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Abstract

Conceptualisation and characterization of fuzzy prime ideals in near-subtraction

semigroups is already carried out. We, in our paper, introduce the concept of anti-fuzzy prime

ideals in near-subtraction semigroups. Further, we explore some of its properties.
Introduction

The concept of fuzzy set was introduced by Zadeh [2]. Since then, these
ideas have been applied to other algebraic structures such as semigroups,
rings, near-rings, subtraction semigroup etc. In [3], Dheena and Mohanraj
applied the concept of fuzzy sets to prime ideals in subtraction algebra. They

proved various interesting results. In [4], Nagaiah Thandu and Narasiman
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Swamy introduced the concept of anti-fuzzy ideals of near-subtraction
semigroups and obtained useful results on it. In this paper, we introduce the
concept of anti-fuzzy prime ideals in near-subtraction semigroups and explore

some of its characteristics.

Preliminaries

Definition 2.1. A fuzzy subset is the mapping p from the non-empty set
X into the unit interval [0, 1].

Definition 2.2. A fuzzy subset p of X is called an anti-fuzzy ideal of X if
@) nlx —y) < max {u(x), p(y)}-

(i) plxy) < p(y),

(i) w(xy) < w(x), for every x, y € X.

A fuzzy subset with (1) and (ii) is called an anti-fuzzy left ideal of X

whereas a fuzzy subset with (1) and (ii1) is called an anti-fuzzy right ideal of
X

Definition 2.3. Let p and A be any two fuzzy subsets of X. Then its anti-

inf {max {u(y), Mz if x = yz
product p - A is defined by, p - A(x) = {x=yz{ ) M
0 otherwise.

Definition 2.4. For any fuzzy subset p in X and ¢ € [0, 1]. We define an
lower ¢-level cut (anti-level cut) of p is defined by, L(u,¢)=
{x/x e X, w(x) < t}.

Definition 2.5. Let I be a subset of X. Define an anti-characteristic

0 ifxeA
functi :A > 0,1] by, x ,c(x)= ., f X.
unction y [0, 1] by, % N (x) {1 otherwise’ (O €Very ¥ €

Anti-fuzzy Prime Ideals in Near-subtraction Semigroups

Definition 3.1. A anti-fuzzy ideal p is called a anti-fuzzy prime ideal of X
if for any two anti-fuzzy ideals ¢ and 8 of X such that -8 > u = o > p (or)

o> L.

Example 3.1.1. Let X = {0, x, y, z} with “~” and “” are defined as,
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— 0 X y z
0|0 0O 0 O
x x 0 «x O
yly » 0 0
z z y X 0
— 0 X y z
0|0 O 0 O
x 0 x 0 «x
y 10 0 vy vy
z 0 LAY z

Let p, o and & be fuzzy subsets of X such that,
u(0) = 0.1, u(x) = 0.4, w(y) = 0.5, w(z) =1
o(0) = 0.3, o(x) = 0.6, o(y) = 0.8, 5(z) = 1
8(0)=0.2,5(x)=0.5,5(y)=0.7,8(z) = 1.
Clearly, u is an anti-fuzzy prime ideal of X.

Example 3.1.2. Let X = {0, 1, 2, 3} with “~” and “” are defined as,

- 10 1 2 3
0|0 O 0 O
1 1 0 1 1
212 2 0 2
313 2 1 3
-0 1 2 3
0|0 0 0 O
110 1 2 3
210 0 0 O
3]0 1 2 3

Let p, o and & be fuzzy subsets of X such that,
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u(0) =0, u(1) = 0.4, (2) = 0.4, u(3) =1
5(0) = 0, (1) = 0.8, 5(2) = 0, (3) = 0.8
8(0) = 0, 8(1) = 0.8, 8(2) = 0, 5(3) = 0.8.
Clearly, u is not an anti-fuzzy prime ideal of X.

Theorem 3.2. Arbitrary union of an anti-fuzzy prime ideals of X is also

an anti-fuzzy prime ideal of X.

Proof. Let {u;/i € Q} be the set of all anti-fuzzy prime ideals in X.
To prove: p =U,;€Q“i is also an anti-fuzzy prime ideal. Let ¢ and & be

any anti-fuzzy ideals of X such that -8 > Ui = o6-82>y,;, for some

colM

i € Q. Since each p; is an anti-fuzzy prime ideal. Therefore, o > y; (or)

8 > p;, for some i € Q. (i.e.) GZUieQui (or) SZUiEQui.

Theorem 3.3. Arbitrary intersection of an anti-fuzzy prime ideal of X is

also an anti-fuzzy prime ideal of X.

Proof. Let {u;/i € Q} be the set of all anti-fuzzy prime ideals in X.
To prove: “:ﬂiegui is also an anti-fuzzy prime ideal. Let ¢ and & be

any anti-fuzzy ideals of X such that ¢-62> ﬂiegui =0c-62, forall i e Q

Since each p; is an anti-fuzzy prime ideal. Therefore, ¢ > u; (or) 6 > p;,

forall i € Q. (i.e.) GZﬂieQMi (or) Szﬂiegpi.

Theorem 3.4. If u is an anti-fuzzy prime ideal of X then the finitely
generated set X“ is a prime ideal of X.

Proof. Assume that p is an anti-fuzzy prime ideal of X.
By Theorem 2.11 in [1], X, is an ideal of X. To prove: X|, is a prime ideal
of X. Let A and B be any two ideals in X such that AB c Xu' We have to

prove A Xu or Bc Xu' Define the fuzzy subsets o and & of X as,

Advances and Applications in Mathematical Sciences, Volume 21, Issue 2, December 2021



ANTI FUZZY PRIME IDEALS IN NEAR-SUBTRACTION ... 559

wo) ifxeAd 8(x) = {H(O) if ye B

o(x) = . .
0 if xg A 0 if y¢ B

By Theorem 2.12 in [1], o and 8 are anti-fuzzy ideals. Next we verify that

ilzllfc{max {o(b), 8(c)}} if a = be

-8 > Since o-8(a) = {8 = o(b) = 8(c) =

otherwise

1(0). So b € A and ¢ € B. Now, a = bc € AB c X|,.

(ie) aeX, = ua)=p(0). Hence, c-8(a)>p(a),VaeX. Thus -3 > p.
Since p is a prime anti-fuzzy bi-ideal, so we have that ¢ > pu (or) & > p.

Suppose ¢ > n. If A ¢ X, then there exists x € A such that x ¢ X,. This

means that p(x) = p(0). Already We know that, p(0)<p(x),VxeX. But
pwO0)#uw(x) and so p(0) < u(x). Now, of(x)=pu(0)< u(x). Which is a
contradiction to o > pu. Hence A < Xu' Similarly, If & > p, then we can

show that B ¢ X|,. This shows that X, is a prime bi-ideal of X.

Theorem: 3.5. Let I be an ideal of X and u be a fuzzy set in X defined by,
o) = |

fuzzy prime ideal of X iff I is a prime ideal of X.

I
5 xE ., forall x e X and s €[0,1). Then uy is an anti-
1  otherwise

Proof. Suppose I is a prime ideal of X. To prove: p; is a anti-fuzzy prime

ideal of X. By Theorem 2.12 in [1], p; is an anti-fuzzy ideal of X.
Let o and 6 be two anti-fuzzy ideals of X such that ¢-8 > pj.
To prove: ¢ > py (or) 6 > puy. Suppose not, (i.e.) o < puy and & < pj.
Then o(x) < py(x) and 3(y) < uz(y), vx, y € X.
Now, pus(x) #s and py(y) # s = ps(x) =ps(y) =1 andso x, y ¢ L.
Since I is a prime ideal, we have that (x)(y) ¢ I.
Then, 1 = py(a) < o-8(a). Since a = cd, where ¢ = (x) and d = (y).

Now,
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c-8(a) = aiilfd{max{cs(c), 3(d)}} < max{o(c), 8(d)}

< max {o(x), 8(y)}
<max{uz(x), uy(¥)} =1 = pr(a)

Therefore -8 > puy. Which is a contradiction.
Hence, n; is an anti-fuzzy prime ideal of X.

Corollary 3.6. Let X je be an anti-characteristic function of a subset

I < X. Then X e is an anti-fuzzy prime ideal iff I is a prime ideal of X.

Theorem 3.7. If uis an anti-fuzzy prime ideal of X then p(c) = 1, where c
denotes the last element of the X.

Proof. Suppose p is an anti-fuzzy prime ideal of X. To prove: p(c) = 1.
Suppose not, (i.e.) p(c) <1. Define the fuzzy subsets o and & as,

0 if u(x) = p(0)

. . Since ¢ is a constant
1 otherwise

vx € X, o(x) = w(0) and d(x) = {

function, o is an anti-fuzzy ideal. Note that, § is the anti-characteristics

function of X,,. By Theorem: 2.12 in [1], p is the anti-fuzzy ideal of X. Since
8(0) = 0 < p(c) and ofa) = w(0) < w(a). We have that, 6 # p and 3 # p. Let

inf {ma ¢), 8(d if b=cd
b e X. WKT, o - 5(b) = {b:cd{ xlo(e) (@)
0 otherwise

Now, we prove, max {o(c), 8(d)} > w(®d), where b = cd.

For this, we consider two cases, 8(x) = 0 and 5(x) = 1 in the following:
Case (i) Suppose 3(x) = 0.

Now, max {o(c), 8(d); = max {u(c), 0} = p(c) = p(cd) = u(b).

Case (ii) Suppose 8(x) = 1. Then p(x) = p(0).

Now,
max {c(c), 8(d)} = max {u(c), 1} =1

> p(ed) = (b).
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From this, we conclude that, o-8(b) = max{o(c), 5(d)} = w(b) and so

o -8 > p. Since pis an anti-fuzzy prime ideal, we have ¢ > p (or) 6 > .
Which is a contradiction to ¢ # p and & # p. Hence, p(c) = 1.

Theorem 3.8. If p is an anti-fuzzy prime ideal of X then, |Im (u)| = 2.
Moreover, Im (1) = {s, 1}, where 0 < s < 1.

Proof. Suppose p is an anti-fuzzy prime ideal of X. To prove: Im(u)

contains exactly two values. We know that, by previous Theorem 3.7,
p(c) = 1. Let a and b be two elements of X such that, u(a) <1 and p(d) < 1.

Enough to prove: p(a) = w(d).
Part (i)
Define the fuzzy subsets c and 6 as, Vx € X and a € X

- -0 4251

By Theorem 2.12 in [1], o and & are anti-fuzzy prime ideals of X.

Since ae(a), we have 8(a)=0<u(a) and so & # p. Let z € X. We know

inf {max {c(a), 8(b)}} if z = ab‘

that, o -8(z) = {(z)=ab If x ¢ (a), then §(x) =1

otherwise
= max {8(x), 8(y)} = max {u(a), 1} =1 = p(ab) = p(2).
If x  (a), then §(x) = 0.
= max {o(x), §(y)} = max {n(a), 0} = u(a) = p(ab) = u(z)

From these, we conclude that o6 > p. Since p is an anti-fuzzy prime

ideal, we have ¢ > p (or) 6 > p. Since & # . It follows that ¢ > L.
Now, u(b) < 8(b) = w(a).

Part (ii) Now, we construct fuzzy bi-ideals p and 0 of X, p(x) = w(®) and

o) — {0 if x e (b)

L, Vx e X.
1 otherwise
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As in part (i), we can verify that p(a) < p(®).
Thus from parts (i) and (ii), it follows that p(a) = w(b).

Theorem 3.9. Let p be an anti-fuzzy ideal in X. Then p is an anti-fuzzy
prime ideal of X iff each anti-level subset p,, t € Im (1) of uis a prime ideal of

X.

Proof. Assume that p is an anti-fuzzy prime ideal of X.

By Theorem 3.7, p, is an ideal of X. To prove: p; is a prime ideal of X.

Let A and B be two ideals in X such that AB < p;. Define the fuzzy

t if A t if B
if x andS(x)z{ if x

subsets 6 and § of X as, o(x) = ) o
1 otherwise 1 otherwise

By Theorem 2.12 in [1], o and & are anti-fuzzy ideals of X. Next we verify
{max o(b), 8(c)} if a = bc

i
that -8 > p. Since o - 8(a) = {a=bc o
0 otherwise

We conclude that o(b) = 8(c) < ¢ So b € A and ¢ € B.
Now, a =bce AB c , (l.e.) a ey = pla) <t

Hence o-5(a) > pw(a), Va € X. Thus -8 > p. Since p is an anti-fuzzy
prime ideal, we have o > p (or) 8 > p. Suppose o > pu. If A ¢ p;, then there
exists a € A such that a ¢ p,. This means that p(a) £ ¢ (i.e.) p(a) > t. Now,

o(a) <t < w(a). Which is a contradiction to ¢ > p.

Similarly, if & < p, then we can show that B < p;. This shows that p; is

a prime ideal of X.

Conversely, assume that p,, ¢t € Im (1) is a prime ideal of X. To prove: p

is an anti-fuzzy prime ideal. Let p be a fuzzy set in X which is defined by,
o) = |

prove: u is prime. Let ¢ and 8 be two anti-fuzzy ideals of X such that

tif
B 2SN By Theorem 2.12 in [1], p is an anti-fuzzy ideal of X. To
1 otherwise

6 -8 > . Enough To prove: o > p (or) 8 > p. Suppose o 2 u and & 2
Then of(x)<pu(x) and 8(y) < u(y), Vx € X = w(x) = w(y) =1 and also
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X,y & ;. Since p; is a prime ideal, we have that (x)(y) ¢ p;. Then
wa) =t and hence o-8(a) = w(a) = ¢. Since a = cd, ¢ = (x) and d = (y).

Now,
c-d(a) = ;chd {max {c(c), 8(d)}} < max {o(c), 5(d)}
< max {o(x), 8(y)j < max {u(x), u(y)} = ¢.

Therefore, o - 8(a) < ¢. Which is a contradiction.

Hence p is an anti-fuzzy prime ideal of X.
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