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Abstract

In 1967, Rosa [5] introduced B-valuation labeling of a graph. Golomb [20] subsequently
called such labeling as a graceful labeling. In 1980, Graham and Sloane [15] introduced
harmonious labeling. In 1987, Cahit [8] introduced cordial labeling as a weaker version of
graceful labeling and harmonious labeling. In 2011, Varatharajan et al. [16] have introduced
divisor cordial labeling as a variant of cordial labeling. In this paper, we investigate divisor
cordial labeling for ladder, circular ladder, Mobius ladder, total graph of path and total graph of
cycle.

1. Introduction

We Dbegin with simple, finite, connected and undirected graph
G = (V(G), E(G)). For all standard terminologies and notations we follow

Harary [7]. We will give brief summary of definitions which are useful for the
present investigations.

Definition 1.1. A graph labeling is an assignment of integers to the
vertices or edges or both subject to certain condition(s). If the domain of the
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mapping is the set of vertices (edges) then the labeling is called a vertex
labeling (an edge labeling).
For an extensive survey on graph labeling and bibliographic references

we refer to Gallian [9].

In 1987, Cahit [8] introduced cordial labeling as a weaker version of
graceful labeling and harmonious labeling, which is defined as follows.

Definition 1.2. For a graph G = (V(G), E(G)), the vertex labeling
function is defined as f: V(G) — {0, 1} and induced edge labeling function
f*: E(G) — {0,1} such that for each edge wuv, f*(wv) =|f(u)- f@)| f is
called cordial labeling of graph G if the number of vertices labeled with 0 and
the number of vertices labeled with 1 differ by at most 1, and the number of

edges labeled with 0 and the number of edges labeled with 1 differ by at most
1. The graph that admits a Cordial Labeling is called a Cordial Graph.

Many researchers have explored variants of cordial labeling like prime
cordial labeling, product cordial labeling, divisor cordial labeling etc. In 2011,
Varatharajan et al. [16] have introduced divisor cordial labeling as a variant
of cordial labeling, which is defined as follows.

Definition 1.3. For a graph G = (V(G), E(G)), the vertex labeling
function is defined as a bijection f:V(G) > {1, 2,...,|V(G)|} such that

induced edge labeling function f* : E(G) — {0, 1} is given by

1, if f(w)/f)or f(v)/ f(w);

0, otherwise.

Fle=w)-|

Denote the number of edges labeled with 0 and 1 by ef(0) and ef(1)

respectively. f 1is called divisor cordial labeling of graph G if
| e£(0) — ef(1) | < 1. The graph that admits a divisor cordial labeling is called a

divisor cordial graph.
Varatharajan et al. [16, 17] have investigated divisor cordial labeling for
standard graph families. Vaidya and Shah [18, 19] have proved many results

related to divisor cordial labeling for some star related graphs. Barasara and
Thakkar [6] have derived results related to divisor cordial labeling for some
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cycle and wheel related graphs. Prajapati and Patel [21] discussed divisor
cordial labeling in context of Friendship graph. Murugan and Nisha [4] have
studied divisor cordial labeling of star attached paths and cycles.

Murugan and Devakiruba [3] as well as Rokad and Ghodasara [1] have
obtained divisor cordial labeling for some cycle related graphs. Divisor cordial
labeling for duplication of graph elements is studied by Thirusangu and
Madhu [12]. Devaraj et al. [11] as well as Muthaiyan and Pugalenthi [2]

obtained results related to divisor cordial labeling.

Definition 1.4. Let G and H be two graphs. The cartesian product of G
and H, denoted by G o H, has the vertex set V(G)xV(H) and (g, h) is

adjacent to (g, /') if g = g’ and hh' € E(H), or h = h' and gg’ € E(G).
Definition 1.5. The Ladder graph L, is defined as P, o P,.
Definition 1.6. The Circular ladder graph CL,, is defined as P, 0 C,,.

Definition 1.7. The Mobius ladder M, is a graph obtained from the

ladder P, o P, by joining the opposite end vertices of two copies of P,.

Definition 1.8. The total graph T(G) of a graph G is the graph whose
vertex set is V(G)U E(G) and in which two vertices are adjacent whenever

they are either adjacent or incident in G.

In this paper, we investigate divisor cordial labeling for ladder, circular
ladder, Mo6bius ladder, total graph of path and total graph of cycle.

2. Main Results

Theorem 2.1. The ladder graph L, is a divisor cordial graph.

Proof. Let vy, vy, Us, ..., Usp» Usp41, --- De the vertices of first path and
Ug, U3, Ug, ---» Ugky9s Uaht3, --- be the vertices of second path of ladder L,,.
Then | V(L,)| = 2n and | E(L,)| = 3n — 2.

We define a bijective vertex labeling f : V(L,) — {1, 2, ..., 2n} as follows.

f(v;) = Ix1x 2P0 for 1< < @,
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such that 1x1x 271170 > 1x1x 2

where p; is largest integer such that 27! < 2n,
f(V4qy) = 3x1x 2Pzl for 1 < < ay,

such that 3x1x 2P2*171 > 351 x1;

where py is largest integer such that 3 x 22 < 2n,
f(Virqy+ay) = 3% 3 % oP3*1l for 1 <i < ag,

such that 3x 3 x 2P3%17% > 3 3x1;

where p3 is largest integer such that 3 x 3 x 2P3 < on,
F(Virayvayray) = 3% 3% <2717 for 1< i < ay,

such that 3 x 32 x 2P4+170 > 3 32 1,

where p, islargest integer such that 3 x 32 x 2P4 < 2p,

IA

f(Visay+ag+ag+ay) = 3 % 33 x 2Pl for 1 < i < a5,

such that 3x 3% x 2P5+17 > 3% 33 x 1;

where ps is largest integer such that 3 x 3% x 2P5 < 2n,
Continuing in this way up to 3™ < 2n,
(Virarvags..vap ) = Bx1x 2P for 1 <i < by,

such that 5x1x 284170 > 5x1x1;

where q; is largest integer such that 5x1x 2% < 2n,

1-i .
f(vi+a1+a2+...+am1+b1) =5x3x 29277 for 1<i < by,
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such that 5x 3 x 292%17 > 55 3x1;
where gq is largest integer such that 5 x 3 x 292 < 2n,
2 1-i .

IC(Ui+al+aZ+“.+am1 +b1+b2) =5x3%x 2B for 1 <i < by,
such that 5 x 32 x 283+17% > 55 32 x 1;
where g3 is largest integer such that 5 x 32 x 293 < 2n,

1-i .

f(vi+a1+a2+...+am1+b1+bg+b3) =5x 8% x 24" for 1< < by,

such that 5 x 3% x 294+17% > 533 x1;

where g4 is largest integer such that 5 x 3% x 294 < 2p.

3n -2
2

Continuing in this way till we get at least L J — 3 edges with label 1.

n-—2
2

Sub case 1. If we get P J — 3 edges with label 1, take f(vg,_g) = 1.

n— 2
2

Sub case 2. If we get {3 J — 2 edges with label 1, take f(vg,) = 1.
Now label the remaining vertices in such a way that they neither divide

nor divided by the label of adjacent vertices, (except when one of the vertex
label is 1).

In view of above defined labeling pattern, we have e/(0) = [Sn 2_ 2—‘, and

er(1) = L3n2— ZJ. Thus, | ef(0) —ef(1) | < 1.

Hence, the ladder graph L, is a divisor cordial graph. o

Ilustration 2.2. The graph Lg and its divisor cordial labeling is shown

in Figure 1.
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l’l l’_} V. v, v Vv

Figure 1. The graph Lg and its divisor cordial labeling.
Theorem 2.3. The circular ladder CL,, is a divisor cordial graph.

Proof. Let vy, vg, Us, ..., Ugps Uspt1, --- De the vertices of an outer cycle
and vg, Us, Ug, ..., Usp+9, Usks3, --- De the vertices of an inner cycle of circular
ladder CL,. Then | V(CL,)| = 2n and | E(CL,)| = 3n.

We define a bijective vertex labeling f:V(CL,) —> {1, 2, ..., 2n} as

follows.
f(UZrL) =1,
0:)=1x1x2P 7 for 1 < < q,
i 1
such that 1x1x 2P0 > 151 x 2;
where p; is largest integer such that 2! < 2n,
f(Vig) = 3x1x 2P2+17l o 1 <4 < as,
such that 3x1x 22717 > 351 x1;
where po is largest integer such that 3 x 2P2 < 2n,
v; = 3x3x2P* 7 for 1< < as,
i+a) +ag 3
such that 3x 3 x 2737170 > 353« 1;
where ps is largest integer such that 3 x 3 x 23 < 2n,
f(vi+a1+a2+a3) = 3 x 32 X 2p4+17i; fOI' 1< l < a4’

such that 3 x 32 x 2P4717% > 3« 82 « 1;
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where p, islargest integer such that 3 x 32 x 2P4 < 2p,
f(Viraq +ag+ag+a,) = 3% 3% x 2Pl for 1 < i < a5,
such that 3 x 33 x 25517 > 3% 33 » 1;
where ps is largest integer such that 3 x 3% x 2% < 2p,
Continuing in this way up to 3™ < 2n,
f(vi+a1+a2+...+aml) =5x1x 2ql+17i§ for 1 <i <,

such that 5x1x 207170 > 551 x1;

where g, is largest integer such that 5x1x 2% < 2n,
1-i -
f(vi+a1+a2+,..+am1+b1) =5x3x 29277 for 1 <i < by,
such that 5x 3 x 222%170 > 5x 3 x 1;
where gy is largest integer such that 5 x 3 x 292 < 2n,
2 1-1 .
f(vi+a1+a2+4..+aml+b1+b2) =5x3%x 2B for 1 <i < by,
such that 5x 32 x 2987170 > 5 32 x 1;
where g3 is largest integer such that 5 x 32 x 2% < 2n,
3 1-1, .
f(Ui+a1+a2+...+am1+b1+bz+b3) =5x3" x 2177 for 1 <i <y,
such that 5 x 3% x 294+17% > 5 3% x1;
where q, is largest integer such that 5 x 3% x 294 < 2p.

Continuing in this way till we get at least L%J edges with label 1.

Now label the remaining vertices in such a way that they neither divide
nor divided by the label of adjacent vertices, (except when one of the vertex
label 1s 1).
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In view of above defined labeling pattern, we have es(0) = [ 3—;—|, and

er(1) = {%J Thus, | ef(0) —ef(1)| < 1.

Hence, the circular ladder CL,, is a divisor cordial graph. o

INlustration 2.4. The graph CLg and its divisor cordial labeling is shown

in Figure 2.

Figure 2. The graph CLg and its divisor cordial labeling.
Theorem 2.5. The Mébius ladder M,, is a divisor cordial graph.

Proof. Let vy, vy, Us, ..., Ugp, Ugps1, --- be the vertices of a first cycle and

Ug, U3, Ug, ---» Ugky9s Uaht3, --- D€ the vertices of a second cycle of graph M,,.

Then | V(M,,)| = 2n and | E(M,)| = 3n.

We define a bijective vertex labeling f:V(M,)—> {1, 2, ..., 2n} as

follows:

flvan) =1,

flo)=1x1x 22717 for 1 < i < q,
such that 1x1x 2P1"170 > 1 x1x 2;

where p; is largest integer such that 2! < 2n,
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f(Vi4qy) = 3% 1x 2P2* 17l for 1 < < ay,

such that 3x1x2P2717 > 351 x1;

where po is largest integer such that 3 x 2P2 < 2n,
f(Visay+ay) = 3% 3% oP3 17 for 1 < < ag,

such that 3 x 3 x 2P3*17% > 3x3x1;

where ps is largest integer such that 3 x 3 x 23 < 2n,
F(Vivay vagsay) = 3% 3% x 2P0 for 1 < i < qy,

such that 3 x 32 x 2P4+170 > 3,32 1

where p, islargest integer such that 3 x 32 x 2P+ < 2n,
f(Visay+ag+as+ay) = 3% 33 x 2P 17 for 1 < < as,

such that 3x 33 x 275170 > 35 33 « 1;

where ps is largest integer such that 3 x 33 x 2P5 < 2n,
Continuing in this way up to 3™ < 2n,
F(ivasays.vay ) = 5x1x 2075 for 1< < by,

such that 5x1x 28717 > 551 x1;

where q; is largest integer such that 5x1x 2% < 2n,
F(Vieayvayr..vap +b) = 5x3x 227175 for 1 <i < by,

such that 5x 3x 29217 > 5x 3 x 1;

where gq is largest integer such that 5 x 3 x 292 < 2n,

... 3585
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2 1-i .
f(Ui+a1+a2+.,.+am1 +byaby) = B 37 x 2877 for 1< < by,
such that 5x 32 x 283117 > 532 x1;
where g3 is largest integer such that 5 x 32 x 28 < 2n,
1-i .
f(Ui+a1+a2+.,.+aml +b1+b2+b3) =5x3% x 287 for 1< < by,
such that 5x 3% x 2947170 > 583 « 1,
where g, is largest integer such that 5 x 3% x 294 < 2n.
Continuing in this way till we get at least L%@ J edges with label 1.

Now label the remaining vertices in such a way that they neither divide

nor divided by the label of adjacent vertices, (except when one of the vertex
label is 1).

In view of above defined labeling pattern, we have es(0) = [ 3—;—|, and

3n
er(1) = {?J Thus, | ef(0) —ef(1) | < 1.
Hence, the Mobius ladder M,, is a divisor cordial graph. o

IMlustration 2.6. The graph Mg and its divisor cordial labeling is shown

in Figure 3.
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Figure 3. The graph Mg and its divisor cordial labeling.
Theorem 2.7. The total graph of path P, is a divisor cordial graph.

Proof. Let P, be the path with vertices vy, vs, ..., Ug,_; and edges
e, ey, ..., e,_1. To construct the total graph T(PB,), let the added vertex
corresponding to edge e; is vy, for 1 <i <n—1. Then | V(T(P,))|=2n-1
and | E(T(P,))| = 4n - 5.

We define a bijective vertex labeling f: V(T(P,)) —> {1, 2, ..., 2n —1} by
following two cases,

Case 1. For n = 2.

The graph T'(P) is isomorphic to cycle Cq and Varatharajan et al. [16]
proved that cycles are divisor cordial graph. Hence, T(P,) is divisor cordial
graph.

Case 2. For n > 3.
f(v;) =1x1x 2Pl for 1< i < q,
such that 1x1x 2P17170 > 1 x1x 2;
where p; is largest integer such that 2”1 < 2n -1,

f(Vi1q) =3 x1x 2P2+17l o 1 < < as,

Advances and Applications in Mathematical Sciences, Volume 21, Issue 7, May 2022
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such that 3x1x2P22*171 > 3% 1x 2

where po is largest integer such that 3 x 2P2 < 2n —1,
f(Vitrqq+ay) = 3% 3 x oP3+l=l. o1 < < as,

such that 3 x 3 x 2P3%17% > 3x3x2;

where ps is largest integer such that 3 x 3 x 2P < 2n -1,
[(Vivay +ag+ag) = 3% 32 x 2Pa*17l for 1< < qy,

such that 3 x 32 x 2P4*171 > 332 « 1,

IA

where p, islargest integer such that 3 x 32 x2P4 <2n -1,

IA

f(Ui+a1+az+a3+a4) = 3x 3% x 2p5+1_i; for 1 <i < aj,

such that 3 x 33 x 275717 > 3% 33 x 1;

where ps is largest integer such that 3 x 3% x2P5 <o — 1,
Continuing in this way up to 3™ < 2n -1,
F(Vieasays.vap ) = Bx1x 20775 for 1< i < by,

such that 5x1x 207170 > 551 x1;

where q; is largest integer such that 5x1x 2% < 2n -1,
f(Ui+a1+a2+...+am1+bl) =5x3x 2g2+1_i; for 1 <i < by,

such that 5x 3x 28717 > 5x 3x1;

where gq is largest integer such that 5 x 3 x 292 < 2n -1,

2 1-1 .
f(vi+a1+a2+.,.+am1 +b1+b2) =5x3*x 2B for 1<i < bs,

such that 5x 32 x 298717 > 55 32 x 1;
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DIVISOR CORDIAL LABELING FOR LADDERS AND TOTAL ... 3589
where g3 is largest integer such that 5 x 32 x 2% < 2n - 1,
1-1 .
f(Ui+a1+a2+.,.+am1 +b1+b2+b3) = 5x 3% x 207 ifor1<i< by,
such that 5x 3% x 2947170 > 5,83 « 1;

where ¢, is largest integer such that 5 x 33 x 294 < 2n —1.

4n — 5

Continuing in this way till we get at least { J — 4 edges with label

Now label the remaining vertices in such a way that they neither divide
nor divided by the label of adjacent vertices, (except when one of the vertex
label 1s 1).

4n -5
2

Sub case 1. If we get L J — 4 edges with label 1, take f(vg,_3) = 1.

4n -5
2

Sub case 2. If we get L J — 3 edges with label 1, take f(vg,_9) = 1.

Now label the remaining vertices in such a way that they neither divide

nor divided by the label of adjacent vertices.

In view of above defined labeling pattern, we have e/(0) = [4’12_ 5—|, and

4n —

er(1) = L 5J. Thus | e/(0) - ef(1)| < 1.

Hence, the total graph of path P, is a divisor cordial graph. o

Illustration 2.8. The graph T(Ps) and its divisor cordial labeling is

shown in Figure 4.

Figure 4. The graph T(P5) and its divisor cordial labeling.
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Theorem 2.9. The total graph of cycle C,, is a divisor cordial graph.

Proof. Let the C,, be the cycle with vertices vy, vy, ..., Uy, and edge set
ey, €9, ..., €,. To construct the total graph T(C, ), let the added vertices
corresponding to edge e; is vg;_; for 1 <i <n. Then | V(T(C,))| = 2n and
| E(T(C,)) | = 4n.

We define a bijective vertex labeling f: V(T(C,)) — {1, 2, ..., 2n} by

following two cases,

Case 1. For n = 5.

Figure 5. The graph T(Cjs) and its divisor cordial labeling.

Case 2. For n # 5.
flvgn) =1,
fu;) =1x1x 2P0 for 1 < i < qy,
such that 1x1x 2P1"17 > 1 x1x 2;
where p; is largest integer such that 2P1 < 9n,
f(Visq) =3 x1x 2Pzl o 1 < < ay,
such that 3x1x2P27170 > 81 x1;
where py is largest integer such that 3 x 22 < 2n,

[(Visay+ay) = 3% 3 2P for 1< i < ag,

Advances and Applications in Mathematical Sciences, Volume 21, Issue 7, May 2022
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such that 3x 3 x 273%17% > 35 3x1;

where ps is largest integer such that 3 x 3 x 273 < 2n,
f(vi+a1+a2+a3) =3x3%x 2P for 1< < Qy,

such that 3x 32 x 2P47170 > 3 32 « 1;

where p, islargest integer such that 3 x 32 x 2P4 < 2p,
f(Ui+a1+a2+a3+a4) =3x3%x 2p5+1_i; for 1 <i < as,

such that 3 x 33 x 25517 > 3 33 » 1;

where ps is largest integer such that 3 x 3% x 2P5 < 2n,
Continuing in this way up to 3™ < 2n,
f(Ui+a1+a2+‘.‘+am1) =5x1x 2q1+1_i; for 1<i <y,

such that 5x1x 20+ > 5% 1x1;

where g, is largest integer such that 5x1x 271 < 2n,
f(vi+a1+a2+...+am1+b1) =5x3x 292" for 1< < bo,

such that 5x 3 x 292170 > 5% 3x 1;

where gy is largest integer such that 5 x 3 x 292 < 2n,
f(Ui+a1+a2+...+am1 +bl+bz) = 5x3%x 2q3+17i; for 1 <i <3,

such that 5x 32 x 298717 > 5% 32 » 1;

where ¢y is largest integer such that 5 x 3% x 283 < 2n,

3 1-i :
f(vi+a1+a2+...+am1+b1+b2+b3) =5x3" x2M7 7 for 1<i < by,

Advances and Applications in Mathematical Sciences, Volume 21, Issue 7, May 2022
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such that 5x 3% x 2947170 > 5583 « 1;

where q, is largest integer such that 5 x 3% x 294 < 2p.

Continuing in this way till we get at least 2n —1 edges with label 1.
If we get 2n—-1 edges with label 1, take f(vg,_1)=2p" and

f(vo,,—2) = P/, where p' is largest prime number such that p’ < n.

Now label the remaining vertices in such a way that they neither divide
nor divided by the label of adjacent vertices, (except when one of the vertex
label 1s 1).

In view of above defined labeling pattern, we have e/(0)=2n, and
ef(1) = 2n. Thus, |ef(0) —ef(1)| = 0.
Hence, the total graph of cycle C,, is a divisor cordial graph. o

Illustration 2.10. The graph 7(Cg) and its divisor cordial labeling is

shown in Figure 6.

Figure 6. The graph T(Cg) and its divisor cordial labeling.

3. Concluding Remarks

Maheo [13] has proved that ladder is a graceful graph and Frucht and
Gallian [14] have investigated graceful labeling for circular ladder while
Gallian [10] has obtained that Mdbius ladder is graceful graph. In this paper,
we have shown that ladder, circular ladder and Mobius ladder are divisor

Advances and Applications in Mathematical Sciences, Volume 21, Issue 7, May 2022
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cordial graphs. Moreover, we have obtained divisor cordial labeling of total

graph of path and total graph of cycle.
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