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Abstract 

We classify 2n-order groups and 2n-order square commutative groups with n-order 

elements. 

1. Introduction 

The question of finite-dimensionality of Nichols algebras dominates an 

important part of the recent developments in the theory of (pointed) Hopf 

algebras. Heckenberger and Schneider [1] prove that if the Nichols algebra is 

finite-dimensional, then some elements must satisfy the square commutative 

law. Therefore, we can define a square commutative group similar to an 

abelian group since the square commutative law is an important operation 

rule in the algebra field similar to the law of commutation. These results will 

have an important impact on Nichols algebras and provide reliable examples 

and approaches for further research of Group theory. 

Throughout,  xx|:0   is an integer; .0x   xx|:0   is an integer; 

.0x  G  and a  denote the orders of group G and element a, 

respectively. 
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2. The Main Results 

Definition 2.1 (See [3, Def. 1]). A group G is called a square commutative 

group if    22 baab   for all ,, Gba   otherwise, G is called a non square 

commutative group. 

We know an abelian group is a square commutative group. 

Lemma 2.2. The greatest common divisor   11,1 2  mm  or 2 for all 

.0m  

Proof. Let  ,1,1: 2  mma  then there exists k  such that 

,1 kam   thus   .22111 2222  kaakkam  By 1| 2 ma  we 

have .2|a   

Proposition 2.3. The 2n-order group with n-order elements is isomorphic 

to one of the following groups: 

(i) Abelian group of type (2n); 

(ii) babaabeabaG mi

kn
n  ,,|, 2  for lknm  1,11  

1 n  with    
 

.
1

,,1,,1, 0 



l

m

l

n
lknm  

Proof. Let G be the 2n-order group with n-order elements, then ng 2|  

for .Gg   Let a denote the highest order element in the group G. 

(1) If ,2na   then G is a 2n-order cyclic group, i.e. an abelian group of 

type (2n), where .2 na   

(2) If ,na   then Gai   for all  ,1,,1,0  ni   where ea 0  is 

the unit of the G. 

There exists Gb   such that iab   for .1,,1,0  ni   By the 

cancellation law of a group, we know ji aba   for all ,1,,1,0,  nji   

then  .1,,1,0|,  nibaaG ii   On the other hand, ,0,  iGbai   
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1,,1 n  and ji aba   for all 1,,1,0  ni   since the cancellation law 

of a group, then there exists m such that baba m  with .11  nm  Thus 

baba imi   for all .1,,1,0  ni   If   ,1, nm  then  nm

n

ba ,   

  ,, bba nm

n

  it is a contradiction, so   .1, nm  It is clear ,2 Gb   by the 

cancellation law of a group, we know bab i2  for all ,1,,1,0  ni   then 

there exists r such that rab 2  with ,1 nr   

(2.1) If ,1,12  llb  we know ,, 212 rlll abbGb    it is a 

contradiction. 

(2.2) If ,1,2  llb  it is clear .
l

n
 We know l and 

 nr

n

,
 are the 

orders of 2b  and ,ra  respectively. Thus 
 

,
, nr

n
l   i.e.   ,,

l

n
nr   set 

,

l

nkr   we have lk 1  and     .1,,,, 






 lk
l

n

l

n
l

l

n
knr  Since 

,, 33 babababGb l

n
k

l

n
k

l

n
k

  we obtain 
 

,
1

ea
m

l

n
k




 i.e. 

 
,

1
0



l

mk
 then 

 
0

1 


l

m
 by   .1, lk   

Example 2.4. Assume that G is the 12-order group (not a cyclic group) 

with 6-order elements, i.e., ,6n  then 1m  or 1,5 l  or 2 or 3. 

(1) ,1,1  lm  then ;,,|, 26 abbaebeabaG   

(2) ,1,2,1  klm  then ;,,|, 326 abbaabeabaG   

(3) ,1,3,1  klm  then ;,,|, 226 abbaabeabaG   

(4) ,2,3,1  klm  then ;,,|, 426 abbaabeabaG   

(5) ,1,5  lm  then 12
526 ,,|, DbabaebeabaG   a (the 

dihedral group); 
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(6) ,1,2,5  klm  then babaabeabaG 5326 ,,|,   is 

isomorphic to abbaebeaba 234 ,,|,   (see [1, Theor. 5.1 of Section 

6]). 

Theorem 2.5. The 2n-order square commutative group with n-order 

elements is isomorphic to one of the following groups: 

(i) Abelian group of type (2n); 

(ii) abbaabeabaG l

kn
n  ,,|, 2  for 11  nlk  with 

  .,1, 
l

n
lk  

(iii) babaabeabaG

n
l

kn
n 1

22 ,,|,


  for 11,4  nlkn  

with   .
2

,1,,1,1
2








 
l

n
lkn

n
 

Proof. Consider Proposition 2.3 (i) and the case 1m  of (ii), G is an  

abelian group, it is clear. Now .1m  Consider  .1,,1,0|,  nibaaG ii   

By ,baba m  we have             ,, 212212 babaababaa lkmmkllkmlk    

      ,412 2
babbaa lmkmlk   so            eaea mmlkmmk   1111 2

,  for 

 .1,,1,0,  nlk   Thus          ,11|,,
21111   mmneaea mmmm  

   ,11| 2mmn   then 
 

 
 

 ,1|
1,

,1|
1,

2m
mn

n
m

mn

n






 we obtain 

 
2

1,


mn

n
 since nm   and Lemma 2.2. Then .

2
1

n
m   The other is 

clear by Proposition 2.3.  

Example 2.6. Assume that G is the 12-order square commutative group 

(not a cyclic group) with 6-order elements, i.e. ,6n  then 1m  or 1,5 l  

or 2 or 3. 

(1) ,1,1  lm  then ;,,|, 26 abbaebeabaG   

(2) ,1,2,1  klm  then ;,,|, 326 abbaabeabaG   
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(3) ,1,3,1  klm  then ;,,|, 226 abbaabeabaG   

(4) ,2,3,1  klm  then .,,|, 426 abbaabeabaG   

Proof. Consider Example 2.4. ,1m  then G is an abelian group; 

,1
2

6
5 m  then G is a non square commutative group.  

Proposition 2.7. Assumed that ,n  then the n-th alternating group 

nA  is a square commutative group if and only if .4n  

Proof. If ,4n  the alternating group nA  is a cyclic group, of course a 

square commutative group. Now ,4n  put       ,123,3412 nA  

                  ,34121232341431233412 22
  then nA  is a non square 

commutative group.  
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