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Abstract 

In this paper, an unbalanced assignment problem is solved using Ranking of Pentagonal 

Fuzzy Number (PFN). The First anticipated unbalanced assignment problem is articulated to a 

crisp assignment and solved by using Hungarian method and using Ranking of Pentagonal 

Fuzzy Number (PFN). Then Numerical examples are solved and proved. We further to resolve 

the fuzzy salesman problem via Hungarian method. 
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1. Introduction 

Fuzzy sets have been introduced by Lofti A. Zadeh [8] Fuzzy set theory 

permits the gradual assessments of the membership of elements in a set 

which is described in the interval [0, 1]. The Fuzzy Assignment problem is a 

special type of fuzzy linear programming problem and it is a subclass of fuzzy 

transportation problem. The Fuzzy Assignment can be started as follows: 

Let n number of jobs is performed by number of persons, where the costs 

depend on the specific assignments. Each job must be assigned to one and 

only one worker and each worker has to perform one and only one job. The 

problem is to find such an assignment so that the total cost is optimized. The 

fuzzy assignment problem can be applied to nn   fuzzy cost matrix  ,ijC  

where ijC  represents the fuzzy cost associated with worker  ni ,,2,1   

who has performed job  .,,2,1 nj   The fuzzy unbalanced assignment 

problems can be solved by the method proposed for unbalance assignment 

method. The unbalanced assignment problem can be changed to balance 

assignment problem and after solving the problem by assignment technique 

we use the method of pentagonal fuzzy number method. 

The paper organized as follows, Firstly in section 2, we recall the 

definition of pentagonal fuzzy number and some operations on pentagonal 

fuzzy numbers (PFNs). In section 3, we have reviewed the definition of 

Unbalanced Assignment problem to change into Balanced Assignment 

problem. In section 4, we have the Numerical example are present and 

verified. Finally in section 5, conclusion is included. 

2. Preliminaries 

In this section, we recapitulate some underlying definitions and basic 

results of fuzzy numbers. 

Definition 2.1. fuzzy Set 

A fuzzy set is characterized by a membership function mapping the 

element of a domain, space or universe of discourse X to the unit interval [0, 

1]. A fuzzy set A in a universe of discourse X is defined as the following set of 

pairs    .;, XxxxA A   

Here  1,0:  XA  is a mapping called the degree of membership 
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function of the fuzzy set A and  xA  is called the membership value of 

Xx   in the fuzzy set A. These membership grades are often represented by 

real numbers ranging from [0, 1]. 

Definition 2.2. Membership Function 

Let X denotes the universal set of the membership function. 
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Definition 2.3. Fuzzy Number 

A fuzzy set A
~

 defined on the set of real number R is said to be fuzzy 

number if its Membership function has the following characteristics 

i A
~

 is normal 

ii A
~

 is convex 

iii The support of A
~

 is closed and bounded then A
~

 is called fuzzy 

number. 

Definition 2.4.  of a fuzzy number 

The -cut of a fuzzy number  XA  is defined as      ;;  xXA  

 .1,0  

Definition 2.5. Pentagonal fuzzy number 

A fuzzy number  54321 ,,,,
~

aaaaaAPL   is said to be a pentagonal 

fuzzy number if its membership function is given by 
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Figure 1. Pentagonal Fuzzy Number. 

Definition 2.12. Ranking function 

We defined a ranking function   RRF :R  which maps each fuzzy 

numbers to real line  RF  represent the set of all pentagonal fuzzy number. 

If R be any linear ranking function 

  .
5

~ 54321







 


aaaaa
APLR  

Also we defined orders on  RF  by 

   PLPL BA
~~

RR   if and only if PL
R

PL BA
~~

  

   PLPL BA
~~

RR   if and only if PL
R

PL BA
~~

  

   PLPL BA
~~

RR   if and only if .
~~ PL

R
PL BA   

Definition 2.13. Robust’s Ranking Method 

Robust’s ranking technique which satisfies compensation given a convex 

fuzzy number, the Robust’s ranking index is defined as     

1

0
, dCCCR LL  

where  LL CC  ,  is the  level cut of the fuzzy number. 

Definition 2.14. Arithmetic operations on pentagonal fuzzy numbers 

(PFNs) 

Let  54321 ,,,,
~

aaaaaAPL   and  54321 ,,,,
~

bbbbbBPL   be 

pentagonal fuzzy numbers (PFNs) then we defined, 
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Addition 

 5544332211 ,,,,
~~

bababababaBA PLPL   

Subtraction 

 1524334251 ,,,,
~~

bababababaBA PLPL   

Multiplication 

          BaBaBaBaBaBA PLPL RRRRR 54321 ,,,,
~~

  

where   
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~ 54321 abbbb
BPLR  or   .

5

~ 54321
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where   
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Scalar multiplication 
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Definition 2.15. Mathematical formulation of Fuzzy Assignment 

Problem 

 Mathematically, the fuzzy assignment problem is, 

   Minimize 
 


n

i

n

j

ijijxCZ

1 1

.  

Subject to the constraints; 






n

i

ij mix

1

,,2,1;1   
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m

j

ij njx

1

,,2,1;1   






.otherwise,0

workassignedispersonif,1 thth ji
xij  

Where ijx  denotes that thj  work is to be assigned to the thi  person. 

Definition 2.16. Mathematical formulation of the Assignment Problem 

Consider s problem of assignment of n resources (persons) to n-activities 

(jobs) so as to minimize the overall cost or time in such a way that each 

resource can associate with one and only one job. The cost matrix  ijC  is 

given as follows 

         Activities 
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nnnnn
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1

1

1
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 Resource 

Required 

This cost matrix is same as that of a transportation problem except that 

availability at each of the resource and the requirement at each of the 

destination is unity (due to the fact that assignments are made on a one-to-

one basis). 

Let ijX  denotes the assignment of thi  resource to thj  activity, such that 






.otherwise,0

activitytoassignedisresourceif,1 ji
xij  

Then the Mathematical formulation of the Assignment Problem is 
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Minimize 
 



n

i

n

j

ijijxCZ

1 1

.  

Subject to the constraints; 






n

i

ij mix

1

,,2,1;1   






m

j

ij njx

1

,,2,1;1   

3. Unbalanced Assignment Problem to Change into Balanced 

Assignment Problem 

The number of rows is not equal to the number of columns, then the 

problem is termed as unbalanced assignment problem then this problem 

changed into balanced assignment problem as follows necessary number of 

dummy rows/columns are added such that the cost matrix is a square matrix, 

the values for the entries in the dummy rows/columns are assumed to be zero. 

4. Numerical Example 

Let us consider a fuzzy unbalanced assignment problem with rows 

representing four area 4321 ,,, AAAA  and columns representing the 

salesman’s .,, 321 BBB  The cost matrix  
PL

ijC  is given whose elements are 

pentagonal fuzzy numbers. The problem is to find the optimal assignment so 

that the total cost of area assignment becomes minimum. 

321 BBB  

 

     

     

     

     

1

2

3

4

2, 1,1, 2, 5 2,1, 2, 3, 6 2, 1,1, 3, 4

3, 2, 2, 3, 5 4, 1, 2, 3, 5 2, 1,1, 2, 5
.

2,1, 2, 3, 6 2, 1,1, 3, 4 3, 2, 2, 3, 5

5, 4, 4, 5,10 2,1, 2, 3, 6 4, 1, 2, 3, 5

PL

ij

A

A
C

A

A

     
 

     
 
     
 
     

 

Solution: 
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The given problem is a fuzzy unbalanced assignment problem. We have to 

change in to the fuzzy balanced problem as follows.  

4321 BBBB  

  

      

      

      

      

1

2

3

4

2, 1,1, 2, 5 2,1, 2, 3, 6 2, 1,1, 3, 4 0, 0, 0, 0. 0

3, 2, 2, 3, 5 4, 1, 2, 3, 5 2, 1,1, 2, 5 0, 0, 0, 0, 0
.

2,1, 2, 3, 6 2, 1,1, 3, 4 3, 2, 2, 3, 5 0, 0, 0, 0, 0

5, 4, 4, 5,10 2,1, 2, 3, 6 4, 1, 2, 3, 5 0, 0, 0, 0, 0

PL

ij

A

A
C

A

A

    

     


    

    

 
 
 
 
 
 

 

The fuzzy balanced assignment problem can be formulated in the 

following mathematical programming form 

        0,0,0,0,04,3,1,1,26,3,2,1,25,2,1,1,2 131211 RxRxRxRMin   

      23222114 5,2,1,1,25,3,2,1,45,3,2,2, xRxRxRx   

       5,3,2,,34,3,1,1,26,3,2,1,20,0,0,0,0 323124  RxRxRxR  

       42413433 6,3,2,1,210,5,4,,50,0,0,0,0 xRxRxRx  

    .0,0,0,0,05,3,2,,4 4443 xRxR   

Subject to the constraints: 

114131211  xxxx  

141312111  xxxx  

124232221  xxxx  

142322212  xxxx  

134333231  xxxx  

143332313  xxxx  

144434241  xxxx  

144342414  xxxx  

 .1,0ijx  

Now we conclude  5,2,1,1,2 R  by applying Robust’s ranking method. 
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The membership function of the pentagonal fuzzy number  5,2,1,1,2   is 
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Ranking of pentagonal fuzzy number 

  






 


5

~ 54321 aaaaa
APLR  

  .1
5

5

5

52112
11 


CR  

Similarly, the ranking of pentagonal fuzzy number for the fuzzy costs 

 
PL

ijC  are calculated as follows: 

 

1 2 1 0

1 1 1 0
.

2 1 1 0

2 2 1 0

PL

ijC

 
 
 
 
 
 

 

Row reduction: 

 

0 1 0 0

1 0 0 0
.

2 1 1 0

2 2 1 0

PL

ijC

 
 
 
 
 
 

 

Column reduction: 
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0 1 1 0

1 0 0 0
.

2 1 0 0

2 2 1 0

PL

ijC

 
 
 
 
 
 

 

By using Hungarian Assignment Method: 

 

0 1 1 0

1 0 0 0
.

2 1 0 0

2 2 1 0

PL

ijC

 
 
 
 
 
 

 

 

 

 

 

 

0 2 1 0

1 0 0 0
.

2 1 0 0

2 2 1 0

PL

ijC

 
 
 
 
 
 

 

The optimal Assignment .,,, 44332211 BABABABA   

The optimal total minimum cost .3.0111. RsRs   

The fuzzy optimal Assignment ,,, 332211 BABABA   

.44 BA   

The fuzzy optimal total minimum cost    
11 22 33 44

PL PL PL PL
C C C C     

       0,0,0,0,05,3,2,2,35,3,2,1,45,2,1,1,2 RRRR   

  .3.15,8,5,4,9 RsR   

5. Conclusion 

In this article, the fuzzy unbalanced assignment problem has been 

transformed into crisp assignment problem using Ranking of Pentagonal 

fuzzy number. Numerical example shows that by using this method we can 

have the optimal assignment as well as the fuzzy optimal total cost. By using 

Ranking of PFN method, we have shown that the total cost obtained is 

optimal moreover; one can conclude that the solution of fuzzy problem can be 

obtained by Pentagonal Fuzzy Number method effectively. 
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