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Abstract 

Cahit introduced cordial labeling [4] in the year 1987. Cordial labeling is defined as a 

function    1,0:  KV  when each edge ab  is assigned the label    ba   with the 

condition     110   vv  and     110   ee  where  0v  and  1v  represent the 

number of vertices with 0’s and 1’s, similarly,  0e  and  1e  represent the number of edges 

with 0’s and 1’s. We intent to prove following graphs such as subdivided shell graph SSG(n)  

admits cordiality, subdivided shell graph SSG(n) with star graph attached to its apex admits 

cordiality, subdivided shell graph SSG(n) attached to each vertex of the path are cordial.  

1. Introduction 

Assigning numbers to the points or lines or to both with few constraints is 

termed as Graph labeling. Alexander Rosa [10] established the concept of 

graceful labeling in the research area of Graph Labeling. Cahit [4] introduced 

another labeling method called as cordial labeling. Cordial labeling is defined 
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as a function    1,0:  KV  when each edge ab  is assigned the label 

   ba   with the condition     110   vv  and     110   ee  

where  0v  and  1v  denote the number of vertices with 0’s and 1’s, 

similarly  0e  and  1e  denote the number of edges with 0’s and 1’s. In [1], 

[2] Andar et al. proved that the multiple shells, helms, flowers and closed 

helms are cordial. Amit et al. [3] proved that the shadow graph of star, 

splitting graph of star, degree splitting graph of star, jewel graph and jelly 

fish graph are cordial. Cahit [5] proved the cordiality for the complete graph 

iff 3n  and ladders, friendship graphs, paths, wheels, pinwheels are 

cordial. Deb and Limaye [6] introduced the shell graph and the subdivided 

shell graphs were introduced by Jeba Jesintha and Hilda [8]. Meena et al. [9] 

proved that shell graphs, multiple shell graph, star of shell graph, the cycle of 

shell graphs are cordial. For more results, one can refer dynamic survey by 

Gallian [7].  

We intent to prove following graphs such as subdivided shell graph SSG 

( ) admits cordiality, subdivided shell graph SSG(n) with star graph attached 

to its apex admits cordiality, subdivided shell graph SSG(n) attached to each 

vertex of the path are cordial. 

2. Definitions 

In this section we give few definitions as in the literature [7].  

Definition 2.1. A cycle nC  with  3n  chords and a common end point 

called as apex is defined as shell graph [6]. Shell graphs are also termed as 

fan graph. See Figure 1. 

Definition 2. 2. In the shell graph [figure 1], if each path is subdivided, 

we get a subdivided shell graph [8]. See Figure 2.  
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      Figure 1. Shell graph.     Figure 2. Subdivided shell graph. 

Definition 2. 3. Path union of a graph H is defined as attaching a graph 

 niHi ,,2,1   where 2n  to each vertex of the given path P [11].  

3. Main Result 

Under this section, few theorems on subdivided shell graphs SSG are 

proved. 

Theorem 3.1. The graph SSG(n) is Cordial.  

Proof. The shell graph S with apex as v and the other vertices denoted by 

nuuuu ,,,, 321   as shown in Figure 1. We denote subdivided shell graph as 

SSG. The vertices of the SSG(n) be 1321 ,,,,  nuuuu   representing the 

vertices of the edges subdivided in S. The graph G is shown in Figure 2. Let 

    ., qGEpGV   Note that .23,2  nqnp  

Define the vertex labeling for G as    1,0:  GV  

  0 v  

 
 

 






 

2mod0;0

2mod1;1
u   for n1  

 
 

 






 

2mod0;1

2mod1;0
u  for 11  n  

Number of vertices with labels 0’s and 1’s be denoted as for  0e  and 

 1v  respectively.  
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From the above defined vertex labeling we get    .10   vnv  

Number of edges with labels 0’s and 1’s be denoted as  0e  and  1e  

respectively.  0e  and  1e  are computed as follows.  

Case 1. Where n is even  

   11
2

3
0   e

n
e  

Case 2. Where n is odd   

 





 2

3
0

n
e   

  1
2

3
1 







n

e  

Thus, the above labeling pattern satisfies the conditions 

    110   vv  and     .110   ee  Hence subdivided shell graph 

admits cordial labeling.  

Theorem 3 2. The subdivided shell graph SSG(n) with star attached at 

its apex admits cordiality. 

Proof. Let H be the SSG(n) with star attached at its apex. Let v be the 

apex of the subdivided shell graph H. We denote the pendant vertices from v 

in the graph H be .,,,, 321 rwwww   Let the other vertices in H adjacent to 

v be denoted as .,,,, 321 nuuuu   The vertices in H not adjacent to v be 

denoted as .,,,, 1321  nuuuu   The graph H is shown in Figure 3. Let 

    ., qHEpHV   The graph H has .23,2  rnqrnp   

Define the vertex labeling of H as    .1,0:  HV   

  0 v   

 
 

 






 

2mod0;0

2mod1;1
u   for n1  

 
 

 






 

2mod0;1

2mod1;0
u  for 11  n  
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2mod0;0

2mod1;1
w  for r1  

 

Figure 3. The graph H. 

Number of vertices and edges with labels 0 and 1 are denoted as 

   0,0  ev  and    1,1  ev  respectively and they are computed as follows.  

Case 1. Where rn,  is odd 

  1
2

0 
r

nv   

  n
r

v  2
1  

   11
2

3
0  


 e

rn
e  

Case 2. Where n is ever, r odd 

  1
2

0 
r

nv  

 
2

1
r

nv    

  1
2

3
0 






 


rn
e  

 





 
 2

3
1

rn
e  
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Case 3. Where rn,  is even 

   1
2

0   v
r

nv  

   11
2

3
0  


 e

rn
e  

Case 4. Where n is odd r is even  

   1
2

0   v
r

nv  

  1
2

3
0 






 


rn
e  

 





 
 2

3
1

rn
e  

From the above labeling it is observed that     110   vv  and 

    .110   ee  Hence, the subdivided shell graph with star attached at 

its apex admits cordiality. 

Theorem 3.3. SSG(n) attached to each vertex of the path admits 

cordiality. 

Proof. SSG(n) attached to each vertex of the path obtained by attaching r 

copies of subdivided shell graphs namely rSSSS ,,,, 321   to the vertices 

rpppp ,,,, 321   of the path P be denoted as G. Graph G is described in the 

following way. The vertices of 1S  which are adjacent to 1p  are denoted by 

.,,,, 11
3

1
2

1
1 naaaa   The vertices of 1S  which are not adjacent to 1p  are 

denoted by .,,,, 1
1

1
3

1
2

1
1 nbbbb   Similarly, the vertices of 2S  which are 

adjacent to 2p  are denoted by .,,,, 22
3

2
2

2
1 naaaa   The vertices of 2S  which 

are not adjacent to 2p  are denoted by .,,,, 2
1

2
3

2
2

2
1 nbbbb   In general, the 

vertices of rS  which are adjacent to rp  are denoted by .,,,, 321
m
n

mmm aaaa   

The vertices of rS  which are not adjacent to rp  are denoted by   

.,,,, 321
m
n

mmm bbbb   Figure 4 shows the graph for G. Labeling for the vertex 

be defined as    .1,0:  GV  The vertices and edges of the graph G be 
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    .13,2  rnrGEnrGV  

 

Figure 4. SSG(n) attached to each vertex of the path. 

Define the vertex labeling of G as: 

Case 1. Where n is ever 

 
 

 






 

3mod0;0

3mod2,1;1
p  for r1  

 
 

 
,

2mod0;0

2mod2,1;1








 

ta  for ,1,1 nmt   

Where  3mod2,1t  

 
 

 
,

2mod0;1

2mod1;0








 

tb  for 11,1  nmt  

Where  3mod0t  

 
 

 
,

2mod0;0

2mod1;1








 

tb  for 11,1  nmt  

Case 2. When n is odd 

  ,0 p  for r1  

 
 

 
,

2mod0;0

2mod1;1








 

ta  for ,1,1 nmt   

 
 

 
,

2mod0;1

2mod1;0








 

tb  for 11,1  nmt  

Let    0,0  ev  and    1,1  ev  be the number of vertices and edges with 

1 respectively in G.  
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Now  0v  and  1v  are computed as follows:  

From the above defined vertex labeling we get    .10   vnrv  

Now  0v  and  1v  computed in the following cases. 

Case a. Where r is even and for any n 

  2
2

13
0 






 


nr
e   

  1
2

13
1 






 


nr
e  

Case b. Where r is odd and n is odd  

  3
2

3
0 







nr

e  

  2
2

3
1 







nr

e  

Case c. Where r is odd and n is even  

   1
2

53
0  






 
 e

nr
e  

From the above labeling it follows that     110   vv  and 

    .110   ee  Hence path union of subdivided shell graph admits 

cordial labeling. 

4. Conclusion 

This paper proved the following graphs such as subdivided shell graph 

SSG(n) admits cordiality, subdivided shell graph SSG(n) with star graph 

attached to its apex admits cordiality, subdivided shell graph SSG(n) 

attached to each vertex of the path are cordial. 
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