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Abstract 

In the present paper, we introduce synthetic and generalized synthetic elements in unital 

algebras. These elements are two subclasses of invertible elements. Several results on synthetic 

and generalized synthetic elements are given. For instance, it is established that if a and b are 

synthetic elements, then ab 1  if and only if ,22 eba   where e denotes the identity. 

Also, we give a sufficient condition for the product of two synthetic elements to be synthetic. 

Finally, we prove that a matrix  3
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1. Introduction and Preliminaries 

The study of specific elements in various algebraic structures such as 

group, ring, lattice, module and algebra is an interesting topic for 

mathematicians. An element a in a ring R is called a regular element if there 
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exists Rb   such that .2baa   Such b is called von Neumann inverse for a. 

The set of all regular element of R denoted by  .RVr  In [1], a 

characterization of such elements in ,n  the ring of integers modulo n, has 

been given. Danpattanamongkon and Kemprasitin [4], during their study on 

BQ-semigroups, characterized regular elements of  ..,n  Indeed, they 

proved that for  .,, nVrxx    if and only if x and 
 nx

n

,
 are relatively 

prime.  

Let R be a ring with a unit 01   and an involution  aa  satisfying 

      babaaa ,  and   .
 cbab  We say that Ra   is Moore-

Penrose invertible (or MP-invertible), if there exists Rb   such that the 

following hold [11] 

    .,,, babaababbbabaaba 


 

Any b that satisfies the above conditions is called a Moore-Penrose 

inverse of a. It is well known that the Moore-Penrose inverse is unique when 

it exists. The Moore-Penrose inverse of a denoted by .a  Authors in [11] have 

studied Moore-Penrose inverses in rings with involution.  

An EP element a in a ring is an element which commute with its Moore-

Penrose inverse .a  An EP element is also called *-gMP element in [9]. In [8, 

Theorem 2.1], many necessary and sufficient conditions for an element of a 

ring with involution to be EP, have been presented. Also, a partial isometry a 

in a ring with involution is such that .aa   In [7], Mosic and Djordjevic 

have characterized partial isometries and EP elements in rings with 

involution. For more information on special elements in various structures, 

we refer the interested reader to [2], [5], [7-14].  

Throughout this paper, A denote an unital normed algebra. 1A  and 

 AE  will denote the group of all invertible and idempotent elements in A, 

respectively. For any element ,Aa   we define the commutant of a by 

   .: xaaxAxacomm   By     baxxffL  |::   and 

    ,|:: bazzffL    we denote the algebra of all linear 
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function with composition as product. The spectrum and spectral radius of an 

element Aa   defined as    1:  Aaea   and   ar  

 ,:inf
1

na n
n  respectively. ,  and  stand for the set of all natural, 

real and complex numbers, respectively. Any unexplained notion can be 

found in [3] and [8].  

The rest of this article is organized as follows. In the next section, the 

notion of a synthetic element is introduced and many examples are given. 

The set of all synthetic elements in A denoted by .sA  Furthermore, some 

basic results on synthetic elements are established (Propositions 2.5 and 2.6). 

Also, we show that if ,, sAba   then ab 1  if and only if eba  22  

(Theorem 2.7). Given ,, sAba   we give a sufficient condition for ab  to be 

synthetic (Proposition 2.9). Some results about the spectrum of a synthetic 

element are established in Proposition 2.12. Section 3 has been devoted to 

introduce the notion of a generalized synthetic element in unital algebras. 

Some useful information about generalized synthetic elements in unital 

Banach algebras are presented in Proposition 3.3. Finally, generalized 

synthetic elements of algebras of matrices with real entries of orders 2 and 3 

are characterized (Theorem 3.5).  

2. Synthetic Element in Unital Algebras 

We begin with the following definition.  

Definition 2.1. We say that Aa   is synthetic when 1 Aa  and 

.1 eaa     

By ,sA  we denote the set of all synthetic elements in A. 

Obviously, if ,sAa   then .1 sAa   Furthermore, if A is a ∗-algebra 

and ,sAa   then .sAa   Also it is easy to see that  .AVrAs   Further, 

if  AVra   and b is a von Neumann inverse for a, then sAa   if and only if 

.sAb   If ,sAa   then a is Moore-Penrose invertible and .1 aa  It is 
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routine to check that every synthetic element is EP. Also sAa   is partial 

isometry if and only if .1  aa  

Example 2.2. (i) Consider ,A  the complex numbers algebra. Then 

.
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(ii) ,A  the real numbers algebra, has no synthetic element.  

(iii)   .
s

L    

(iv)    .
2
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Proposition 2.3. Let  2M
dc

ba
A 








  such that 1,0,  adcb  

and .da   Then  sMA 2  if and only if 1det A  and .1 ad   

Proof. Assume that   .2
s

MA   Then we have  

2
1 IAA    (2.1) 

where 2I  denotes the identity matrix of order 2. Therefore we have 

  bbcadb   and   .cbcadc   Since ,0, cb  so .1det A  Also, it 

follows from (2.1) and 1det A  that .
11 d

a

a

d





 The rest of what we 

need follows from 1ad  and .da   The converse is straightforward.    

Example 2.4. Consider .
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By Proposition 2.3,   .2
s

MA    

In the following, some basic results on a synthetic element are given.  

Proposition 2.5. (i) Let A be an unital normed algebra. Then sA  is a 

norm-closed subset of .1A   
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(ii) Let A and B be unital algebras and BA  :  homomorphism. If 

,sAa   then   .sBa    

(iii)   .sAAE    

(iv) Let .sAa   Then nnn aaa   12  for any integer number n.  

(v) Let sAa   and .2  n  Then  







.2

11

oddisn

evenisn
aa nn   

Proof. (i) Let   s
n Ax   be an arbitrary sequence such that 

.1 Axxn  as .n  We have exx nn  1  for any .n  Since 

,xxn   as ,n  so .11   xxn  Therefore .11   xxxxe nn  

Hence, ,1 exx  
 as desired.  

(ii) Since ,sAa   so .1
Aeaa    Notice that   .1 Ba  Also, it is 

easy to show that     .11 
 aa  On the other hand,    1 aa  

    ,1
BA eeaa    as desired.  

(iii) Suppose that   .sAAEa   It follows that .1 aa  Also, since 

,sAa   we conclude that ea
2

1
  which is neither synthetic nor idempotent.  

(iv) It follows from sAa   that .2 eaa   Therefore, .432 aaa   

Continuing the process, implies that nnn aaa   12  for any integer 

number n.  

(v) Let .2  n  Since ,sAa   it can be seen easily that 

 











odd. is 2

even is 1

ne

ne
aa nn

  This proves the assertion.    

In the following proposition, we consider A as a noncommutative ring 

with identity.  

Proposition 2.6. Let ba,  and .sAab   Suppose further, 

 .1 aCommb   Then  
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(i) .21 ab    

(ii) ,03  nn aa  for each positive integer n.  

(iii) ,03  nn bb  for each positive integer n.  

Proof. (i) Since ,sAab   we have   .
1

eabab 


 Then 

eabababab   1111  which implies   .1111 eababbba    

Since sAb   and  ,1 acommb   we have .111   ababea  Since 

,sAa   we have  

  abaeb 111    (2.2) 

which yields that .2 bae   Now it follows from the assumption sAb   

that .21 ab   Hence the result.  

(ii) First we conclude from part (i) that .111 eaba   Therefore, 

.01111   abaaa  This infers that .02  aba  Equivalently, 

.012  aba  By part (i), .21 ab   Hence 04  aa  which gives the 

desired conclusion.  

(iii) It is easy to show from (2.2) that .211 abeb    Since ,sAb   so 

.021  bab  Thus .022  ba  Now applying (i) yields that .3 eb   This 

gives the assertion.    

In the following, we give a necessary and sufficient condition for a 

synthetic element to be the inverse of another synthetic element.  

Theorem 2.7. Let ., sAba   Then ab 1  if and only if .22 eba    

Proof. Assume that .1 ab   By the proof of Theorem 2.7, 

  .
212 eaa    This completes the proof of this direction. Conversely, let 

.22 eba   Since ,, sAba   it immediately follows that 012  aa  and 

.012  bb  Therefore, 01122   baba  and so .11 eba    Now, 

since ,, sAa   we conclude that .1 ab    
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Corollary 2.8. Let ., sAba   If ,22 eba   then ., sAba   

Proof. Suppose by contradiction that ., sAba   According to Proposition 

2.6 (i), .21 ab   Now, Theorem 2.7 implies that  AEa   which contradicts 

to Proposition 2.5 (iii).    

The product of two synthetic elements need not be synthetic. For 

example, 
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According to Proposition 2.3,  sMBA 2,   but   .2
s

MAB   Now, we 

give a sufficient condition for the product of two synthetic elements to be 

synthetic.  

Proposition 2.9. Let ., sAba   Suppose further, a and b commute and 

.022  ba  Then .sAab   

Proof. It follows from the assumption 022  ba  that .011   baab  

Since, a and b are synthetic, we have .1111 ebabaabab    Finally, 

using  11   bcomma  completes the proof.   

In the following, we study the commutant of a synthetic element.  

Proposition 2.10. Let ., sAba   Suppose that abac   and .babd   

Then  

(i)  aCommc   and  .bCommd    

(ii)  nbComma 2  and  ,2 naCommb   for any .n   

Proof. (i) It follows from abac   that .11 bcaa   Since ,sAb   one 

can obtain .11 ebcaba   Therefore  .2 eabab   By using the 

assumption sAa   we have .12  baab  Now it can be seen easily that 

.12  ba  Therefore, aabaca  2  and .2 abaaac   Hence 

 .acommc   In exactly the same way,  .bcommd    
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(ii) First, we use from  acommc   in part (i) to obtain 2baaba   and 

ababa 2  and so  .2 bcomma   Now we have 

 
.2222222

2

abbabbaba
bComma




  

Continuing this process gives us  ,2 nbcomma   for any .n  In a 

similar manner, one can prove that  ,2 naCommb   for any .n    

Theorem 2.11. Let A be an unital Banach algebra, sAa   and   .1ar  

Then we have  






 

1

1 0

n

naa  

Proof. By [3, Theorem 2.9], ae   is invertible and   eae 
1

 







1
.

n

na  On the other hand, ,1 aae  since .sAa   Therefore 

.0
1

1 






n

naa    

Finally, we have the following result about the spectrum of a synthetic 

element and its powers.  

Proposition 2.12. Let .sAa   Then  

(i)    .1\ a   

(ii)    ,1\  na  for each even .n  

(iii)    ,2\  na  for each odd .n  

Proof. (i) Since 1,  AaeAa s  and so  .1 a   

(ii) If n  is even, then by the proof of Proposition 2.5 (v), 

1 Aae n  which means that  .1 na   

(iii) Suppose that n  is odd .3  Again, the proof of Proposition 2.5 (v) 

infers that 12  Aan  which means that  .2 na    
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3. Generalized Synthetic Element in Unital Algebras 

In the present section, we introduce the notion of a generalized synthetic 

element in unital algebras.  

Definition 3.1. Let A be an unital algebra. We say that Aa   is 

generalized synthetic when 1 Aa  and there exists an invertible element b 

in A such that .eba    

There is at most one b such that above condition holds and such b is 

denoted by .gsA  The set of all generalized synthetic elements of A is denoted 

by .gsA  Obviously, .gss AA   See the figure below.  

 

Figure 1. 

Example 3.2 (i) A quaternion is an expression of the form 

dkcjbia   are consisting of a scalar part and a vector part a is called 

the scalar part and dkcjbi   is the vector part. The algebra of quaternions 

is often denoted by H. Indeed,   dcbadkcjbiaH ,,,:  and has 

 kji ,,,1  as a basis. For details on this algebra see [6]. It can be seen easily 

that  1,0 HHgs  where kji 00000   and .00011 kji    

(ii)       1,0|  abaxxfRL
gs

 and .b   

The following proposition presents some useful information on 

generalized synthetic elements. 

Proposition 3.3. (i) For every  ,,0 eAa   we have   .aa
gsgs    

(ii) If A is a unital normed algebra, then gsA  is a closed subset of .1A   
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(iii) If ,,, gsAbaba   then   .ebaba gsgsgs
  

(iv) If ,, gsAba   then .gsAab    

(v) Let A be an unital normed algebra. Then    ,11 baab    

for every ., gsAba    

(vi) Let .gsAa   Then  AEa   if and only if  .AEags    

(vii) Let A be a division algebra. Then  .,0 eAAgs    

Proof. (i) is straightforward.  

(ii) Suppose that   gs
n Ax   be an arbitrary sequence such that 

,1 Axxn  as .n  Then, there exists a sequence  ny  of elements in 

1A  such that eyx nn   for each .n  On the other hand, since 1A  is 

closed, so ,yyn   as n  for some .1 Ay  Therefore, 

  eyx nn
n




lim  which implies that .eyx   This means that ,gsAx   

as required.  

(iii) is straightforward.  

(iv) Firstly, .1 Aab  Secondly, we have eaa gs   and .ebb gs   

Thirdly,     .ebbaa gsgs   It follows that gsgsgsgs babaabab   

.e  Now, since ,1 Ababaab gsgsgsgs
 thus .gsAab   Furthermore, 

we obtain   .gsgsgsgsgs
babaabab     

(v) We have       gsgsgsgsgsgs babaebeaeab     

   .111 bababa gsgsgsgs   

(vi) We have 

      gsgsgsgsgsgs aeaaaeaeaeAEa 
22

 

   .2
AEaaa gsgsgs    
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(vii) It is well-known that A is isomorphic to a copy of ,n  the n-

dimensional real algebra, up to an isomorphism  ([3]). It is routine to show 

that    .,0 engsn    Now, it follows from the fact that  preserves 

generalized synthetic elements. Hence the result.    

Remark 3.4. A glimpse at the structure of sA  shows that it is only a set 

which is sometimes empty; while gsA  is a semi group endowed with the 

product of A (it follows from Proposition 3.3 (iv)).  

Finally, generalized synthetic elements of the algebras  2M  and 

 3M  are characterized.  

Theorem 3.5. (i)  gs
M

dc

bq
A 2








  if and only if \detA  

 .11,0  d   

(ii)  gs
M

bbb

bbb

bbb

B 3

333231

232221

131211



















  if and only if \detB  

 ,1,0 NML   where  






3

1

,

i

iibL  

,

3

1,








ji

ii

jjiibbM  

and  


 



3

1

3

1

.

i i

jiijbbN  

Proof. (i) Suppose that   .2
gs

M
dc

bq
A 








  Hence there exists 

  1
2


 MB  such that .2IBA   
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Indeed, .
1

1














dc

ba
B  Since B is invertible, so 0det B  which 

implies that .1 dabcad  This means that .1det  daA  

Furthermore, 0det A  follows from the invertibility of A. The converse is 

obvious.  

(ii) First assume that   .3

333231

232221

131211
gs

M

bbb

bbb

bbb

B 

















  Then             

there exists   1
3


 MC  such that .3ICB   Then 

.

1

1

1

333231

232221

131211

























bbb

bbb

bbb

C  By simple calculations we have  

   312213322311332112322113312312332211det bbbbbbbbbbbbbbbbbbB     

and  

            332112322113312312332211 1111det bbbbbbbbbbbbC   

   .11 223113113223 bbbbbb    

It can be seen easily that  

    3322331122113322111det bbbbbbbbbC   

 311332232112 bbbbbb   

 322113312312332211 bbbbbbbbb   

 .312213322311332112 bbbbbbbbb   

Now, by taking   


3

1

3

1,
,,

i ji jjiiii bbMbL  and 

  


3

1

3

1
,

ij i jiijbbN  we have   .det1det BNMLC    

On the other hand, it follows from invertibility of B and C that 

.0det,det CB  Therefore, .1det NMLB   The converse is similar.  
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