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Abstract

In this paper, simplicial vertices in some products of two fuzzy graphs are studied.
Conditions for a vertex to be simplicial in the direct sum, strong product, Lexicographic product
and Maximal product of two crisp graphs are derived. Using them and the effective edge
properties, conditions for a vertex to be simplicial in the above operations of two fuzzy graphs
are obtained.

1. Introduction

Azriel Rosenfeld [10] introduced Fuzzy graph theory in 1975. He has
developed fuzzy analogue of many graphs’ theoretic concepts. Since then, it
has been growing fast and has numerous applications in various fields. Terry
A. Mckee [11] introduced the concept of simplicial and non-simplicial
complete subgraphs. K. Radha and S. Arumugam introduced and discussed
the effective properties of direct sum [3], strong product [6], lexicographic
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products [4] and maximal product [5] of two fuzzy graphs. K. Radha and N.
Kumaravel [8, 9] discussed the degree of an edge in union, join, cartesian
product and composition of two fuzzy graphs. K. Radha and P. Indumathi [7]
discussed about properties of simplicial vertices in some graphs. In this
paper, simplicial vertices in some products of two fuzzy graphs are studied.

Conditions for a vertex to be simplicial in the direct sum, strong product,
Lexicographic product and Maximal product of two crisp graphs are derived.
Using them and the effective edge properties, conditions for a vertex to be
simplicial in the above operations of two fuzzy graphs are obtained.

2. Basic Concepts

Definition 2.1 [8]. Let V be a non-empty finite set and £ c VxV. A
fuzzy graph G : (o, n) is a pair of functions 6: V —[0,1] and u: E — [0, 1]
such that p(x,y) < o(x) Ao(y) for all x, y € V. Underlying crisp graph of

G : (o, p) is denoted by G : (V, E).

Definition 2.2 [8]. A fuzzy graph H : (P, ¢', ') is called fuzzy subgraph
of G:(V,o,n) if ¢ (u) < o(u), Vu € P and W' (uv) = p(wv), Vu, v e P- (o', W)
is a spanning fuzzy subgraph of (o, u) if c=¢ and p'c p, that is, if
o(u) = ¢'(u) for every u € V and p'(e) < u(e) for every e € E-(c', 1) is an
induced fuzzy subgraph of (o, u) if o(u)=c'(u) for every ue P and
W (uv) = pw(uw) for every u, v e P.

Definition 2.3 [3]. An edge uv is effective if p(xy) = o(x) A o(y). G is an
effective fuzzy graph if u(xy) = o(x) A o(y) for all xy € E. G is a complete
fuzzy graph if pu(xy) = o(x) A o(y) for all x,y € V, that is, if all its edges are

effective edges.

Definition 2.4 [3]. Let G :(o1,1y) and Gy : (o9, ng) be two fuzzy
graphs with underlying crisp graphs G; :(Vi, E;) and Gy :(Vj, Es)
respectively. Let V =V, UV, and Let E = {uv/u, v € V;uv € E; or uv € Ey

but not both}. The direct sum [3] of G; and Gy is a fuzzy graph
G, ® Gy = G : (o, n) given by
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o1 (w), ifueV]

o) = {0 a), fueV,  and uw)- {
o1(w)Vos(u), ifueVy UV,

wwv), ifuvekE

ug(wv), ifuv e Ey

The strong product [6] Gj o Gy(o, n) of G; and Gy on (V, E), where
V=VixVy and E={(w, v)(x,y)|lu=x,uvyeEy or v=y,uxekE or
ux € Ej, vy € Ey}, is given by

o(w, v)) = 01(w) A o2(u) and
o1(u) A po(vy), ifu=ux,vyekE,
H((u’ U)(x7 y)) = 62(0) A MI(LLX), ifv= Y, ux € El .
w (wx) A ug(wy), ifux € Ej, vy € Eq
The lexicographic min-product [4] G;[Gy]min : (o, u) of G; with Gy on
(V,E), where V=V, xV, and E ={((u,v)(x, y)|luxeE or v=ux,
uy € Ey}, is given by o((u, v)) = o1(«) A 69(v) and

uy (ux), ifux e E;

(s v)(x, ¥) = {

o1(u) A ng(vy), ifu=xuye Ey

The lexicographic max-product[4] G;[Gy]min : (5, u) of G; with G5 on
(V,E), where V=V, xV, and E={(wv)(x,y)luxecE or v=ux,
uy € Es}, is given by of(w, v)) = o1(u) A o9(u) and

g (ux), if ux e By

(. v)(x, ¥)) = {

o1 (u) A pgvy),  ifu=x,uy e By

The maximal product [5] G o Go(o, 1) of G; and Gy on (V, E), where
V=VxVy and E ={(u,v)(x,y)|lu=x,uvye Ey or v=y, ux e E}, is
given by o((u, v)) = 61(v) A 69(1) and

o1(u) v ug(vy), ifu=x,vyeE,

(s v)(x, ¥)) = {

co() vy (ux), ifv=y uxe El'
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3. Simplicial Vertices in Direct Sum

If a vertex is simplicial in either of the two fuzzy graphs, then it need not
be simplicial in their direct sum. The vertex u in the following figure 3.1 is

simplicial in both G; and Gg. But it is not simplicial in their direct sum.

Gl GZ Gl ﬂa GZ
v u u W v u W
L 9 @ o @ & &

Figure 3.1.

Theorem 3.1. Let Gy : (V, E) and Gy : (V, E) be two graphs. Let u be a
vertex in Vi —Vy such that all edges of Ng;[u] are in E; only. Then u is

simplicial in Gy if and only if u is simplicial in G ® G.

Proof of Theorem 3.1. Since all the edges of NG;[u] are in E; only,
they all appear in G} @ Gy. Since u € V] — V,, no other edge is incident at u
in the direct sum. Therefore N G [ul]=N oG []. Hence the result follows.

Theorem 3.2. Let G : (o1, 1) and Gg : (o9, nug) be two effective fuzzy
graphs on Gy : (V, E) and G5 : (V, E) respectively. Let u € V; — Vy be such
that all the edges of NG{‘ [u] are in E; only and each edge vw of NG{‘ [u] with

one end v e V; NV, satisfies 61(v) = o1(w). Then u is simplicial in the fuzzy

graph Gy if and only if u is simplicial in Gy @ Gy.

Proof of Theorem 3.2. By theorem 3.1, u is simplicial in Gf if and only

if u is simplicial in G; ® Gy. Also NGT [u] = N

e [] Let u be simplicial in

G;. Let e = uw be any edge of N [u]. Then p;(vw) = 61(v) A o3(w) and

G @G5

(1 @ po)(vw) = wy(vw) By hypothesis, both v and w cannot be in V; N V5.
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Therefore, either both v, w € V] or one of the vertices, say v e V; 1V, and

we V.
Casel.v,we V)
Using the definition of direct sum,
(1 @ pg)(vw) = py(Vw) = 01(v) A 61 (W) = (01 @ 02) (V) A (01 ® 02) (W)
Case2.veViNVo,andweV]
By hypothesis c1(v) > o;(w).
Therefore, (6; @ 65) () = 61(v) v o9(w) = 61(v) = 61 (w) = (57 @ 69) (W)
Hence (o1 ® 03)(v) A (01 @ 02) (W) = (07 @ 02) (W)
Now (u1 @ pg) (vw) = py (vw) = 61(v) A o) = o1 (W)
= (061 @ 53) (W) = (01 ® 03) (v) A (071 @ 52) (W)
Hence in both cases, vw is an effective edge.
Therefore Ng, ® Gglu] is complete. Hence u is simplicial in Gy @ G,.

Conversely let u be simplicial in G; @ Gy. Let vw be any edge of Ng, []

Then (1 @ pg)(vw) = (01 @ 62) (V) A (01 @ 62) (W) (3.1)

If v,weVW, then the above relation (3.1) becomes (u;)(vw)
= 01(v) A o1 (W)

If ve VNV, and w € Vi, then (o7 @ 69)(v) = (57 @ o9) (W)

Therefore (o7 ® 69) (V) A (67 @ 69) (W) = (07 @ 69) (W) = 51 (w)

= 61() A 61 (W) ( 01(v) = 61(w))

Therefore (3.1) becomes (u; ) (vw) = o1(v) A o1 (w).

Thus in both cases, vw is an effective edge.

Therefore Ng, [u] is complete. Hence u is simplicial in Gy @ G,.
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4. Simplicial Vertices in Strong Product

Theorem 4.1. Let Gy : (V, E) and G, : (V, E) be two graphs. A vertex
(u, v) is simplicial in the strong product Gy o Gy if and only if is simplicial
in Gi and v is simplicial in Gj.

Proof of Theorem 4.1. Let G* = G o G5. Let (1, v) be simplicial in G*.

Then G'[N p [(w, v)]] is complete. Suppose that u is not simplicial in Gj.

Then there exists x, y € NG{‘ (u) such that xy ¢ E;. Since ux, uy € E;, the
vertices (x, v) and (y, v) are adjacent to (u, v) in G*. But (x, v) and (y, v)
are not adjacent in G since xy ¢ E;. Therefore G*[N o [(, v)]] is not
complete which is a contradiction. Hence u is simplicial in G;. Similarly, v is
simplicial in Gj.

Conversely suppose that u is simplicial in G; and v is simplicial in G5,

Consider any two vertices (x, ¥) and (s,t) in N o [(w, v)] If one of them is

(u, v), then they are adjacent. So let (x, y) # (u, v) and (s, t) # (u, v). Since
(u, v) is adjacent to both (x, y) and (s, t), x =u, yve Ey or y=v, xue E;
or xue Bj,yve Ey;s=u,tveEy or t=v,use E; or suc Ej,tvekE,.

Therefore, there are nine cases to consider for (x, y) and (s, t).

Casel. x =u, yve Ey, s =u, tv € Ey

Then x = s. Since yv € Ey, tv € Ey and v is simplicial in G, yt € Es.
Hence (x, y) and (s, t) are adjacent in G".

Case2. x =u, yve Ey,t =v,us € E;

Then xs € E; and yt € E5. Hence (x, y) and (s, t) are adjacent in G".

Case 3. x =u, yv e Ey, suc Ey, tv € Ey
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Then sx € E;. Also since yve Eg,tve E; and v is simplicial in
G5, yt € Es.
Hence (x, y) and (s, t) are adjacent in G*.
Cased. y=v,xuec Ey, s=u,tve by
Then xs € E;, yt € E5. Hence (x, y) and (s, ¢) are adjacent in G".
Case5. y=v,xuc Ej,t =v,use K,
Then y =1t Also since xue Ej,use E; and u is simplicial in
G, xs € E;.
Hence (x, y) and (s, t) are adjacent in G".
Case 6. y =v, xu e Ej, su e E;, tv € Es.
Then tv e Eg. Also since xu e Ej,su € E; and u is simplicial in
G, xs € E;.
Hence (x, y) and (s, t) are adjacent in G*.
Case 7. xu € Ey, yv e Ey, s = u, tv € Es.
Then xs € E;. Since yv € Es, tv € E5 and v is simplicial in G5, yt € E,.
Hence (x, y) and (s, t) are adjacent in G".
Case 8. xue Ey, yve Ey, t =v, us € E;.
Then yte Ey. Also since xue Ey,us € E; and u is simplicial in
Gy, xs € E;.
Hence (x, y) and (s, t) are adjacent in G".
Case 9. xu € E, yv € Ey, su € Ey, tv € Es.

Since u and v are simplicial in G} and G respectively,
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xuck,sue B = xseE and yve Ey, tve Ey = yt € E,.

Hence (x, y) and (s, t) are adjacent in G".

Therefore, any two vertices in N o [(w, v)] are adjacent. Hence
G'[N s [(w, v)]] is complete. This implies that (u, v) is simplicial in G*.

Theorem 4.2. Consider two fuzzy graphs Gj : (o1, 1) and Gag : (cg, 19)

on crisp graphs Gy : (V, E) and Gs : (V, E) respectively. A vertex (u,v) is
simplicial in the strong product Gy o Gy if and only if u is simplicial in the

fuzzy graph Gy and v is simplicial in the fuzzy graph Gs.

Proof of Theorem 4.2. Let G = Gj o Gy be the strong product of the
fuzzy graphs Gy and Gs.

Let (u, v) be simplicial in G. Then (u, v) is simplicial in G* and all the
edges of G'[N o [(w, v)]] are effective. By theorem 4.1, u is simplicial in Gy
and v is simplicial in G;. Let xy be any edges in Gy [NG{‘ [u]]. Suppose xy is
not effective in G;. Then py(xy) < o1(x) A o1(y).

For the edge (x, v)(y, v) in G*[IV, o [(w, V)]}

(11 © p2)((x, V) (3, V) = P (xy) A 62(V) < 01 (x) A 01(¥) A 52(v)

= (01 ° 02)(x, v) A (01 © 03) (3, V)

Thus the edge (x, v)(y, v) is not effective in G. This is a contradiction.
Hence xy is effective in Gj.

Thus all the edges in Gj[N[u]] are effective. Similarly, all the edges in

G5[N[u]] are also effective. Hence u is simplicial in G; and v is simplicial in

Gy,

Conversely assume that u is simplicial in Gy and v is simplicial in Gy.
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Then u is simplicial in G; and all the edges of G;[N[u]] are effective; v is

simplicial in G5 and all the edges of G5[N[u]] are effective.

By theorem 4.1, (u, v) is simplicial in G*. Let (x, y)(s, t) be any edge in
G'[N[(w, v)]} Then x, s € Gi[N[(x, v)]] and y, ¢t € Go[N[(x, v)]}

Case 1. x = s, yt € Ey

Since v is simplicial in Gy, yt is effective in Gg. So

(M1 © b2) (%, ¥)(x, 1)) = 01(x) A po(y2) = 61(x) A 02(¥) A 2(2)

= (01(x) A 03(y)) A (01(x) A 01(8)) = (01 © 52) (x, ) A (07 ° 02 (x, 1)

Case2. y=t,xse I,

Since u is simplicial in Gy, xs is effective in G;. Now

(1 o p2) ((x, ¥)(s, ) = pi(x8) A 63(y) = 61(x) A G3(5) A G2(y)

= (01 ° 62) (%, ¥) A (07 ° 52) (s, »)

Case 3. xs € E;, yt € Ey

Here «xs is effective in Gy and yt is effective in Gy.

(M1 © pe) (%, y)(x, 1) = m(x, 8) A pa(y, 1) = 01(x) A 01(S) A 03(y) A O2()

= (01(x) A 52(3)) A (01(5) A 02(2)) = (07 ° 02) (%, ¥)) A (07 © 02) (s, 7))

Hence (x, y)(x, £) is effective in Gy o Gy all the three cases.

Hence G[N[(u, v)]] is complete. Thus (u, v) is simplicial in Gj ° Gy.

Theorem 4.3. Let G : (o1, 1) and Gy : (09, pg) be two fuzzy graphs on
Gy : (V, E) and G; : (V, E) respectively. Then

() The edge (u, y)(u, t) is effective in Gy o Gy if and only if the edge yt is

effective in Gg.
(i1) The edge (x, v)(s, v) is effective in Gy o Gy if and only if the edge xs is
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effective in Gj.

(i11) The edge (x, y)(s, t) is effective in Gy o Gy if and only if the edge xs is

effective in Gy and yt is effective in G.
5. Simplicial Vertices in Lexcicographic Products

Theorem 5.1. Let Gy : (V, E) and Gs : (V, E) be two fuzzy graphs. A
vertex (u, v) is simplicial in G;{[G3] if and only if u is simplicial in G; and v
is simplicial in Gs,.

Proof of Theorem 5.1. Let (u, v) be simplicial in G{[G5]. Suppose u is

not simplicial in Gy'. Then there exists w € N G [u] such that uw ¢ E;. Then

the edge (u, v)(w, v) is not in G{[G5]. So (v, v) is not simplicial in Gy[G5]
which is a contradiction. Hence u is simplicial in Gy. Similarly, v is simplicial
in G;.

Conversely assume that u is simplicial in G; and v is simplicial in Gs.

Suppose (u, v) is not simplicial in G{[G5]. Then there exist non-adjacent

ti , s t) € N ur
vertices (x, y)(s, t) € GG

]((u, v)). Therefore either xs ¢ E; or x = s and
yt ¢ Ey. This implies that either u is not simplicial in G; or v is not
simplicial in G3. This contradiction shows that (u, v) is simplicial in G{[G5].

Remark 5.2. If v and v are simplicial in fuzzy graphs G; and Gy
respectively, then the vertex (u, v) need not be simplicial in the lexicographic
min-product G;[Gs] For example, in the following figure 5.1, u; is simplicial

in G; and v; is simplicialin Gy, but (u;, v;) is not simplicial in G;[Gg], ;-
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Gy: (0, fty) .
1AE 6y: (03, 152) G1[Galmen = (0,12

u,(0.5) 4(0.6) (uy, v,)(0.6} 0.5 (uy,73)(0.8)

.
O 008 0.6 (11, 7,)(0.8)

Figure 5.1.
Theorem 5.3. Let G : (o1, 1) and Gy : (o9, ng) be two fuzzy graphs on
Gy : (V,E) and Gs :(V, E) respectively such that oy, 1, Go, g are all
constant functions of same constant value. Then a vertex (u, v) is simplicial in
the lexicographic min-product (or max-product) of Gy with Gy if and only if u
is simplicial in Gy and v is simplicial in Gs.
Proof of Theorem 5.3. Since oy, |11, 09, lo are all constant functions of

same constant value, Gy, Gg, G1[Gs] i, and G;[Gs] are all effective fuzzy

max

graphs. Hence the result follows from theorem 5.1.
6. Simplicial Vertices in Maximal Product
If u is simplicial in a graph G; and v is simplicial in a graph Gj, then the
vertex (u, v) need not be simplicial in maximal product G e G;. Here in
figure 6.1, u; and uy are simplicial in G; and v; and vy are simplicial in

G5. But no vertex is simplicial in the maximal product Gy ¢ Gs.

61 G; (uy,v,) GieGz
Uuq vy (‘"1_1”2)
Uy Va (Ua.174) (uy,v3)

Figure 6.1.

Theorem 6.2. Let Gy : (V, E;) and Gs : (Va, Ey) be two graphs with

p1 > 2 and pg > 2 vertices respectively. Then their maximal product Gy e G

has no simplicial vertex.
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Proof of Theorem 6.2. Let (i, v) be any vertex in Gj e G;. Let u be

adjacent to a vertex x in G; and v be adjacent to a vertex y in Gy. Then (u, v)

is adjacent to (u, y) and (x, v) in Gj e G5. But by the definition of maximal

product, (u, y) and (x,v) cannot be adjacent. Therefore (u,v) is not
simplicial in Gy ® Gs.
Theorem 6.3. Let G and G35 be two graphs such that G has exactly

one vertex u. Then a vertex (u,v) in the maximal product Gy &Gy is

simplicial if and only if v is simplicial in Gs.

Proof of Theorem 6.3. If G; has exactly one vertex u, then Gy e G5 is

isomorphic to G5. Hence the theorem follows.

Theorem 6.4. If G5 has exactly one vertex v, then a vertex (u, v) in the

maximal product Gy e Gy is simplicial if and only if u is simplicial in Gy.

Theorem 6.5. Let G : (o1, 1) and Gy : (o9, ng) be two fuzzy graphs on
Gy : (V, E) and G;, : (V, E) respectively such that V; = {u} and oy, oy and
Uo are all constant functions of same constant value. Then (u, v) is simplicial

in Gy ® Gy if and only if v is simplicial in Gs.

Proof of Theorem 6.5. Since 67, o9 and py are all constant functions of
same constant value, Gy and Gj e Gy are effective fuzzy graphs. Hence the

result follows from theorem 6.3.

Theorem 6.6. Let G : (o1, 1) and Gy : (o9, ug) be two fuzzy graphs on
Gy : (V, E) and G; : (V, E) respectively such that Vo = {u} and oy, 69 and
w; are all constant functions of same constant value. Then (u, v) is simplicial

in Gy ® Gy if and only if u is simplicial in Gj.
7. Conclusion

In this paper, the conditions for a vertex to be simplicial in the direct
sum, strong product, Lexicographic product and Maximal product of two crisp
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graphs are derived. Using them and the effective edge properties, the

conditions for a vertex to be simplicial in the above operations of two fuzzy

graphs are discussed.
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