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Abstract 

In 1967, Rosa [5] introduced -valuation labeling of a graph. Golomb [20] subsequently 

called such labeling as a graceful labeling. In 1980, Graham and Sloane [15] introduced 

harmonious labeling. In 1987, Cahit [8] introduced cordial labeling as a weaker version of 

graceful labeling and harmonious labeling. In 2011, Varatharajan et al. [16] have introduced 

divisor cordial labeling as a variant of cordial labeling. In this paper, we investigate divisor 

cordial labeling for ladder, circular ladder, Möbius ladder, total graph of path and total graph of 

cycle. 

1. Introduction 

We begin with simple, finite, connected and undirected graph 

    ., GEGVG   For all standard terminologies and notations we follow 

Harary [7]. We will give brief summary of definitions which are useful for the 

present investigations. 

Definition 1.1. A graph labeling is an assignment of integers to the 

vertices or edges or both subject to certain condition(s). If the domain of the 



C. M. BARASARA and Y. B. THAKKAR 

Advances and Applications in Mathematical Sciences, Volume 21, Issue 7, May 2022 

3578 

mapping is the set of vertices (edges) then the labeling is called a vertex 

labeling (an edge labeling). 

For an extensive survey on graph labeling and bibliographic references 

we refer to Gallian [9]. 

In 1987, Cahit [8] introduced cordial labeling as a weaker version of 

graceful labeling and harmonious labeling, which is defined as follows. 

Definition 1.2. For a graph     ,, GEGVG   the vertex labeling 

function is defined as    1,0: GVf  and induced edge labeling function 

   1,0:  GEf  such that for each edge       ., vfufuvfuv   f is 

called cordial labeling of graph G if the number of vertices labeled with 0 and 

the number of vertices labeled with 1 differ by at most 1, and the number of 

edges labeled with 0 and the number of edges labeled with 1 differ by at most 

1. The graph that admits a Cordial Labeling is called a Cordial Graph. 

Many researchers have explored variants of cordial labeling like prime 

cordial labeling, product cordial labeling, divisor cordial labeling etc. In 2011, 

Varatharajan et al. [16] have introduced divisor cordial labeling as a variant 

of cordial labeling, which is defined as follows. 

Definition 1.3. For a graph     ,, GEGVG   the vertex labeling 

function is defined as a bijection      GVGVf ,,2,1:   such that 

induced edge labeling function    1,0:  GEf  is given by 

 
       







. otherwise,0

;or   if,1 ufvfvfuf
uvef  

Denote the number of edges labeled with 0 and 1 by  0fe  and  1fe  

respectively. f is called divisor cordial labeling of graph G if 

    .110  ff ee  The graph that admits a divisor cordial labeling is called a 

divisor cordial graph.  

Varatharajan et al. [16, 17] have investigated divisor cordial labeling for 

standard graph families. Vaidya and Shah [18, 19] have proved many results 

related to divisor cordial labeling for some star related graphs. Barasara and 

Thakkar [6] have derived results related to divisor cordial labeling for some 
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cycle and wheel related graphs. Prajapati and Patel [21] discussed divisor 

cordial labeling in context of Friendship graph. Murugan and Nisha [4] have 

studied divisor cordial labeling of star attached paths and cycles. 

Murugan and Devakiruba [3] as well as Rokad and Ghodasara [1] have 

obtained divisor cordial labeling for some cycle related graphs. Divisor cordial 

labeling for duplication of graph elements is studied by Thirusangu and 

Madhu [12]. Devaraj et al. [11] as well as Muthaiyan and Pugalenthi [2] 

obtained results related to divisor cordial labeling. 

Definition 1.4. Let G and H be two graphs. The cartesian product of G 

and H, denoted by ,HG   has the vertex set    HVGV   and  hg,  is 

adjacent to  hg ,  if gg   and  ,HEhh   or hh   and  .GEgg   

Definition 1.5. The Ladder graph nL  is defined as .2 nPP   

Definition 1.6. The Circular ladder graph nCL  is defined as .2 nCP    

Definition 1.7. The Möbius ladder nM  is a graph obtained from the 

ladder nPP 2  by joining the opposite end vertices of two copies of .nP  

Definition 1.8. The total graph  GT  of a graph G is the graph whose 

vertex set is    GEGV   and in which two vertices are adjacent whenever 

they are either adjacent or incident in G. 

In this paper, we investigate divisor cordial labeling for ladder, circular 

ladder, Möbius ladder, total graph of path and total graph of cycle. 

2. Main Results 

Theorem 2.1. The ladder graph nL  is a divisor cordial graph. 

Proof. Let  ,,,,,, 144541 kk vvvvv  be the vertices of first path and 

 ,,,,,, 3424632  kk vvvvv  be the vertices of second path of ladder .nL  

Then   nLV n 2  and   .23  nLE n  

We define a bijective vertex labeling    nLVf n 2,,2,1:   as follows. 

  ;211
11 ip

ivf


  for ,1 1ai   
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such that ;211211
11 
 ip

 

where 1p  is largest integer such that ,22 1 n
p

  

  ;213 12
1

ip
aivf 

   for ,1 2ai   

such that ;113213
12 
 ip

 

where 2p  is largest integer such that ,223 2 n
p

  

  ;233
13

21

ip
aaivf


   for ,1 3ai   

such that ;133233
13 
 ip

 

where 3p  is largest integer such that ,2233 3 n
p

  

  ;233 12 4
321

ip
aaaivf 

   for ,1 4ai   

such that ;133233 212 4 
 ip

 

where 4p  is largest integer such that ,2233 42 n
p

  

  ;233
13 5

4321

ip
aaaaivf


   for ,1 5ai   

such that ;133233 313 5 
 ip

 

where 5p  is largest integer such that ,2233 53 n
p

  

Continuing in this way up to ,23 1 n
m

  

  ;215
11

121

ip
aaai m

vf


   for ,1 1bi   

such that ;115215
11 
 iq

 

where 1q  is largest integer such that ,2215 1 n
q

  

  ;235
12

1121

iq
baaai m

vf


   for ,1 2bi   
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such that ;135235
12 
 iq

 

where 2q  is largest integer such that ,2235 2 n
q

  

  ;235
12 3

21121

iq
bbaaai m

vf


   for ,1 3bi   

such that ;135235 212 3 
 iq

 

where 3q  is largest integer such that ,2235 32 n
q

  

  ;235
13 4

321121

iq
bbbaaai m

vf


   for ,1 4bi   

such that ;135235 313 4 
 iq

 

where 4q  is largest integer such that .2235 43 n
q

  

Continuing in this way till we get at least 3
2

23







 n
 edges with label 1. 

Sub case 1. If we get 3
2

23







 n
 edges with label 1, take   .122 nvf  

Sub case 2. If we get 2
2

23







 n
 edges with label 1, take   .12 nvf  

Now label the remaining vertices in such a way that they neither divide 

nor divided by the label of adjacent vertices, (except when one of the vertex 

label is 1). 

In view of above defined labeling pattern, we have   ,
2

23
0






 


n
ef  and 

  .
2

23
1






 


n
ef  Thus,     .110  ff ee  

Hence, the ladder graph nL  is a divisor cordial graph. □ 

Illustration 2.2. The graph 6L  and its divisor cordial labeling is shown 

in Figure 1.  
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Figure 1. The graph 6L  and its divisor cordial labeling. 

Theorem 2.3. The circular ladder nCL  is a divisor cordial graph. 

Proof. Let  ,,,,,, 144541 kk vvvvv  be the vertices of an outer cycle 

and  ,,,,,, 3424632  kk vvvvv  be the vertices of an inner cycle of circular 

ladder  .nCL  Then   nCLV n 2  and   .3nCLE n   

We define a bijective vertex labeling    nCLVf n 2,,2,1:   as 

follows. 

  ,12 nvf  

  ;211
11 ip

ivf


  for ,1 1ai   

such that ;211211
11 
 ip

 

where 1p  is largest integer such that ,22 1 n
p

  

  ;213 12
1

ip
aivf 

   for ,1 2ai   

such that ;113213
12 
 ip

  

where 2p  is largest integer such that ,223 2 n
p

   

  ;233
13

21

ip
aaivf


   for ,1 3ai   

such that ;133233
13 
 ip

  

where 3p  is largest integer such that ,2233 3 n
p

  

  ;233 12 4
321

ip
aaaivf 

   for ,1 4ai   

such that ;133233 212 4 
 ip
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where 4p  is largest integer such that ,2233 42 n
p

   

  ;233
13 5

4321

ip
aaaaivf


   for ,1 5ai   

such that ;133233 313 5 
 ip

 

where 5p  is largest integer such that ,2233 53 n
p

  

Continuing in this way up to ,23 1 n
m

  

  ;215
11

121

iq
aaai m

vf


   for ,1 1bi   

such that ;115215
11 
 iq

 

where 1q  is largest integer such that ,2215 1 n
q

   

  ;235
12

1121

iq
baaai m

vf


   for ,1 2bi   

such that ;135235
12 
 iq

  

where 2q  is largest integer such that ,2235 2 n
q

   

  ;235
12 3

21121

iq
bbaaai m

vf


   for ,1 3bi   

such that ;135235 212 3 
 iq

  

where 3q  is largest integer such that ,2235 32 n
q

   

  ;235
13 4

321121

iq
bbbaaai m

vf


   for ,1 4bi   

such that ;135235 313 4 
 iq

  

where 4q  is largest integer such that .2235 43 n
q

   

Continuing in this way till we get at least 






2

3n
 edges with label 1. 

Now label the remaining vertices in such a way that they neither divide 

nor divided by the label of adjacent vertices, (except when one of the vertex 

label is 1). 
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In view of above defined labeling pattern, we have   ,
2

3
0







n

ef  and 

  .
2

3
1







n

ef  Thus,     .110  ff ee  

Hence, the circular ladder nCL  is a divisor cordial graph. □ 

Illustration 2.4. The graph 6CL  and its divisor cordial labeling is shown 

in Figure 2. 

 

Figure 2. The graph 6CL  and its divisor cordial labeling. 

Theorem 2.5. The Möbius ladder nM  is a divisor cordial graph. 

Proof. Let  ,,,,,, 144541 kk vvvvv  be the vertices of a first cycle and 

 ,,,,,, 3424632  kk vvvvv  be the vertices of a second cycle of graph .nM  

Then   nMV n 2  and   .3nME n   

We define a bijective vertex labeling    nMVf n 2,,2,1:   as 

follows: 

  ,12 nvf  

  ;211
11 ip

ivf


  for ,1 1ai   

such that ;211211
11 
 ip

 

where 1p  is largest integer such that ,22 1 n
p

  
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  ;213 12
1

ip
aivf 

   for ,1 2ai   

such that ;113213
12 
 ip

  

where 2p  is largest integer such that ,223 2 n
p

   

  ;233
13

21

ip
aaivf


   for ,1 3ai   

such that ;133233
13 
 ip

  

where 3p  is largest integer such that ,2233 3 n
p

  

  ;233 12 4
321

ip
aaaivf 

   for ,1 4ai   

such that ;133233 212 4 
 ip

  

where 4p  is largest integer such that ,2233 42 n
p

   

  ;233
13 5

4321

ip
aaaaivf


   for ,1 5ai   

such that ;133233 313 5 
 ip

 

where 5p  is largest integer such that ,2233 53 n
p

  

Continuing in this way up to ,23 1 n
m

  

  ;215
11

121

iq
aaai m

vf


   for ,1 1bi   

such that ;115215
11 
 iq

 

where 1q  is largest integer such that ,2215 1 n
q

   

  ;235
12

1121

iq
baaai m

vf


   for ,1 2bi   

such that ;135235
12 
 iq

  

where 2q  is largest integer such that ,2235 2 n
q

   



C. M. BARASARA and Y. B. THAKKAR 

Advances and Applications in Mathematical Sciences, Volume 21, Issue 7, May 2022 

3586 

  ;235
12 3

21121

iq
bbaaai m

vf


   for ,1 3bi   

such that ;135235 212 3 
 iq

  

where 3q  is largest integer such that ,2235 32 n
q

   

  ;235
13 3

321121

iq
bbbaaai m

vf


   for ,1 4bi   

such that ;135235 313 4 
 iq

  

where 4q  is largest integer such that .2235 43 n
q

   

Continuing in this way till we get at least 






2

3n
 edges with label 1. 

Now label the remaining vertices in such a way that they neither divide 

nor divided by the label of adjacent vertices, (except when one of the vertex 

label is 1). 

In view of above defined labeling pattern, we have   ,
2

3
0







n

ef  and 

  .
2

3
1







n

ef  Thus,     .110  ff ee  

Hence, the Möbius ladder nM  is a divisor cordial graph. □ 

Illustration 2.6. The graph 6M  and its divisor cordial labeling is shown 

in Figure 3. 
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Figure 3. The graph 6M  and its divisor cordial labeling. 

Theorem 2.7. The total graph of path nP  is a divisor cordial graph. 

Proof. Let nP  be the path with vertices 1231 ,,, nvvv   and edges 

.,,, 121 neee   To construct the total graph  ,nPT  let the added vertex 

corresponding to edge ie  is ,2iv  for .11  ni  Then    12  nPTV n   

and    .54  nPTE n  

We define a bijective vertex labeling     12,,2,1:  nPTVf n   by 

following two cases, 

Case 1. For .2n  

The graph  2PT  is isomorphic to cycle 3C  and Varatharajan et al. [16] 

proved that cycles are divisor cordial graph. Hence,  2PT  is divisor cordial 

graph. 

Case 2. For .3n  

  ;211
11 ip

ivf


  for ,1 1ai   

such that ;211211
11 
 ip

 

where 1p  is largest integer such that ,122 1  n
p

 

  ;213 12
1

ip
aivf 

   for ,1 2ai   
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such that ;213213
12 
 ip

  

where 2p  is largest integer such that ,1223 2  n
p

  

  ;233
13

21

ip
aaivf


   for ,1 3ai   

such that ;233233
13 
 ip

 

where 3p  is largest integer such that ,12233 3  n
p

  

  ;233 12 4
321

ip
aaaivf 

   for ,1 4ai   

such that ;133233 212 4 
 ip

  

where 4p  is largest integer such that ,12233 42  n
p

  

  ;233
13 5

4321

ip
aaaaivf


   for ,1 5ai   

such that ;133233 313 5 
 ip

 

where 5p  is largest integer such that ,12233 53  n
p

 

Continuing in this way up to ,123 1  n
m

 

  ;215
11

121

iq
aaai m

vf


   for ,1 1bi   

such that ;115215
11 
 iq

 

where 1q  is largest integer such that ,12215 1  n
q

  

  ;235
12

1121

iq
baaai m

vf


   for ,1 2bi   

such that ;135235
13 
 iq

  

where 2q  is largest integer such that ,12235 2  n
q

  

  ;235
12 3

21121

iq
bbaaai m

vf


   for ,1 3bi   

such that ;135235 212 3 
 iq
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where 3q  is largest integer such that ,12235 32  n
q

  

  ;235
13 3

321121

iq
bbbaaai m

vf


   for ,1 4bi   

such that ;135235 313 4 
 iq

  

where 4q  is largest integer such that .12235 43  n
q

  

Continuing in this way till we get at least 4
2

54







 n
 edges with label 

1. 

Now label the remaining vertices in such a way that they neither divide 

nor divided by the label of adjacent vertices, (except when one of the vertex 

label is 1). 

Sub case 1. If we get 4
2

54







 n
 edges with label 1, take   .132 nvf  

Sub case 2. If we get 3
2

54







 n
 edges with label 1, take   .122 nvf  

Now label the remaining vertices in such a way that they neither divide 

nor divided by the label of adjacent vertices. 

In view of above defined labeling pattern, we have   ,
2

54
0






 


n
ef  and 

  .
2

54
1






 


n
ef  Thus     .110  ff ee  

Hence, the total graph of path nP  is a divisor cordial graph. □ 

Illustration 2.8. The graph  5PT  and its divisor cordial labeling is 

shown in Figure 4. 

 

Figure 4. The graph  5PT  and its divisor cordial labeling. 
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Theorem 2.9. The total graph of cycle nC  is a divisor cordial graph. 

Proof. Let the nC  be the cycle with vertices nvvv 242 ,,,   and edge set 

.,,, 22 neee   To construct the total graph  ,nCT  let the added vertices 

corresponding to edge 1e  is 12 iv  for .1 ni   Then    nCTV n 2  and 

   .4nCTE n   

We define a bijective vertex labeling     nCTVf n 2,,2,1:   by 

following two cases, 

Case 1. For .5n  

 

Figure 5. The graph  5CT  and its divisor cordial labeling. 

Case 2. For .5n  

 ,12 nvf   

  ;211
11 ip

ivf


  for ,1 1ai   

such that ;211211
11 
 ip

 

where 1p  is largest integer such that ,22 1 n
p

  

  ;213 12
1

ip
aivf 

   for ,1 2ai   

such that ;113213
12 
 ip

  

where 2p  is largest integer such that ,223 2 n
p

   

  ;233
13

21

ip
aaivf


   for ,1 3ai   
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such that ;133233
13 
 ip

  

where 3p  is largest integer such that ,2233 3 n
p

  

  ;233 12 4
321

ip
aaaivf 

   for ,1 4ai   

such that ;133233 212 4 
 ip

  

where 4p  is largest integer such that ,2233 42 n
p

   

  ;233
13 5

4321

ip
aaaaivf


   for ,1 5ai   

such that ;133233 313 5 
 ip

 

where 5p  is largest integer such that ,2233 53 n
p

  

Continuing in this way up to ,23 1 n
m

  

  ;215
11

121

iq
aaai m

vf


   for ,1 1bi   

such that ;115215
11 
 iq

 

where 1q  is largest integer such that ,2215 1 n
q

   

  ;235
12

1121

iq
baaai m

vf


   for ,1 2bi   

such that ;135235
12 
 iq

 

where 2q  is largest integer such that ,2235 2 n
q

  

  ;235
12 3

21121

iq
bbaaai m

vf


   for ,1 3bi   

such that ;135235 212 3 
 iq

 

where 3q  is largest integer such that ,2235 32 n
q

  

  ;235
13 4

321121

iq
bbbaaai m

vf


   for ,1 4bi   
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such that ;135235 313 4 
 iq

  

where 4q  is largest integer such that .2235 43 n
q

   

Continuing in this way till we get at least 12 n  edges with label 1. 

If we get 12 n  edges with label 1, take   pvf n  212  and 

  ,22 pvf n   where p  is largest prime number such that .np   

Now label the remaining vertices in such a way that they neither divide 

nor divided by the label of adjacent vertices, (except when one of the vertex 

label is 1). 

In view of above defined labeling pattern, we have   ,20 nef   and 

  .21 nef   Thus,     .010  ff ee  

Hence, the total graph of cycle nC  is a divisor cordial graph. □ 

Illustration 2.10. The graph  6CT  and its divisor cordial labeling is 

shown in Figure 6. 

 

Figure 6. The graph  6CT and its divisor cordial labeling. 

3. Concluding Remarks 

Maheo [13] has proved that ladder is a graceful graph and Frucht and 

Gallian [14] have investigated graceful labeling for circular ladder while 

Gallian [10] has obtained that Möbius ladder is graceful graph. In this paper, 

we have shown that ladder, circular ladder and Möbius ladder are divisor 
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cordial graphs. Moreover, we have obtained divisor cordial labeling of total 

graph of path and total graph of cycle. 
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