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Abstract

The main objective of this paper is to introduce new separation axioms by using gy - open
sets. In this paper, we define agy- separation axioms namely agy — T;i=0,1,2),

agy — T{(i = 0,1, 2) and investigate the relations between them and its characterizations.

1. Introduction

The concept of a-open sets was introduced by Njastad [10] in 1965. Levine
[6] introduced the notion of generalized closed sets in topological spaces.
Following this, the notion of a-generalized closed sets in topological spaces
was introduced by Maki et al. [7] in 1994. The concept of an operation on
topological spaces was introduced by Kasahara [5] and also he introduced the
concept of a-closed graphs of functions in topological spaces. Jankovic [4]
analyzed the functions with a-closed graphs. Following his work, Ogata [11]
renamed the operation o as a y-operation and introduced y-open sets in
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topological spaces. Later, Basu et al. [3] studied separation axioms with
respect to an operation. Al-Swidi and Mohammed [1] examined Separation
axioms using kernel set. Asaad [2] defined operation on g-open sets and
investigated its applications. Recently, Mershia Rabuni and Balamani [8]

defined the operation y on 1,, and introduced og,-open sets in topological
spaces.

In the present paper, new types of separation axioms are defined such as
ag, - Ti(i = 0,1,2,1/2) and ag, - T{(i = 0,1, 2) spaces by utilizing the

concept of ag,-open sets and their inter-relations are derived.

2. Preliminaries

Throughout this paper (X, t) signifies a topological space on which no

separation axiom is assumed unless otherwise mentioned. Also closure and
interior of a subset A are denoted by cl(A) and int(A) respectively.

Definition 2.1 [8]. Let (X, t) be a topological space. An operation y on
Tqg 18 a mapping from t,, into the power set P(X) of
X5V c y(V) VV € 144, the value of V under the operation y is denoted by
(V).

Definition 2.2 [8]. A non-empty subset A of (X, t) with an operation y on
Tog 1s called an ag,-open set if V x € A, 3 an ag-open set U>x € U and
y(U) < A. The collection of all ag,-open sets in (X, 1) is denoted by Tyg,-

The complement of an ag, - open set is called ag, - closed.

Definition 2.3 [8]. An operation y on t,, 1s said to be og-open if
V ag-open set U containing x € X, 3 an og,-open set Vox e V and

V < y(U).

Definition 2.4 [8]. Let y be an operation on 1,,. A point x € X is said to
be an og, - closure point of a set A if y(U) (N A # ¢ V ag-open set U containing

X.

Advances and Applications in Mathematical Sciences, Volume 21, Issue 4, February 2022



SEPARATION AXIOMS VIA OPERATION ON og-OPEN ... 1793

Definition 2.5 [8]. Let y be an operation on ty,. Then oag,cl(A) is

defined as the intersection of all ag,-closed sets containing A.

Definition 2.6 [9]. Let A be a subset of a topological space (X, t) and y

be an operation on Tog- A point x € A is said to be an ag, - interior point of
Aif 3 an og-open set Vof X containing x>y(V) < A. agint,(A) denotes the

set of all such og,-interior points of A.

Definition 2.7 [9]. Let A be a subset of a topological space (X, t) and y

be an operation on t,,. Then ag,-interior of A is the union of all ag,-open

sets contained in A and it is denoted by ag, int(A).

Definition 2.8 [9]. Let A be a subset of a topological space (X, t) and y

be an operation on 1,,. Then og,-kernel of A is defined as the intersection of

all ag,-open sets containing A. It is denoted by ag,- ker(A).

Definition 2.9 [9]. In a topological space (X, 1), Ac X 1is an
ag,- generalized closed (concisely og,-g.closed) set if (xgcly(A)g U

whenever A c U and Uis ag,-open in (X, 1).
3. ag, ~T;(i = 0,1, 2) and ag, - T{(i = 0, 1, 2) spaces

Definition 3.1. A topological space (X, t) is called

(a) ag,-Tp if for any two distinct points x, y € X, there exists an

ag-open set U such that either x e U and y ¢ y(U) or y € U and x ¢ y(U).

(b) og,-Ty if for any two distinct points x, y € X, there exists an

ag,- open set U such that either x e U and y ¢ U or y e U and x ¢ U.

Theorem 3.2. If y is an ag-open operation on tyq. Then the space (X, 1)

is ag,-Ty iff for every pair of distinct points x, y € X, agel,({x}) # agcly({y}).
Proof. (Necessity). Consider (X, t) to be ag,-Ty with two distinct
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points x and y. Then there exists an ag-open set U such that either x € U
and y ¢ y(U) or y e U and x ¢ y(U). Since y is ag-open, V ag-open set U
containing x € X, 3 an ag,-open set V such that x e V and V ¢ Y(O).
Then y e X\ y(U) < X \'V implies agcl,({y}) c agel (X \V). Since X \V
is ag,-closed, agel,({y}) € X \ V. Now x € agel,({x}) and x eV, x ¢ X\V
which implies agel, ({x}) # agel, (13}).

(Sufficiency). Suppose that for any pair of distinct points
x, y € X, agel,(Ix}) # agel,({y}). Then there exists some z € agel, ({x}) and
z ¢ agel,({y}) (orz e agel,({y}) and z ¢ agel,(ix}). Suppose if x € agel, ({y}),
then agel,(ix}) < agel,({y}). This implies z e agcl,({y}) which gives rise to a
contradiction. Therefore x ¢ agcl,({y}). Then there exists an og-open set U

containing x such that y(U) N {y} = ¢. Therefore x € U and y ¢ y(U). Hence
the space (X, 1) is ag,- Tp.

Corollary 3.3. If y is an og-open operation on Tag- Then the space
(X, 1) is og,-Ty iff for every pair of distinct points x, y € X, ag,cl(ix})
= agycl({y}).

Proof. It follows from the fact that for any subset A of X, agcl (A)

= agycl(A) under the og-open operation on 14, [8] and by Theorem 3.2.

Corollary 3.4. If v is an og-open operation on 1,,. Then the space
(X, 1) is ag,-Ty iff ag,-T5.
Proof. Follows from Theorem 3.2 and Corollary 3.3.

Theorem 3.5. The topological space (X, 1) is agy-Tq iff for every pair of

distinct points x, y € X, x ¢ ag, ker {y} or y ¢ ag, ker {x|.

Proof. Consider (X, 1) to be agy,-Ty with two distinct points x and y.

Then there exists an ag,-open set U such that either x e U and y ¢ U or
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yeU and x ¢ U. Now x € U and y ¢ U implies y ¢ ag, ker {x} or y € U
and x ¢ U implies x ¢ ag, ker {y}. Conversely, consider for every pair of
distinct points x, y € X, x ¢ ag, ker{y} or y ¢ ag, kerix}. Take
x & 0gy ker {y}, which implies x ¢ intersection of all ag,-open sets
containing the set {y}. Therefore there exists an ag,- open set U containing y
but not x. Similarly y ¢ ag, ker {x} implies that there exists an ag,- open

set V containing x but not y. Therefore (X, 1) is ag,- 7p.
Proposition 3.6. Every ag,- Ty space is og,- Ty but not conversely.

Proof. Consider (X, 1) to be ag,-Tj with two distinct points x and y.
Then there exists an ag,- open set U such that either x e U and y ¢ U or
y €U and x ¢ U Suppose if x e U and y ¢ U. Since U is ag,- open, there
exists an og-open set V such that xeVcy(V)cU and y¢Vcy(V)cU.
Therefore x € V and y ¢ y(V). Hence (X, 1) is ag,- T.

Example 3.7. Consider X = {a, b, ¢} with 1 = {9, {a}, {q, b}, {a, ¢}, X}.
Then t,, = 1. Let v : 144 — P(X) be an operation on t,, defined by

la.cf A=ld
y(A)={A A=1a, b} VA€,
X A = {a c}

Then Tag, = {0, {a, b}, X}. Here (X, 1) is ag,- Ty but not ag,- Tj.

Definition 3.8. A topological space (X, 1) is called

(a) ag,- Ty if for any two distinct points x, y € X, there exist ag-open
sets U and V containing x and y respectively such that y ¢ y(U) and x ¢ y(V)

(b) agy- 17 if for any two distinct points x, y € X, there exist ag,-open
set U and V containing x and y respectively such that y ¢ U and x ¢ V.

Theorem 3.9. If every singleton is og,- closed then the topological space

(X, 1) with the operation yis ag,- Ty
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Proof. Assume that every singleton is ag,-closed. Let x and y be two
distinct points. Then by assumption, we get two ag,- open sets X \ {y} and
X \ {x} containing x and y respectively. Since X \ {y} and X \ {x} are
agy-open, there exist og-open sets U and V such that
xeUcyU)cX\{y} and yeVcy(V)c X\{x} which implies
y ¢ v(U) and x ¢ y(V). Therefore (X, 1) is ag,- Tj.

Remark 3.10. Converse of Theorem 3.9 need not be true as illustrated in

the following example.

Example 3.11. Consider X ={a, b, ¢, d} with 1 ={¢, {a}, X}. Then
Tag = P(X)N\{b, ¢, d}. Let y: 143 — P(X) be an operation on 1, defined
by

{b,c A=1{b}
e, df A ={c
WA)=1la,d} A=1{d}V Acry,
X A ={b, c}or {a, d}or {b, d}
A otherwise

Then T(ng = {(I)’ {a}’ {a’ b}’ {a7 C}’ {C’ d}’ {a'7 d}? {a7 C’ d}7 {a7 ba C}7 {a7 ba d}’
X}. Here (X, 1) is ag,-T7 but the singleton set {a} is not ag,-closed.

Theorem 3.12. The space (X, 1) is og,-T{ iff every singleton is

ag, - closed.

Proof. Consider (X, 1) to be ag,-T{ with two distinct points x and y.
Then there exist two og,-open sets U and V containing x and y such that
y¢U and x ¢ V. Consequently, yeV < X\ {x} implies X\ {x} =
U{V :y e X\ {x}} which is ag,-open, since the union of ag,-open sets is
ag,-open. Therefore {x} 1is ag,-closed. Conversely, assume that every
singleton is ag,-closed. Let x and y be two distinct points. Consequently,

y ¢ {x} and x ¢ {y} implies y and x belongs to the ag,-open sets X \ {x}
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and X \ {y} respectively. Therefore (X, 1) is ag,-Tj.

Proposition 3.13. The topological space (X, t) is ag,-T{ iff for every
pair of distinct points x, y € X, x ¢ og, ker {y} and y ¢ ag, ker {x}.

Proof. Similar to the Proof of Theorem 3.5

Proposition 3.14. A topological space is ag,-T{ iff og, ker {x}
= {x}vx e X.

Proof. Consider X to be ag,-7{ and a point x in X such that
ag, ker {x} # {x}. Then there exists some y # x such that y e ag, ker {x}.
By Proposition 3.13, X is not og,-7{, which is a contradiction. Therefore
ag, ker {x} = {x}. Conversely, Consider ag, ker {x} = {x} ¥ x € X. Suppose
X is not og,-T{, then by Proposition 3.13, for some y # x such that
y € ag, ker {x}. This implies og, ker {x} # {x}, which is a contradiction.
Hence X'is og,-T7.

Proposition 3.15. Every ag,-T{ space is ag,-T; but not conversely.

Proof. Obvious by Definition 3.8.

Example 3.16. In Example 3.11, the space (X, 1) is ag,-7T1 but not
agy-17.

Definition 3.17. A space (X, 1) is called

(a) ogy-Ty if for any two distinct points x, y € X, there exist a ag-open

sets U and V containing x and y such that y(U) N y(V) = ¢

(b) ag,-T if for any two distinct points x, y € X, there exist a ag,- open

sets U and V containing x and y such that UNV = ¢.

Theorem 3.18. The following are equivalent for a topological space

(X, 1) with an operation y:
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(@) (X, 1) is ag,- Ty

(b) For each x # y in X, there exists an og-open set U containing x such

that y ¢ agel,(v(U))
(¢) For each x in X, N {agel,(y(U)) : U € 144 and x € U} = {x}.

Proof. (a) = (b) Consider X to be og,-T5. Then there exist ag-open
sets U and V containing x and y such that y(U)Ny(V) = ¢. This implies
y{U) < X\ y(V) < X \ V. Then ocgcly(Y(U)) c Otgcly(X \V)=X\V. Since
y & X\V, y ¢ agel,(y(U))

(b) = (c) Assume for each x # y in X, there exists an ag-open set U

containing x such that y ¢ agel (y(U)). Suppose if for each x in
X, N{ogel,(y(U)) : U € 144 and x € U} # {x}, then there exists some
y € N{ogel, (y(U)) : U € 14, and «x € U}. Consequently, y € agel,(v(U))
V ag-open set U containing x, which leads to a contradiction.

(¢ = (a) Consider that N{oagel, (y(U)): U € 144 and x € U} = {x}, for
each x in X ie., for each x # y in X,y ¢ agel,(v(U)) ¥ ag-open set U
containing x. This implies that y(U)Ny(V)=¢ for some ag-open set V

containing y.

Theorem 3.19. The following are equivalent for a topological space

(X, t) with an operation y:
(@ (X, 1) is ag,-Ty

(b) For each x # y in X, there exists an og,- open set U containing x such

that y ¢ og,clU)
(c) For each x in X, N{ag,cllU): U e Tog, and x € U} = {x}.

Proof. (a) = (b) Consider X to be ag,-T3. Then there exist og,- open
sets U and V containing x and y such that UV = ¢. This implies
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Uc X\V. Then og,lU)c ag,c(X\V)=X\V. Since y¢ X\V,
y ¢ ag,clU).

(b) = (c) Assume for each x # y in X, there exists an ag,- open set U
containing x such that 1y ¢ ocgycl(U). Suppose if for each x in
X, N{ag,clU) : U Tag, and x e U} = {x}, then there exists some
yeNiag,cllU): U e Tag, and x eU}. Consequently, y e ag,clU)

V agy-open set U containing x, which leads to a contradiction.

(©) = (a) Consider that N {og,clU):U € Tag, and x e U} = {x}, for
each x in X ie., for each x #y in X,y ¢ ag,cl(U)V ag,-open set U
containing x. This implies that UNV =¢ for some ag,-open set V
containing y.

Proposition 3.20. Every ag,- T3 space is ag,- Ty but not conversely.

Proof. Obvious by Definition 3.17.

Example 3.21. Consider X ={a, b, ¢, d} with 1= {¢, {a}, X}. Then
Tag = P(X)N\{b, ¢, d}. Let y: 153 — P(X) be an operation on 1, defined
by

AU{ A=}
_JAU{a} A={ VAery,
v(4) = gcl(A) A ={a, bjor{a, d}jor{b, d}or {c, d}
X otherwise

Then Tag, ={$,{a, b}, {a, d}, {b,d}, {c, d}, {a, b, d}, {a, c,d}, {b,c,d}, X}. Here
(X, 1) is ag,-Ty but not ag,-Ts.

Definition 3.22. A topological space (X, 1) is called a ag,- Tj/s space if
every og,- 8. closed set of (X, 1) is ag, - closed.

Remark 3.23. Every og,-closed set is ag,- g.closed [9]. Therefore in
agy- Tl/g space, the collections of ag,- closed sets coincide with ag,-g.closed

sets.
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Theorem 3.24. A topological space (X, 1) is agy- Tl/z with a y-operation

iff {x} is og,- closed or ag,-open V x € X.

Proof. Consider {x} to be not ag,-closed in (X, t). Then X \ {x} is
ag,-g. closed by Theorem 4.11 [9]. Since (X, 1) is ag,- T2 space, X \ {x} is
ag,- closed. Therefore {x} is ag,-open. Conversely, Assume that {x} is
agy- closed or ag,-open V x € X. Let C be og,-g.closed. By Theorem 3.47
(8], to prove Cis ag,- closed it is enough to prove that ocgcly(C) = C. Suppose
if agel,(C) # C, then there exists a point x such that x € agel,(C) \ C. Then
by the hypothesis, {x} is og,-closed or og,-open. Suppose if {x} is
ag,- closed, then the og,-closed set {x} < agcl (C)\ C which contradicts
the Theorem 4.6 [9]. Suppose if {x} is og,-open, then {x}NC # ¢, since
S ocgcly(C) and y is og-open. Consequently, we have x € C, which is a

contradiction. Hence agcl,(C) = C. Therefore Cis ag,- closed.

Proposition 3.25. For a topological space (X, 1) with an operation y on

Togs the following are true:
(1) Every ag,- T5 spaceis gy - T
(2) Every ag,- Ty spaceis ag,- Tz
(3) Every og,- Ty/2 space is og,- T
(4) Every og,- Ts space is ag,- T{
Proof. Obvious by Definitions — 3.1, 3.8, 3.17 and 3.22.

Remark 3.26. The converse of Proposition 3.25 is not true.

Example 3.27. Consider X = {a, b, ¢} with t = {¢, {a}, {b, ¢}X}. Then
Tqg = P(X). Let v : 144 — P(X) be an operation on t,, defined by

AU{c A ={a}or{b} v

] Aerx
gel(A) otherwise

ag

1) - |
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Then Tag, = {0, {c}, {a, b}, b, ¢}, {a, ¢}, X}. Here (X, 1) is ag,-T7 but
not ag,- Ts.

Example 3.28. Consider X = {q, b, ¢} with 1 = {¢, {a}, {a, b}, X}. Then
Tag = P(X)\ {{c}, {, c}}. Let y:t14, > P(X) be an operation on T,
defined by

cllA) ce A

VAerx
A otherwise o8

i) - |

Then g = {0, {a}, b}, {a, b}, X}. Here (X, 1) is ag,- T2 but not
(xgy- Tl'

Example 3.29. Consider X = {a, b, ¢} with © ={§, {a}, {, ¢}, X}. Then
Tag = P(X). Let v : 144 — P(X) be an operation on 1., defined by

A A = {a, c}
acl(A) otherwise

i) - |

VA€,

Then 744 = {0, {a}, {a, ¢}, b, ¢}, X}. Here (X, 1) is ag,-T5 but not
(ng- 7-11/2

Example 3.30. Consider X = {a, b, ¢} with © ={§, {a}, {, ¢}, X}. Then
Tqg = P(X). Let v : 144 — P(X) be an operation on 1,4 defined by

A A ={a, b}jor{b, c}or{a, c}
X  otherwise

i) - |

VAen,

Then 744 = {0, {a, b}, {a, ¢}, b, ¢}, X}. Here (X, 1) is ag,-T{ but not
ag,- Ts.

Theorem 3.31. An ag,- Ty-space (X, 1) with an operation y on 1y, is
ag,-Ts iff Yx=#y in X with ag,kerix} = ag, ker {y}, there exist
ag,- closed sets C and D such that og,ker{x} c C, ag, kerix} N D = ¢,
ag, ker{y} ¢ D, ag, ker{y}NC = ¢ and X = CUD.
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Proof. Consider X to be ag,-Ty By Theorem 3.5, for every pair of
distinct points x, y € X, x ¢ ag, ker{y} or y ¢ ag, ker{x}. This implies
ag, ker {x} # ag, ker{y}. Then by the hypothesis, there exist ag,- closed sets
C and D such that ag, ker{x} c C, ag, ker {x} N D = ¢, ag, ker{y} c D,
ag, ker{y} ¢ D, ag, ker{y}NC =¢ and X =CUD. Hence X\ C and
X\ D are disjoint ag,-open sets containing og, ker{y} and og, ker{x}

respectively. Therefore Xis og,- 75.

Conversely, let X be wog,-75 and Vx=py in X with
ag, ker {x} # ag, ker{y}. Then there exist disjoint og,-open sets U and V
containing x and y such that UNV =¢. Since every ag,-T5-space is
ag,- Ty, by Proposition 3.14, oag, ker{x}={x} and ag, ker{y} = {y}.
Therefore, now X\U and X\V are ag,-closed sets containing
ag, ker{y} and og, ker {x} respectively such that (X \U)U(X\V) =X,
ag, ker{y} N (X \V) = ¢, and ag, ker{x} N (X \U) = ¢.

Proposition 3.32. An ag,- T{, space (X, 1) with an operation y on Tog IS
ag,- Ty, iff Vx # y in X with ag, ker {x} # ag, ker{y}, there exist ag,- closed
sets C and D such that og, ker{x} c C, ag, ker{x} N D = ¢, ag, ker {y} c D,
ag, ker{y}NC =¢ and X = CUD.

Proof. Similar to Theorem 3.31.
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