   

Remark 5.2. If u and v are simplicial in fuzzy graphs 1G  and 2G  

respectively, then the vertex  vu,  need not be simplicial in the lexicographic 

min-product  .21 GG  For example, in the following figure 5.1, 1u  is simplicial 

in 1G  and 1v  is simplicialin ,2G  but  11, vu  is not simplicial in   .min21 GG   
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Figure 5.1. 

Theorem 5.3. Let  111 ,: G  and  222 ,: G  be two fuzzy graphs on 

 EVG ,:1
  and  EVG ,:2

  respectively such that 2211 ,,,   are all 

constant functions of same constant value. Then a vertex  vu,  is simplicial in 

the lexicographic min-product (or max-product) of 1G  with 2G  if and only if u 

is simplicial in 1G  and v is simplicial in .2G   

Proof of Theorem 5.3. Since 2211 ,,,   are all constant functions of 

same constant value,  min2121 ,, GGGG  and  max21 GG  are all effective fuzzy 

graphs. Hence the result follows from theorem 5.1.  

6. Simplicial Vertices in Maximal Product 

If u is simplicial in a graph 
1G  and v is simplicial in a graph ,2

G  then the 

vertex  vu,  need not be simplicial in maximal product .21
  GG  Here in 

figure 6.1, 1u  and 2u  are simplicial in 
1G  and 1v  and 2v  are simplicial in 

.2
G  But no vertex is simplicial in the maximal product .21

  GG  

 

Figure 6.1. 

Theorem 6.2. Let  111 ,: EVG  and  222 ,: EVG  be two graphs with 

21 p  and 22 p  vertices respectively. Then their maximal product   21 GG  

has no simplicial vertex.  
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Proof of Theorem 6.2. Let  vu,  be any vertex in .21
  GG  Let u be 

adjacent to a vertex x in 1G  and v be adjacent to a vertex y in .2G  Then  vu,  

is adjacent to  yu,  and  vx,  in .21
  GG  But by the definition of maximal 

product,  yu,  and  vx,  cannot be adjacent. Therefore  vu,  is not 

simplicial in .21
  GG  

Theorem 6.3. Let 
1G  and 

2G  be two graphs such that 
1G  has exactly 

one vertex u. Then a vertex  vu,  in the maximal product   21 GG  is 

simplicial if and only if v is simplicial in .2
G   

Proof of Theorem 6.3. If 
1G  has exactly one vertex u, then   21 GG  is 

isomorphic to .2
G  Hence the theorem follows.  

Theorem 6.4. If 
2G  has exactly one vertex v, then a vertex  vu,  in the 

maximal product   21 GG  is simplicial if and only if u is simplicial in .1
G  

Theorem 6.5. Let  111 ,: G  and  222 ,: G  be two fuzzy graphs on 

 EVG ,:1
  and  EVG ,:2

  respectively such that  uV 1  and 21,   and 

2  are all constant functions of same constant value. Then  vu,  is simplicial 

in 21 GG   if and only if v is simplicial in .2G   

Proof of Theorem 6.5. Since 21,   and 2  are all constant functions of 

same constant value, 2G  and 21 GG   are effective fuzzy graphs. Hence the 

result follows from theorem 6.3.  

Theorem 6.6. Let  111 ,: G  and  222 ,: G  be two fuzzy graphs on 

 EVG ,:1
  and  EVG ,:2

  respectively such that  uV 2  and 21,   and 

1  are all constant functions of same constant value. Then  vu,  is simplicial 

in 21 GG   if and only if u is simplicial in .1G   

7. Conclusion 

In this paper, the conditions for a vertex to be simplicial in the direct 

sum, strong product, Lexicographic product and Maximal product of two crisp 
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graphs are derived. Using them and the effective edge properties, the 

conditions for a vertex to be simplicial in the above operations of two fuzzy 

graphs are discussed.  
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