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Abstract

In this paper, we introduced the concept of intuitionistic fuzzy translation of intuitionistic
fuzzy subfield. Also we investigate some of their properties.

1. Introduction

The concept of fuzzy subset was introduced by L. A. Zadeh [8] in the year
1965. The subsequent research activities in this area and related areas have
found applications in many branches of science and engineering. The
following papers have motivated us to work on this paper: K. T. Atanassov [2,
3] introduced intuitionistic fuzzy subset, as a generalization of the notion of
fuzzy set. We introduce intuitionistic fuzzy translation of intuitionistic fuzzy

subfield and some properties are investigated.
2. Preliminaries

Definition 2.1. Let X be a non empty set. A fuzzy subset A of X is a
function A : X — [0, 1].
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Definition 2.2. Let (F, +, -) be a field. A fuzzy subset A of F is said to be
a fuzzy subfield (FSF) of F if the following conditions are satisfied:

(i) A(x — y) > min {A(x), A(y)}, for allx and y in F,
(i) A(xy™) > min {A(x), A(y)}, for all x and y in F — {0}.

Definition 2.3. An intuitionistic fuzzy subset (IFS) A of a set X is defined
as an object of the form A = {(x,p,(x), vp(x))/x € X}, where

pya : X > [0,1] and vy : X — [0, 1] define the degree of membership and

the degree of non-membership of the element x in X respectively and for

every x in X satisfying 0 < p4(x) +v4(x) < 1.

Definition 2.4. Let A and B be any two intuitionistic fuzzy subsets of a
set X. We define the following relations and operations:

@) ANB = {(x, min {u, (x), up(x)j, max {vy (x), vp(x))/x € X}.
(i) AU B = {{x, max {p, (x), pp(x)}, min v (x), vp(x))/x € Xj.

Definition 2.5. Let (F, +, -) be a field. An intuitionistic fuzzy subset A of

F is said to be an intuitionistic fuzzy subfield (IFSF) of F if the following
conditions are satisfied:

() palx +y) > min {py(x), pga(y)), for all x and y in F,
(1) pg(-x) > py(x), forallxin F,

(i) pg(xy) > min {py (x), pa(y)}, for allx and y in F,
(iv) ppa(x ) = py(x), forallxin F - {0},

(v) va(x + y) < max {vy(x), va(y)}, for all x and y in F,
(vi) vg(-x) < v4(x), for all x in F,

(vil) vg(xy) < max {vy(x), v4(v)}, for all x and y in F,
(viii) va(x 1) < vy(x), for allxin F - {0}.

Definition 2.6. Let A be an intuitionistic fuzzy subset of X and o and B in
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[0,1-sup{ug(x)+vg(x):x e X,0<py(x)+v4(x)<1}]. Then T = T(‘é ) I8
called an intuitionistic fuzzy translation of A if pp(x) = pa(x) = pa(x) + a,

vT(x)=U[§4(x)=UA(x)+[3,oc+[3Sl—sup{uA(x)+vA(x):xeX,O<uA(x)<1}, for
all xin X.

Example 2.7. Consider the set X =1{0,1,2,3,4}. Let
A =1{A=(0,05,0.1), (1, 0.4, 0.3), (2, 0.6, 0.05), (3, 0.45, 0.2), (4, 0.2, 0.5)}

be an intuitionistic fuzzy subset of X and o =0.25, 3 =0.05. The intuitionistic

fuzzy translation of Ais T = TA(O.25, 0.05) = {(0, 0.75, 0.15), (1, 0.65, 0.35),
(2, 0.85, 0.1), (3, 0.7, 0.25), (4, 0.45, 0.55)!.

3. Properties

Theorem 3.1. If M and N are two intuitionistic fuzzy translations of
intuitionistic fuzzy subfield A of a field (F,+,-) then their intersection

M (N N is an intuitionistic fuzzy translation of A.
Proof. Let x and y belong to F. Let M = T(‘: B) = {(x, pa(x)a,

va(x)"B)/x € F} and N = T(‘;l’a) = {{x, pa(x)"y, v4(x)"8)/x € F} be two

intuitionistic fuzzy translations of intuitionistic fuzzy subfield A of a field
(F, +, ).

Le¢ C=MNN and C = {(x, pc(x)", vo(x)")/x € F}, where
pe(x) = min {uy (x) o, py(x)"y} and ve(x) = max {vg (x)"B, va(x)78}.
Case (i). a <y and B < 4.

Now,
ne(x —y) = min {upr(x — ), upr(x — ) = min {uy (x — y) + o, pg (e — )}

=pgx -y)+a

= pp(x —y), forallx and y in F.
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And

me(oy™) = min fupy(ay ™), mar(ey ™)} = min fua (™) + o, paley™) + )
= sl )+
= pps(xyt), forallxand y # 0 in F.

Now,
ve(x —y) = max {vpr(x - y), vy (x — ¥)} = max {vg(x — ) + B, vale - y) + 8}

=va(x—y)+ 38

=vy(x —y), forxand yin F.

And
velay™) = max {upg(xy ™), vpg(xy )} = max fua (@) + B, valxy ) + 8}

=va(ey )+ 3

= uy(axy ™), forallxand y # 0 in F.

Therefore C = T(‘é 5) = {(x, pa(x) o, v4(x)"8)/x € F} is an intuitionistic
fuzzy translation of intuitionistic fuzzy subfield A of a field (F, +, -).

Case (ii). o > y and B > 4.

Now,

pe(x —y) = min {upy(x - y), py(x - y)f = min {pa(x - )+ o, pale —y)+ v}
=palr—y)+vy
= uy(x - y), forall xand y in F.
And

ve(ay™) = min {upy(xy ™), py(ey ™)) = min fua (™) + o, pa(ey™) + 1)
=valy ™)+

= puy(y™), forallxand y = 0 in F.
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Now,
ve(x — y) = max {opr(x - y), vy (x — ¥)} = max {vg(x - ) + B, vale - y) + 8}

=va(x - y)+B
=vpy(x —y), forxandyin F.
And
ve(ay™) = max foy (xy ), mpr(xy ™)} = max oa () + B, va(xy ) + 3}
=va(y ) +B

= vp(ay™), forallxand y = 0 in F.

Therefore C = T4
(v,

fuzzy translation of intuitionistic fuzzy subfield A of a field (F, +, -).

)= {(x, na(x)"y, va(x)"B)/x € F} is an intuitionistic

Case (iii). oo > y and B > 4.
Clearly C = T(‘g B) = {(x, pa(x) o, va(x)"B)/x € F} is an intuitionistic
fuzzy translation of intuitionistic fuzzy subfield A of a field (F, +, -).

Case (iv). o >y and B > &.

_mA
Clearly C = T(Y,8

fuzzy translation of intuitionistic fuzzy subfield A of a field (F, +, -).

)= {(x, na(x)"y, va(x)"8)/x € F} is an intuitionistic

Hence all cases, intersection of any two intuitionistic fuzzy translations of

intuitionistic fuzzy subfield A of a field (F, +, -) is an intuitionistic fuzzy

translation of A.

Theorem 3.2. If T is an intuitionistic fuzzy translation of an
intuitionistic fuzzy subfield A of a field (F, +, -), then

(i) pp(x —y)=vp(0) implies up(x) = vp(y), for all x and y in F and
pr(xy™) = pp(1) implies pp(x) = pp(y), forallx and y = 0 in F,

(1) vp(x — y) = vp(0) implies vp(x) = vp(y), for all x and y in F and
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vp(xy ™) = vp(1) implies vp(x) = vp(y), for all x and y = 0 in F, where 0
and 1 are identity elements of F.

Proof. Let x and y in F.

Now,

up(x) =pgx)+o=pax -y +y)+a>min{uyg(x—y), nga()+a

%

= min {(ug(x - y) + @), (ma(y) + o))

= min {up(x - y), ur ()}

min {u7(0), py ()}

ur(y) = pa() +a

pa(y —x +x)+a

v

min {u4(y - x), (La ()} + o

= min {(ug(y - %) + @), (na(x) + a)f

min {up (x - y), py(x)}

min {u7(0), pr (%)}

pr (%),

Therefore, pp(x) = pp(y), for all x and y in F.

Now,
np(x) = pa(e) + o = paley™) +a = min fus (™) pa(y) + o
> min {(uy (y ™) + o), (na(y) + o)}

= min {up(xy ), pr(y))

min {up (1), py(¥)}

ur(y) = pa() +a

=palyx %)+
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> min {ug(yx71), (@)} + @

= min {(ua(x ™) + @), (na(x) + @)}

= min {up(yxt), prx)}

= min {pu7(1), pr ()}

= pr(x).

Therefore, py(x) = py(y), forallxand y = 0 in F.
And
pop(x) = va(x) +B = vale =y +y)+ B < max fva(x - y), va(¥)} + B
= max {(va(x - )+ B), (va(y) +B)}
= max {vp(x - y), vp(¥)}
= max {v7(0), vy (¥)}
= vp(y) = va(y) +B
vy —x+x)+P
< max {va(y - x), (Va(0)} +B
= max {(va(y — x) + B), (v (x)+ P)}
= max {vp(y - x), vp(x)}
= max {vp(0), vy (x)}
— up(x)
Therefore, vp(x) = vp(y), for allx and y in F.

And
vp(x) = (%) +B = valy " y) + B < max s (xy '), va(y)} + B

= max {(vy (v ) +B), va(y)+B)}
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= max {vp(xy ™), vp(y))
= max {vp (1), vy (y)}
= vp(y) =va(y)+B
= va(yxx) + B
< max {og (yx7), (va (%)} + B
= max {vg (yx ™) +B), (Va(x) +B)}
= max {vp(yx 1), vp(x)}
= max {vp (1), vy (x)}
= vp(x).

Therefore, vp(x) = vy (y), forallxand y # 0 in F.

Theorem 3.3. If T is an intuitionistic fuzzy translation of an
intuitionistic fuzzy subfield A of a field (F, +, ) then T is an intuitionistic

fuzzy subfield of F, for all x and y in F.

Proof. Assume that 7 is an intuitionistic fuzzy translation of an
intuitionistic fuzzy subfield A of a field F. Let x and y in F and 0, 1 are
identity elements of F.

We have,
pr(x = y) =pale —y)+a = min fpy (), pa-y) + o
= min {p4 (x), pa (V) + o
= min (g (x) + o), (na(y) + o)}
= min {pg (), pr(y)}
Therefore, up(x — y) = min {up(x), pp(y)}, for all x and y in F.
We have,

np(y ™) =pa(ey ™)+ zminfuy () pa (v} +o=min fuy (x), pa (y) +o
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min {(u (x) + o), (na(y) + o)}

min {(uy (%), pr(¥))}-
Therefore, py(xy™) = min {up(x), pp(y)), for allx and y = 0 in F.
And
vp(x=y)=palx—y)+B=max{vg(x) va(-y)i+P=max vy (x) va(y)+B
=max {(va (x)+B), (va(y)+B)}
= max {(vr (x), vy (y))}-
Therefore, vp(x — y) = max {vp(x), vp(y)}, for all x and y in F.
And
op(y ™) = va(ey ™) + B < max fvg(x), va(y ™)} + B = max {a(x), va(V)} + B

max {(v4(x)+B), (vg(y) + B)}

max {(vr (x), vr (¥))]-
Therefore, vy (xy ™) < max {vp(x), vp(y)}, forallxand y = 0 in F.

Hence T'is an intuitionistic fuzzy subfield of F.

Theorem 3.4. If T is an intuitionistic fuzzy translation of an
intuitionistic  fuzzy  subfield A of a @ field (F, +, ), then

H={xeF:pp(x)=pp0)=ppr@) and vp(x)=vp(0)=vpQ)} is either
empty or a subfield of F, where 0 and 1 are identity elements of F.

Proof. If no element satisfies this condition, then H is empty.

If x and y satisfies this condition, then up(-x) = pp(x) = pyp(0), for all x
in F and pp(c?)=pp(x)=pp@), for all x in F-{0} and
vp(=x) = vp(x) = vp(0), for all x in F and vp(x ) = vp(x) = vp(l), for all x

and y in F — {0}.

Therefore, pp(-x) = pp(0), for all x in Fand pp(x~t) = pp(1), for all x in
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F - {0} and vp(-x) = vp(0), for all x in F and vp(xt) = vp(1), for all x in
F - {0}.

Hence —x, x ! in H.
Now,
pr(x - ) 2 min {up(x), pr(-y)}

> min {up(x), np(y)}
= min {7 (0), pp(0)}
= ur(0).

Therefore, uy(x - y) = pur(0). (1).

And,

ur(0) = pp((x - ¥) = (x = ¥)) = min {pp(x - y), pp(=(x - Y))}

1\

min {pp(x — ), pp(x — )}

py(x = y).

Therefore, up(0) > pp(x — y). (2).

From (1) and (2), we get np(0) = pp(x — y), for all x and y in F.

Now,

pur(ey™) = min {up(x), pp(y ™)} = min {up(x), pp(y)}

= min {pp (1), pr(1))
= pr(1).

Therefore, pp(xy ™) = pp(). (3).

And,

ur@) = pp(@y ™) (™) ™) 2 min fup(oy ™) pp (™) ™)}
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> min {up(y ), pplay ™))
= up(ey ™).
Therefore, pp(1) = pr(xy ™). ().

From (3) and (4), we get pp(1) = pp(xy ™), forallxand y # 0 in F.
Now,

vp(x = y) 2 max {up(x), vp(-y)}

[\

max {vp(x), vp(y)}
= max {vr(0), vr(0)}
(%4 (0 )

Therefore, vp(x —y) < vp(0). (5).

And,
vr(0) = vr((x - ) - (x - ¥)) < max for(x - y), vr(-(x - )}
< max {or(x - y), vp(x - )}
= vp(x - ).
Therefore, vp(0) < vp(x — y). (6).
From (5) and (6), we get v7(0) = vy (x — y), for x and y in F.

Now,

vp(y ™) < max {op(x), vp(y ™)} < max for(x), vp(y )}

IA

max {vy (x), vp(y)}
max {vp(1), vp(1)}

ur (1)

Therefore, vT(xyfl) < up(). (7).
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And,
op(1) = vp((ey™) (™)) < max {or (™), vp((y ™)}
< max {op(xy ™), vply ™)}
= vp(ay ™).
Therefore, vy(1) < vy (xy ™) (8).
From (7) and (8), we get vp(1) < vp(xy ™), forallx and y = 0 in F.

Hence pp(0) = pup(x — ), for all x and y in F and pp(1) = pp(xy ™), for
all x and y#0 in F and vp(0) = vp(x—y), for all x and y in F and

vp(1) = vp(axy ™), forallxand y # 0 in F.

Therefore, x — y, xy* in H.

Hence H is either empty or is a subfield of F.

Theorem 3.5. Let T be an intuitionistic fuzzy translation of an
intuitionistic fuzzy subfield A of a field (F, +, ). Then (i) if up(x —y) =1,

then up(x)=up(y), for all x and y in F and if pp(xy™t) =1, then
pr(x) =prp(y), for all x and y=e in F, (1) if vp(x—y)=0, then
vp(x) = vp(y), for all x and y in F and if vp(xy™) = 0, then vp(x) = vp(y),
forall x and y # e in F, where e and el are identity elements of F.

Proof. Let x and y in F.

(1) Now,

up(x) = pp(x -y + ) > min {up(x - y), up(y))

min {1, pp(y)} = pp(y)

ur (=)

= pp(-x +x - y)
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> min {py(-x), pr(x - )}
= min {up(-x), 1j = pp(-x) = py(x)
Therefore, pp = pgp(y), for all x and y in F.

And,

pr(x) = ppy™y) = min {up(yy), pp ()}

min {1, pp(y)} = py(y)

ur(y™)
= pp(xtxy™)
= min {up(x™), 1} = pup(x) = pp(x)
Therefore, pr(x) = up(y), for allx and y # e in F.
(11) Now,
vr(x) = vp(x -y + y) < max {vp (x - y), vp(¥)}
= max {1, vy ()} = vy ()
= vy (-y)
=vp(-x +x - y)
< max {vp(-x), vp(x - y)j
= max {vy(-x), 0} = vy (-x) = vp(x).
Therefore, vy (x) = vp(y), for all x and y in F.

And,

vp(x) = vp(ayy) < max for(yy), vp(y)}

max {1, vy (y)} = vp(y)

vr(y™)
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= vp(x ey ™)

< max {vp(x 1), vp(xy ™))

= max {op(x '), 0} = vp(x ™) = vp(x).

Therefore, vp(x) = vyp(y), forallxand y # e in F.

Theorem 3.6. Let (F, +,-) be a field. If T is an intuitionistic fuzzy

translation of an intuitionistic fuzzy subfield A of

pr(r +y) = min {ur(x), pp(y)},  for all x and y in
pr(ry) = min {up(x), np (), for all x and y in

vp(x + y) = max {vp(x), vp(y)}, for all x and y in

F,
o
r

F

then
and

and

and

vp(xy) = max {vp(x), vp(y)}, for all x and y in F with up(x) # pp(y) and

vp(x) # vp(y) where 0 and 1 are identity elements of F.
Proof. Let x and y belongs to F.
Assume that pp(x) > up(y) and vp(x) < vp(y)

Now,

ur(y) = pp(=x +x + y) > min {up(-x), pp(e + y)}

\Y

\Y

min {up(x), pup(y)}

= pr(y)

Therefore, pp(x + y) = up = min {up(x), up(y)}, for all x and y in F.

Now,

nr(y) = pr(cay) = min {up(c), pp (o))

4

> min {pp(x), pp(ey)) = pyp(xy)

v

min {up (x), pp(¥)} = pur(y)

Therefore, pp(xy) = ur(y) = min {uyp(x), ur(y)}, for all x and y in F.
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And,

vp(y) = vp(=x +x + y) < max {vp (=x), vr(x + ¥)}

IA

max {vr(y), vr(x + y)} = vp(x + ¥)

N

< max {vp(x), v ()} = vp(y).

Therefore, vp(x + y) = vp(y) = max {vp(x), vp(y)}, for all x and y in F.

And,

A

op(y) = vp(x'xy) < max fop(x ™), vp(xy)}

A

< max {vy (x), vy (xy)}

vy (xy)

IA

max {vp(x), vp(y)}

vy ().

Therefore, vp(xy) = vp(y) = max {vp(x), vp(y)}, for all x and y in F.

(2]

(3]

(4]

(5]

(6]

(7]

(8]
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