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Abstract

In this paper, we introduce a new generalization of the balancing numbers which we call
generalized bi-periodic balancing numbers as

RBla, b, ¢) _ 6aB£{’_’1b’ <) - CBS:EQZL ) if nis even .
GbBr(zoilb’ <) - CBiza_’2b’ 9 if nisodd =

with initial conditions Bgl’ boe) _ 0, B{a’ boe) _ 1. We find the Generating function for the

sequence and produce a Binet’s formula.
1. Foreword

Balancing numbers is a natural number n, which satisfies the
Diophantine equation 1+2+...+(n-1)=n+1)+n+2)+...+(n+7)

where r is called balancer. A. Behara and G. K. Panda [1] introduced the
concept of balancing numbers in 1998. The concept of balancing numbers is
closely related to triangular numbers. The positive integer n is called

balancing number if and only if n? is a triangular number or [8n]2+1 is a
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perfect square. G. K. Panda [8] generalized balancing numbers by introducing
sequence balancing numbers, in which the sequence of numbers used in the
definition of balancing numbers is replaced by an arbitrary sequence of real
numbers. Thus, if {b,} be a sequence of real numbers, then q,, is called a

sequence of balancing numbers if b + by +...+b,,_; = b, +b,.0 +...+ b,

for some natural number r.

As is well known, the balancing sequence {b,} is generated from the
recurrence relation B, o =6B,,; — B,, n > 0 with initial states By =0,
B; =1. Many authors generalized the integer sequence in different ways. As

a generalization of the Fibonacci sequence, Edson and Yayenie [3] introduced

a bi-periodic Fibonacci sequence {p,} defined by

6¢cb, 1 —b,_o, 1if nis even . .
b, :{ n-l T2 ,n>2 with initial conditions by = 0,

6db,_1 —b,_o, if nis odd
b; =1. They also found the generating function and Binet’s formula for this

sequence.
2. Main Results

Every three real numbers except zero a, b and c, the generalized bi-

0

periodic balancing numbers {B,(La’ b, C)}nz

o is defined recursively by

, b, , b, . .
Blab.o) _ {6&3&1_1 ) _ chla_2 9 if nis even 09

6bB\% > ) — cB@ 9 if n is odd
with initial conditions B{* > ¢) = 0, B %) = 1.

When a = b =c =1, we have the classic balancing numbers. If we ask
a=b=Fk and ¢ =1, for any positive integer, we get the k-balancing
number. The first six elements of the generalized bi-periodic balancing
numbers are

B(()a, b,c) _ 0, Bfa, b,c) _ 1, Béa, b,c) _ 6a, Béa, b,c) _ 36ab — c,
B %9 = 216a% —12ac and B ) = 1296a%? — 108abc + .
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The square equation for the generalized bi-periodic balancing numbers is

defined as

x2 — 36abx + 36abc = 0

with the roots,
o = 18ab + 6v9a?b? — abc and B = 18ab — 6vV9a?b? — abe 1)

Lemma 2.1. The generalized bi-periodic balancing numbers

(Bla- b, C)}fzo satisfies the following properties
Bg‘:L b.¢) = (36ab — c)Bé‘fl’_bQ’ ©)_ cng‘,’L’_lil’ )
By~ oo g -

Proof of Lemma 2.1. Using the recurrence relation for the generalized

bi-periodic balancing numbers we can obtain,
Bl ) Gy 9
= (36ab — C)BSZ’_% °) _ 6acB§‘fL’_% ©)
— (36ab — 2¢)B{% % ©) — 2Bl b ©)
Bl - a9 - 9
= (36ab — ¢)B % ) — 6[B{® % ) 1 B b 9]
= (36ab — 26)3%’_171’ ©) _ cZBgZL’_% ©),

Lemma 2.2. The roots o and P defined in (1) satisfy the following

properties.
M (@-c)B-c)=¢
(i) a + B = 36ab, aff = 36abc

2 [32

o
(i) o —c = gep B-c =950
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iv) (a —c)B = ac, (B—c)a = Be

Proof of Lemma 2.2. By using the definitions of a and B defined in (1),
the properties can be easily proved.

Theorem 2.1. The generating function for the generalized bi-periodic
balancing numbers (B c)}:f:o is

x[1 + 6ax + cx?
B(x) = [ 2 ]2 4
1-(36ab — 2¢)x* + c“x

Proof of Theorem 2.1. The formal power series representation of the

generating function for {B;f" b, C)}:LOZO is

B(x) = Bl & ¢) 1 Bl b o)y, plabey2 4 Blabayr

_ Z B’(:lz, b, c)xm
m=0

By multiplying this series by 6bx and a® respectively, we can get the

following series,
6bxB(x) = 6b(B(()a’b’ e + B%a’ L B,(g’_f’ N 4 )

6x2B(x) = c(B(()a’b’ e+ BI® 02 4y B,(f:’_é” N )

Therefore, we can write,

(1 - 6bx + cx?)B(x) = B(()a’ b.e) | gla.bc)y BGb(()a’ b.¢)

+ Z(B,(,‘f be) _ 6bB,(g’_f’ ¢) 4 cB,(;f’_g’ C))xm
m=2

Since Bg,l,’lf’l ©) - 6ngfr’l b.e) _ cBg‘;’lf’i ©), B(()a’ b.e) o, Bl(a’ b.e) _q,

B9 = 6aB Y0 - B by
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(1 - 6bx + cx®)B(x) = x + 6(a — b)xZBgfr’lfi €)y2m-1

m=1

Now we define B(x) as

B(x) = Z Bg},;f’i €)y2m-1
m=1

By applying the same way as above, we get
[1 - (36ab — 2c)x? + x4 ]B(x)

= Z Bg?,’lf’i €)y2m-1 _ (36ab — 20)2 Bﬁ(z‘frféc)xzm_l
m=1

m=2
+ ZCZBg:r,Lféc)me—l
m=3
= Bl(a’ b )y 4 Béa’ b¢)y3 _ (36ab — 20)B£a’ b, ¢),3
+ Z(Bé%fi ) _ (36ab - 2C)B£%féc) + C2B§%féc))x2m_1
m=3

Lemma (2.1) implies that
B .9 _ (36ab — 2¢) BY% %9 + 2B %) — 0

So replacing this in the above expansion gives

x+cx3

B(x) =
1—(36ab — 2c)x? + c2x?

Substituting B(x) in B(x) we obtain

3
+ cx
(1 - 6bx + cx?)B(x) = x + 6(a — b)x{ X }
1—-(36ab — 2c)x? + Zx?
Simplifying this, we have the generating function for the generalized bi-
periodic balancing numbers as
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2
B(x) = x[1+ 6ax +2cx ]2 .
- (36ab — 2¢)x* + c“x

Theorem 2.2 (Binet Formula). For every m belong to many natural
numbers, the Binet formula for the generalized bi-periodic balancing sequence

of numbers is given by
_ (6a)1—§(m)am —p™
(36ab) %) —

Where | m| is the floor function of m and {(m)=m — 2L%J is the parity
function.

Proof of Theorem 2.2. We know that the generating function for the
generalized bi-periodic numbers {B,(la’ 5, c)}:lozo is given by

x[1 + 6ax + cx?]
(x) = 2, 2.1
1-(36ab — 2¢)x” + ¢“x

Using fraction expansion, B(x) can be written as

cox +6a(o—c) cpx +6aB -c)
v

Since the Maclaurin series of the function % is expressed as
Z

B(x) = —

A _ BZ Z2n+l az2n
2 +1 Z +1
Z%-C nzo c c

The generating function B(x) can be written as

1 cp ca 2m+1
B —
(x) 2((1 [3),;) ( _cjm+1 (a_cjm+1 x
C2 C2
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1 - cp ca. 2m
+ —
CZ(OL—B)MZ:;) B—c m+1 OL—CmH *
? ?

By using the properties in Lemma (2.2), we get

1 < 1 2m+1 _ a2m+17,.2m+1
B(x) = o -B Jx
o =P~ (36ab)"

6a N 1 2m _ BZm]me
a—P & (36ab)"

Use the parity function (m), and for all m >0 the above extension

simplifies to

B(x) _ (6a)1—§(m)(xm _ Bm

m

(36ab) L 2 Ja -B

Theorem 2.3 (Catalan’s Identity). For any two non-negative integer n
and r, with r < n, we have

nrpl-trp B qSpl-tp2 o L0)en-rpl-Ct)pr

Proof of Theorem 2.3. Using the Binet formula, we obtain

ag(n—r)bl—g(n—r)Bn_rBrH—r _ a [OLZn _ (aB)”_r(a2r 4 BZr) " anj
(36ab)" ! (o — By
and
Lopi-cmpz _ @ ( oa®" — 2(ap)" + BZ”J
" (36ab)"! (o~ p)?
Therefore,

aC(n_r)bl_g(n_r)ananw _ aC(n)bl—C(n)B’%

_ = a5 (36ab)* T (36ab) YY) 1o
(36ab)" (36ab)—5) ’
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= —giW)nrpl -t g2

This completes the proof.

Theorem 2.4. (Cassini’s identity). For any non-negative integer n, we
have

Qg B GHpltp? _ gL
Proof of Theorem 2.4. In Catalan’s identity, if we use r =1, we get
Cassini’s identity.

Theorem 2.5. The non-negative terms of the bi-periodic balancing
numbers are defined in terms of the positive terms as

¢"B_,, =-B,
Proof of Theorem 2.5.
B _ (6a)1—C(—m)a7m —p - 1(6a)1—q(m)am —pm _ __13
-m -m m " m:
(36ab){TJa -B cm(36ab)t?Joc -B
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