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Abstract

An outer-independent Total Roman dominating function (OITRD) on a graph éNew with

vertex set V(Gpep) is defined as a function f : V(Gpew) — {0, 1, 2}, such that every vertex

U € V(GNgyw) With f(U) =0 has at least two neighbors allocate 1 under f or one neighbor w

with f(w) =2 is independent. The weight of an OITRD f is the value w(f) = Zf(i). The

ieV(GNew)
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minimum weight of an OIIDF on a graph dNew is called the outer-independent Total Roman

domination number \POITR(GNew) of éNew- In this paper, we initiate the study of the outer-

independent Total Roman domination number and present the bounds on the outer-independent
Total Roman domination number in terms of the proposed inverse 4-—challenging fuzzy

dominating set and inverse 4-challenging fuzzy domination number XZ%’F of challenging fuzzy
graph Geop. The weight of an OITRD is the sum of its function values over all vertices, and the
outer independent signed total Roman domination number (OITRD -number) lPOITR(éNew) is

the minimum weight of an OITRD on G New- In addition, some result is obtained .

1. Introduction

Dominating set problems are among the most important class of

combinatorial problems in graph optimization, from a theoretical as well as

from a practical point of view [1]. For a given graph G = G(V, E), a subset

D <V of vertices is referred to as a dominating set if the remaining

vertices, 1.e., % is dominated by D according to a given topological relation

(e.g., they are all adjacent to at least one vertex from D). Dominating set
problems (also often called domination problems in graphs) have attracted
the attention of computer scientists and plied mathematicians since the early
50s and their lose relation to covering and independent set problems has lead
to the development of a whole research area. There are many applications
where set domination and related concepts play a central role, including
school bus routing, communication networks, radio station location, social
networks analysis, biological networks analysis and also chess-problems.
Variants of dominating set problems e.g., the connected dominating set
problems the (weighted) independent dominating set problems, among others

for further of the dominating set problems [2, 3].
2. Preliminary

In this paper, we shall only consider graphs without multiple edges or
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That is to say NA[U] = {#] u0 € E(Gpepyp), & € A}. The closed neighborhood
N[6] of ¥ in A is defined as N,[i] = {ii} U NA(©). If A = V(Gppy), then
NA[U] and N,[v] are denoted by N,[0] and N,[U], respectively. Let

A = V(GNew), We write Ng [A]zuNéN (X). The degree of U is
ew ew

D@®)=| N@©)|. A set A< V(Gpew) of Gpep is independent if any two
vertices in A are not adjacent in Gy, A leaf of Gy, is a vertex of degree
one and a support vertex of Gy, is a vertex adjacent to a leaf. The set of
leaves of Gy, is denoted by y(Gp,,) and the set of support vertices by

A(éNew)’ Since outer-independent total domination and outer independent

total Roman domination is not defined for graphs having isolated vertices, so
all the graphs considered herein have no isolated vertices [14]. Given an

OITDS D of a graph Gy, a vertex v e D is said to have a private neighbor

2.1. Proposal OITR Graphs

If G is a disconnected graph and g, g9, ..., §g are the connected
components of g, where R > 2, then by Theorem 1, Boyr (g,) for each g,
Hence, g is an OITR graph if and only if each g, is an OITR graph. So, in

what follows, we only consider connected OITR graphs.

Lemma 1. Let g be a connected OITR graph and d" be Borr-set of g.

Then every vertex in d" has a private neighbor.

Proof. Let ver be any vertex in d". By the definition of an OITDS,
N(ver) nd" # ¢. Suppose that ver has no private neighbour. Then every

"

ver(g) .

vertex in =2 1s adjacent to a vertex in —— .
d {ver}

Consider a function f = (V(g)/d", {ver}, d" /{ver}). Then f is an OITRD
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function on g and off)=1+2(d"|-1)=2|d"|-1=2Borr(g)-1
contradicting that g is an OIT-Roman graph. Thus, every vertex in d” has a

private neighbor.
Lemma 2. Let g be a connected OIT-Roman graph and d" be a Bopp -set

of ver € d" Then any vertex ver € d" has a leaf neighbor.

Proof. By Lemma 1, verhas a private neighbour, say #. Hence,
N(@&) nd" = {ver}. Note that V(g)/d" is independent we obtain that # has

only one neighbor ver in g. Thus, # is a leaf neighbour of ver.

2.2. Converse 4- challenging fuzzy domination in anti fuzzy graphs

Gep-

Definition 2.2.1. A subset vertex p of V(G¢p) is said to be 4-challenging
fuzzy dominating (4cpy) set of Gep if for every vertex A € V —p there is

at least two vertices Bj, By € p such that (4, B,) = §(A)Vo(B,) and
a(A, B) = HA)VH(By).

Definition 2.2.2. A 40p; set of Gop with minimum number of vertices
is called minimum 4-challenging fuzzy dominating (4¢0py) set of Gep. A
challenging fuzzy (4cp;) domination number is define is take maximum

cardinality for all (Max4cp,) set and denoted by y4cF-

Definition 2.2.3. Let G¢p = (¢, ) be any challenging fuzzy graph

without isolated vertex and p be a (Max4cgy) set of Gop, if V —p contains
a 4cpg set p' then D' is called inverse 4¢py set of Gop w.r.tp. The

maximum cardinality taken over all minimum inverse 4cp; sets of is called

converse 4-domination number of Gor and denoted by XZ};‘F (Ger)-

Example. Consider a challenging fuzzy graph Ggp, which is given in
Figure 1. The Max4cpg sets of Gep are pp ={U, Uy, V1, Vo}
pe = 1{A, B, U, V}.
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xacr = max[ p; |, | p2 || = max[2.3, 4.5] = 4.5 = | py|, then p; is inverse

-1
4CFd set, thus X4CF = | P1 | = 2.3.

Figurel. converse 4-challenging fuzzy dominating set.
Preposition 2.2.4 (). y4cr(Y,) = max[p(A)+ ¢(B)] VA, B € V(Y(P),
z 2 5.

(1) Let Ggop = I, vertices and z > 3. and every edge is effective then
24
racr(Yz) = max {Z 2_o9Wpiga )b =1, 2}.

(i) If Gegp = I<P1,<P2 is a complete bipartite challenging fuzzy graph with

i, J vertices then

|A] if4<i<8

max[p(A, )+ o(Ap)+o(Yy)]i, j >4, a,,a, € Aandb,, b, € B

Theorem 2.2.5. For any challenging fuzzy graph Geogp has an inverse

4cpg set, then a vertex A € V —p belongs to every inverse 2¢py set of Gep if

a has either two or three neighbors.

Suggestion 1. Let Gop = (¢, o) be any anti graph has no isolated

vertex, if inverse 4y exist then Ggop contains at least four vertices.

Proof. Let D be a Maxx4cpy set of Gep, since Gop has no isolated
vertex, so ) contains at least two vertices. If inverse 4cp; set exists then
V-D contains 4¢p; set with respect to D. Thus V —D. has at least two

vertices.

Observation 2.2.6. For any anti fuzzy graph has no isolated vertex,

Advances and Applications in Mathematical Sciences, Volume 21, Issue 2, December 2021



710  S. KALAISELVI, J.G. E. JEBAMANI and P. NAMASIVAYAM
every inverse 4oy set is inverse fuzzy dominating set.

Suggestion 2. if there is inverse 4¢p; set of Ggp then
xacr + 1alr < P.

Proof. Consider D and D' are Max4cp; set and inverse 4cpy set of
Gep  respectively. Then D' cV-D. So D <|V-D|. Thus
xatr < p < vacr- Hence, yycp + xatr < P.

Corollary 3.2. For any challenging fuzzy graph if there is inverse 4cgy

set, then [p(a) + ¢(b)] < yatr < ZUa where a, b € p' and U, € V - D.

Preposition 2.2.7. If 1y, is a complete bipartite anti fuzzy graph with

i, j vertices then

| Al ifda<i<8andi<j
max | B| ifa<j<8andj<i
xatr Lo, ,) = min| A} [B]] i=j<4

{1 A | B[l max[p(Aq) + o(Ap) + ¢(Yp)]i, j 2 4, aq, ap
e Aandb,, by € B-D
Proof. Let V(I¢1,¢2) = A U B, where A ={q, ag, ..., q;},
B =1{b, by, ..., bi}. And let D is Max4cpy set of I41,4,- There are three
cases:
Casel. If i or j less than four, then there are two subcases as follows.

Subcase 1. If 4 =i < j then it is clear that D = {a;, ay} where

@y, ag € A is Max4cpg, set. Such that | D | = xacF Lo, oy

) =| B|. Similarly

) =| A|. Thus the

set B is inverse 4¢opy set of I

-1
01,0, Such that yzcr(Z,

oL, 09

if 4 =1i<j, XZlcF(LpL(pz) =] Al

Subcase 2.If i < j < 8 it is clear ygop (1,

ol, (pz): min[lAl’ | Bl]

Case 2. If 1 = 8, then
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xatr Ly, op) = {| B, maxale(ay) + olay) + olbe) + ¢(b))]; ax, ay € A~ D

and b,, b, € B - D. Likewise if j = 8 then

xatr Ly, o) = {| Al, maxale(a,) + olay) + ¢(b;) + (b, )], ar, a, € A= D

Case 3. If j =9. It is clear by preposition a Max4cp; set of Iy 4,

contains four vertices take two vertices of each sets A and B with maximum

cardinality value. Thus the inverse 4cpy set of Iy g, is Maxdcpy set of

I(|)1—2, ¢2 —9- Thus,

1a0r (Tt o) = 1acr T2, 4y-2) = max[o(a,) + o(ay) + o, ) + @(by), i, j > 8
and a,, a, € A- D, by, by e B- D] Hence, the results is obtains.

Preposition 2.2.8. Every inverse 4¢cp,; set of Gop = (9, a) is inverse 4-
dominating set of challenging crisp graph G¢ = (¢*, o).

Proof. Let D" be an inverse 40p; set of Gop, then for every vertex
beV -D" has at least two effective neighbors in D", ie. There are
ay, by € D" such that (b, a;)ved)>0 thus (b, a)ea” and
a(d, as) = ¢(ag) v @b) > 0, (b, ay) € a*. Therefore D", contains two

neighbours of b. Hence, the theorem is prove.

Example. Consider Gop = (9, @) and Gp = (¢°, ) in figure 2(a, b)
respectively Clearly Hardness Result of Outer-Independent Total Roman
Domination in Challenging Fuzzy Graphs {(b, e), (c, )} is inverse 4-

dominating set of G¢ = (9", o) but not inverse in Gop = (o, o).

Figure 2. (a) Challenging fuzzy graph and (b) crisp graph.
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Theorem 2.2.9. Let Gop = (¢, o) be a challenging fuzzy graph. Then D"
be inverse 4cpy set Gop such that | D" | = yzep is minimal if for each vertex

a € D", either, 1, N(a) " D" < 4 or 2. There exists a vertex b € V — D" such
that N(b) D" < 4ab e N(b).

Proof. Let D" be an inverse 4¢py set of Gop such that | D" | = xaép.
Assume that the above conditions are not holds, i.e. there exist @ € D" such
that N(a) D" > 4 and for each vertex b € V — D" either N(b) " D" > 4 or
b ¢ N(a). Consider a = D" — {a}, since a has at least two neigphbors in D"

Thus X is inverse 4¢p; set of G, which contradiction with minimality D".

Conversely. Let D" be an inverse 4cp; set of Gcp satisfying the

conditions (1) and (2).Consider X = D"~ {a} for any vertex a e D" If
condition (1) holds then X is not inverse 4¢py set, and if (2) holds then X has

one neigphbor of b .then b is not inverse 40y set. Hence, D" is minimal

inverse 4c0gy set of Gop.

3. Conclusion

This paper considers the properties of the outer-independent domination.
More recently, known as Roman-f2g domination, Total Roman domination
was proposed in this paper. We show bounds relating the outer-independent
Total Roman domination number to the proposed challenging fuzzy number,
order and diameter. The results partially answer theorem 1 and 2 proposed
by this work respectively. Moreover, we have characterized all OIT-Roman
domination graphs and given a proposed challenging Fuzzy graph for

recognizing an OIT-Roman Domination graph, which answers theorem 3.
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