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Abstract 

The purpose of this paper is to setup generalized bicomplex valued metric spaces and prove 

common fixed point theorems for a pair of weakly iso-tone increasing self maps satisfying more 

general contraction condition rendered by rational expressions. These results are supported 

through examples. Our results generalize the results of Jebril et al. [6] and Beg et al. [2]. 

1. Introduction 

Recently, Choi et al. [3] introduced the notion of bicomplex valued metric 

space which is a generalization of complex valued metric space and 

established sufficient conditions for the existence of common fixed points of a 

pair of mappings satisfying certain contractive condition. Motivated by the 

above works, researchers have been worked in this direction and obtained 

various results in this setting. For example, we refer [2, 3, 4, 6]. 
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We recall some definitions and terminologies, used to prove the main 

results. 

Bicomplex Numbers. The set of bicomplex numbers denoted by  is 

the first setting in an infinite sequence of multicomplex sets which are 

generalizations of the set of complex numbers   Here, we recall the set of 

bicomplex numbers  for example, [7,8]): 

  .3,2,1,0,:32122110  paaiiaiaiaw p   

We can also express  as 

 ,,: 11221    zzziz  

where 131221101 ,, iaiazaiaz   and 2i  are imaginary independent 

units such that .1 2
2

2
1 ii   The product of jii 21  such that .12 j  The 

product of units is commutative and is defined as ,, 1221 ijiiji   with the 

addition and multiplication of two bicomplex numbers defined in the obvious 

way. 

For a bicomplex number ,221 zizw   the norm is denoted by w  and 

is defined 

  .2

1
2

2
2

1221 zzzizw   

By choosing,  3,2,1,0,,32122110  pRaaiiaiaiaw p  then 

  .2

1
2
4

2
3

2
2

2
1 aaaaw   

A bicomplex number 32122110 aiiaiaiaw   is degenerated [8] if 

the matrix 








32

10

aa

aa
 is degenerated. 

Further, for any two bicomplex numbers ,, vu  we can show that 

(i) vuvu ii 
22

0    

(ii) vuvu   
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(iii) vu   

Also, for any two complex numbers ,, vu  we have 

(i) .2 vuuv   

 (ii) vuuv   whenever at least one of u and v is degenerated [8]. 

(iii) 
11   uu  holds for any degenerated bicomplex number. 

The partial order relation on 
2i

   defined in [4] as follows. 

Let  221 uiuu  and ,22  vivv i  we define a partial order 

relation on  as vu i2
  if and only if 11 1

vu i  and ,22 2
vu i   where 

1i
  is a 

partial order relation in .  Then 

(1) “    11 ReRe vu   and    11 ImIm vu  ” 

   22 ReRe vu   and    22 ImIm vu   

(2)    11 ReRe vu   and    11 ImIm vu   

   22 ReRe vu   and    22 ImIm vu   

(3)    11 ReRe vu   and    11 ImIm vu   

   22 ReRe vu   and    22 ImIm vu   

(4)    11 ReRe vu   and    11 ImIm vu   

   22 ReRe vu   and    .ImIm 22 vu   

We write vu i2
  if vu i2

  and vu   if any one of (1), (2) and (3) is 

satisfied and vu i2
  if condition (4) is satisfied. 

The definition of the bicomplex metric space is introduced in [3] as 

follows. 

Definition 1.1. Let X be a nonempty set. A function 2:   XXd  

is called a bicomplex valued metric on X if for all ,,, Xzyx   the following 

conditions are satisfied: 
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   yxdBGCM i ,01
2   

    0,2 yxdBGCM   iff ;yx   

     ;,,3 yxdyxdBGCM    

       zydzxdyxdBGCM i ,,,4
2     

The pair  dX,  is called a bicomplex valued metric space. 

We now extend the definition of generalized bicomplex valued metric 

space as follows. 

Definition 1.2. Let X be a nonempty set. A function 2:   XXd  

is called a generalized bicomplex valued metric on X if for all ,, Xyx   and 

for all distinct ,, Xvu   each one is different from x and y, the following 

conditions are satisfied: 

   yxdBGCM i ,01
2    

    0,2 yxdBGCM   iff ;yx   

     ;,,3 yxdyxdBGCM     

         zudvuduxdyxdBGCM i ,,,,4
2     

The pair  dX,  is called a generalized bicomplex valued metric space. 

Example 1.3. Let    ,1,021 X  we define 2:   XXd  by 

        ,0,110,30,11,0 21221 iiiddiidd    

        ,21,221,1,11,1 2121 iiddiidd    

    212 31,22,1 iiidd    and  

    ,263, 2121 yxiiiiyxd   otherwise. 

Then clearly,  dX,  is a generalized bicomplex valued metric space 

such that  yxd ,  is degenerated for all ., Xyx   Here we note that 

      .32,11,12,13 21221 2
iidddiii i     
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Hence  dX,  is not a bicomplex valued metric space. 

Definition 1.4. Let  dX,  be a generalized bicomplex valued metric 

space and  nx  be a sequence in X. We say that: 

(i) The sequence  nx  converges to Xx   if for each 2c  with 

ci2
0   there is a Nn 0  such that for all   .,,

20 cxxdnn in   We 

denote this by .lim xxnn   

(ii) The sequence  nx  is a Cauchy sequence if for each 2c  with 

ci2
0   there is Nn 0  such that for all   ,,,

20 cxxdnn imnn    

where .Nm   

(iii)  dX,  is complete generalized bicomplex valued metric space if 

every Cauchy sequence in X is convergent to a point in X. 

Lemma 1.5 [3]. Let  dX,  be a generalized bicomplex valued metric 

space and let  nx  be a sequence in X. Then  nx  converges to x if and only if 

  0, xxd n  as .n  

Lemma 1.6 [3]. Let  dX,  be a generalized bicomplex valued metric 

space and  nx  be a sequence in X. If   0,lim  mnnn xxd  then 

 nx  is a Cauchy sequence. 

Lemma 1.7 [3]. Let  dX,  be a generalized bicomplex valued metric 

space and let  nx  be a sequence in X. If  nx  converges to x then for any 

    .,,lim, axdaxdxa nn     

Definition 1.8. Let  ,X  be a partially ordered set and .:, XXTS   

The pair  TS,  is said to be: 

(i) weakly increasing if TSxSx   and STxTx   for all  .1Xx   

If ,TS   we have ,2xSSx   for all .Xx   In this case, S is weakly 

increasing map. 

(ii) S is said to be T-weakly isotone increasing [5] if for all ,Xx   we 

have  
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.STSxTSxSx   

Note that two weakly increasing mappings need not be nondecreasing. 

There exist some examples to illustrate this fact we refer [5]. 

If XXTS :,  are weakly increasing, then S is T-weakly isotone 

increasing. 

If ,TS   we say that S is weakly isotone increasing. In this case for each 

,Xx   we have .SSxSx   

Definition 1.9. A nonempty subset W of a partially ordered set X is said 

to be totally ordered if every two elements of W are comparable. 

Jebril et al., [6] and Beg et al., [2] explored common fixed point theorems 

satisfying rational inequality in 2  and obtained the following fixed point 

theorem. 

Theorem 1.10 [6]. Let  dX,  be a complete bicomplex and let 

XXTS :,   be a mapping satisfying the condition 

   
   

     TyydSxxdyxd

TyydSxxd
byxdaTySxd i ,,,

,,
,,

2 


 


  

    TyydSxxdc ,,    (1.10.1) 

for all ,, Xyx   and      TyydSxxdifTySxd ,,0,    

  0,  yxd  where ba,  non-negative real numbers with .12  cba  

Then S and T have a unique common fixed point in X. 

Theorem 1.11 [2]. Let  dX,  be a complete bicomplex metric space 

with degenerated     0,1,,1  yxdyxd   for all Xyx ,  and let 

XXTS :,  be a mapping satisfying the condition 

   
   

 yxd

TyydSxxd
byxdaTySxd i ,1

,,
,,

2 


 


  (1.11.1) 

for all ,, Xyx    where ba,  non-negative real numbers with .1 ba  Then 

S and T have a unique common fixed point in X. 

The purpose of this paper is to setup generalized bicomplex valued metric 
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spaces and prove common fixed point theorems for a pair of weakly isotone 

increasing selfmaps satisfying more general contraction condition rendered 

by rational expressions. These results are supported through examples. Our 

results generalize the results of Beg et al., (Theorem 1.10 and Theorem 1.11). 

2. Main results 

Theorem 2.1. Let  ,X  be partially ordered set such that there exists a 

complete generalized bicomplex valued metric d  on X with degenerated 

     zwdvudyxd ,,,    for all Xzwvuyx ,,,,,  and 

XXTS :,  be mappings satisfying the condition: for every comparable 

,, Xyx   

 
        

     yxdTyxdSxyd

SxydTyxdTyydSxxdp
TySxd

sqr

i ,,,

,,,,
,

2 


 




 

     TyydSxxyxd ,,,    (2.1.1) 

where  ,,,,,, srqp  and  1,0,   with 12   and 

  0, TySxd  when       0,,,  yxdTyxdSxyd   Also, 

suppose that S is T is weakly isotone increasing on X. If S or T is continuous 

or for any nondecreasing sequence  nx  with zxn   in X, we have zxn   

then S and T have a unique common fixed point in X. Moreover, the set of 

common fixed points of S and T is totally ordered if and only if S and T have 

a unique common fixed point in X. 

Proof. Let .0 Xx   Without loss of generality suppose that .00 xSx   

Let us define a sequence  nx  in X as follows: 

nn Sxx 212   and ,1222   nn Txx  for ,3,2,1,0n  (2.1.2) 

Since S is T is weakly isotone increasing, we have 

.31021001 xSTxSTSxxTxTSxSxx    

By repeating this process, we get 

 14321 nn xxxxxx   (2.1.3) 
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Assume that   0, 122 nn xxd  for all .n  

Otherwise, if 122  nn xx  for some n  then we have .22 nn Sxx   We 

now show that nx2  is a common fixed point of S and T. Indeed, suppose that 

  ,0, 2212  nn xxd  since 122 , nn xx  are comparable, we have 


2122 , inn TxSxd   

        
     122122212

212122121222

,,,

,,,,









nnnnnn

s
nn

q
nn

r
nnnn

xxdTxxdSxxd

SxxdTxxdTxxdSxxdp



  

      11222122 ,,,   nnnnnn TxxdSxxdxxd   

    ,0,121
222 inxnxd    this implies .2212   nn xx  

Therefore suppose that 1 nn xx  for all .n  

Again by condition (2.1.1), we have 


22212 , inn xxd   

        
     1222221212

12122221212122

,,,

,,,,









nnnnnn

s
nn

q
nn

r
nnnn

xxdxxdxxd

xxdxxdxxdxxdp



  

      ,,,, 1212122122   nnnnnn xxdxxdxxd   

which implies 

   .,
1

, 1222212 2  


nninn xxdxxd    (2:1:4) 

Similarly, 

   .,
1

, 122122 2  


nninn xxdxxd    (2:1:5) 

Thus from (2.1.4) and (2.1.5), we get 

   11 ,
1

,
2  


nninn xxdxxd    (2:1:6) 

for all .Nn   
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Let .
1 


h  Thus, from (2.1.6), it follows that 

   .,, 11 2  nninn xxhdxxd    (2:1:7) 

Hence for all ,0n  we have 

   .,, 11 2  nn
n

inn xxdhxxd     (2:1:8) 

We now show that  nx  is a Cauchy sequence. 

Case(1): Now, for ,nm   is odd, let 12  knm  then we have 

       mnnnnnimn xxdxxdxxdxxd ,,,, 22112      

         
10

32
10

1 ,,
2

xxdhhxxdhh nnnn
i   

     mkn
knkn xxdxxdhh ,, 210

1222


    

     10
42 ,11

2
xxdhhhhn

i    

 
 102

,
1

1
2

xxd
h

hh n

i 



 

 
 

  .,
1

1
, 102

xxd
h

hh
xxd

n

mn 



  

Taking limits as ,n  we have   0, mn xxd  i.e, 

  0, mn xxd  as .n  

Case (2). Now, for ,nm   is even, let knm 2  then we have 

       mnnnnnimn xxdxxdxxdxxd ,,,, 22112      

         
10

32
10

1 ,,
2

xxdhhxxdhh nnnn
i   

     20
22

20
1222 ,, xxdhxxdhh knknkn


   

       10
2

10
42 ,,11

2
xxdhxxdhhhh nn

i     
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let     ,,,,max 2010 xxdxxdL   then 

 
 

LhL
h

hh
xxd n

n

imn
2

21

1
,

2




  

 
 

.
1

1
, 2

2
LhL

h

hh
xxd n

n

mn





  

Taking limits as ,n  we have   0, mn xxd  i.e, 

  0, mn xxd  as .n  

Therefore  nx  is a Cauchy sequence in X. 

Since X is complete there exists Xv   such that .lim vxnn   

Suppose that S is continuous then 

  .limlimlim 2212 SvxSSxx n
n

n
n

n
n







 

Hence .Svv    

We now show that .vTv   

   SvTvdvTvd ,,    

        
     vvdTvvdSvvd

SvvdTvvdTvvdSvvdp
sqr

,,,

,,,,







   

     TvvdSvvdvvd ,,,    

  ,, Tvvd  

which is a contradiction, since .1  Therefore .Tvv   

Hence .vSvTv   Thus S and T have a common fixed point in X. 

Next, suppose neither S nor T is continuous, then we have vxn   for all 

.n  

We now claim that v is a fixed point of S. 

         SvxdxxdxvdTvSvdSvvd nnnni ,,,,, 222212122      
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   221212 ,,
2   nnni xxdxvd   

        
     vxdTxvdSvxd

SvxdTxvdTxxdSvvdp

nnn

sq
n

r
nn

,,,

,,,

121212

12121212












  

      221212 ,,,   nnn xxdSvvdvxd   

     221212 ,,,   nnn xxdxvdSvvd   

        

     vxdTxvdSvxd

SvxdTxvdTxxdSvvdp

nnn

s
n

q
n

r
nn

,,,

,,,,
22

121212

12121212












  

       .,,, 1212 SvxdSvvdxvd nn     

Taking limits as ,n  using lemma 1.7, we get 

    .0,1  Svvd  

This implies   ,0, Svvd  which implies v is a fixed point of S. 

Similar to the above argument, we can show that .vTv   

Thus, S and T have a common fixed point in X. 

Next, we suppose that the set of all common fixed points of S and T is 

totally ordered. 

If possible suppose that z, is another common fixed point of S and T. From 

condition (2.1.1), we have 

   
        

     zvdTzvdSvzd

SvzdTzvdTzzdSvvdp
TzSvdzvd

sqr

i ,,,

,,,,
,,

2 


 




  

      ,,,, TzzdSvvdTzvd    

which implies    ,,,
2

zvdzvd i     

thus     ,0,1
2i

zvd   hence ,zv   since .1  

Hence S and T have a unique common fixed point in X. 

Conversely, suppose that S and T have common fixed point, then the set 

of common fixed points of S and T being singleton, is totally ordered. This 
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completes the proof of this theorem. 

By choosing ,TS   we have the following corollary. 

Corollary 2.2. Let  ,X  be partially ordered set such that there exists a 

complete generalized bicomplex valued metric space on X with degenerated 

     zwdvudyxd ,,,    for all Xzwvuyx ,,,,,  and XXT :  

be a mapping satisfying the condition: for every comparable ,, Xyx   

 
        

     yxdTyxdTxyd

TxydTyxdTyydTxxdp
TyTxd

sqr

i ,,,

,,,,
,

2 


 




 

      TyydTxxdyxd ,,,    (2.2.1) 

where  ,,,,,, srqp  and  1,0,   with 12   and 

  0, TyTxd  when       .0,,,  yxdTyxdTxyd   

Also, suppose that T is weakly isotone increasing on X. If T is continuous 

or for any nondecreasing sequence  nx  with zxn   in X, we have zxn   

then T has a unique common fixed point in X. Moreover, the set of fixed 

points of T is totally ordered if and only if T has a unique common fixed point 

in X. 

By choosing     ,1,,,0,0,0,1  TyxdTxydsqrp   

 we have the following corollary. 

Corollary 2.3. Let  ,X  be partially ordered set such that there exists a 

complete generalized bicomplex valued metric space on X with degenerated 

     zwdvudyxd ,,,    for all Xzwvuyx ,,,,,  and 

XXTS :,  be a mapping satisfying the condition: for every comparable 

,, Xyx   

 
    

 
 yxd

yxd

TyydSxxd
TySxd i ,

,1

,,1
,

2 



  




  (2.3.1) 

where    and  .1,0  

Also, suppose that S is T is weakly isotone increasing on X. If S or T is 
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continuous or for any nondecreasing sequence  nx  with zxn   in X, we 

have zxn   then S and T have a unique common fixed point in X. Moreover, 

the set of common fixed points of S and T is totally ordered if and only if S 

and T have a unique common fixed point in X. 

By choosing 1,1,0,0,0  sqp  and 1r  we have the 

following corollary. 

Corollary 2.4. Let  ,X  be partially ordered set such that there exists a 

complete generalized bicomplex valued metric space on X with degenerated 

     zwdvudyxd ,,,    for all Xzwvuyx ,,,,,  and 

XXTS :,  be a mapping satisfying the condition: for every comparable 

,, Xyx   

 
    

     yxdSxydTyxd

TyydSxxd
TySxd i ,,,

,,
,

2 


 




 

      TyydSxxdyxd ,,,    (2.4.1) 

where    and  1,0,   with 12   and   0, TySxd  when 

      .0,,,  yxdTyxdSxyd   

Also, suppose that S is T is weakly isotone increasing on X. If S or T is 

continuous or for any nondecreasing sequence  nx  with zxn   in X, we 

have zxn   then S and T have a unique common fixed point in X. Moreover, 

the set of common fixed points of S and T is totally ordered if and only if S 

and T have a unique common fixed point in X. 

By choosing 0,0,0,0,0  sqp  and 1r  we have the 

following corollary. 

Corollary 2.5. Let  ,X  be partially ordered set such that there exists    

a complete generalized bicomplex valued metric space on X with         

degenerated      zwdvudyxd ,,,    for all Xzwvuyx ,,,,,  

and XXTS :,  be a mapping satisfying the condition: for every comparable 

,, Xyx   
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 
    

 yxd

TyydSxxd
TySxd i ,

,,
,

2 


 


 

      TyydSxxdyxd ,,,    (2.5.1) 

where    and  1,0,   with 12   and   0, TySxd  when 

  .0, yxd  

Also, suppose that S is T is weakly isotone increasing on X. If S or T is 

continuous or for any nondecreasing sequence  nx  with zxn   in X, we 

have zxn   then S and T have a unique common fixed point in X. Moreover, 

the set of common fixed points of S and T is totally ordered if and only if S 

and T have a unique common fixed point in X. 

By choosing 0  and 0  in Corollary 2.2, we have the following 

corollary. 

Corollary 2.6. Let  ,X  be partially ordered set such that there exists a 

complete generalized bicomplex valued metric space on X and XXT :  be 

a mapping satisfying the condition: for every comparable ,, Xyx   

   yxdTyTxd i ,,
2      (2:6:1) 

where  .1,0  

Also, suppose that T is weakly increasing on X. If T is continuous or for 

any nondecreasing sequence  nx  with zxn   in X, we have zxn   then T 

has a unique common fixed point in X. Moreover, the set of fixed points T is 

totally ordered if and only if T has a unique common fixed point in X. 

The following is an example in support of Theorem 2.1. 

Example 2.7. Let   ,0X  with the partial order: yxyx   or 

 1,0, yx  with .xy   We define 2  XXd  by  

  yxiiyxd  21,  then  dX,  is a complete bicomplex valued 

metric space with degenerated      zvdvuduxd ,,,    for all 

.,,, Xvuyx   
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Let RXXTS :,  be defined by 

 

 
 














,1if
12

1,0if
4

x
x

x

x
x

Sx  and 
 

 
 














,1if
14

1,0if
8

x
x

x

x
x

Tx  

We first check that S is T-weakly isotone increasing. 

Case(i) When  ,1,0x  we have 

.
144364

STSx
x

TSx
xx

Sx   

Case(ii) When  ,,1 x  we have 
 

x
x

x
Sx 




12
 and 

 
.

14
x

x

x
Tx 


  Thus for all  ,,1 x  we have 

 
Sx

Sx

Sx
TSx 




14
 

and 
 

TSx
TSx

TSx
STSx 




12
 therefore STSxTSxSx   for all .Xx   

Hence S is T-weakly isotone increasing. 

We now verify inequality (2.1.1) with ,
4

1
,1,1,1,1  ptsr  

6

1
,

8

1
   and .

3

1
  

Let us consider two comparable elements Xyx ,  with xy   then we 

have following cases: 

Case(1) When  ,1,0x  so  ,1,0y  then 
2

y
x   or .

2
x

y
  

 (i) When ,
2

y
x   we have 

  ,
824

1

8
,

4
,

2
y

z
x

y
z

yx
dTySxd i 







 






  

where .21iiz   

Hence 
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      TyydSxxd
yx

zTySxd i ,,
8

7

4

3

3

1
,

2   






   

        
     yxdTyxdSxyd

SxydTyxdTyydSxxdp
sqr

i ,,,

,,,,
2 





 

      TyydSxxdyxd ,,,    

 (ii) When ,
2

y
x   we have 

  ,
424

1

8
,

4
,

2
x

zy
xz

yx
dTySxd i 







 






  

where .21iiz   

Hence 

      TyydSxxd
yx

zTySxd i ,,
8

7

4

3

3

1
,

2   






   

        
     yxdTyxdSxyd

SxydTyxdTyydSxxdp
qr

i ,,,

,,,,
2 





 

      .,,
3

1
, TyydSxxdyxd    

Case(2). When ,1x  we have ,yx   then 

  
   


   x

xx
z

x

x
z

x

x

x

x
dTySxd i 









14

85

3

1

1414
,

12
,

2

2
  

    TyydSxxd ,,
3

1
   

        
     

 yxd
yxdTyxdSxyd

SxxdTyxdTyydSxxdp
sqr

i ,
,,,

,,,,
2 



 



 

    ,,, TyydSxxd    

thus the inequality (2.1.1) is verified . 

Hence, S and T satisfies all the conditions of Theorem 2.1 with '0' is the 

unique common fixed point of S and T. 
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Here we note that inequality (1.11.1) fails to hold for any a and b at 

2x  and ,2y  since 

 
18

55

6

1

6

1
,

3

1
, 2

2
bkkdTySxd i 







  

   
 

 .,
,1

,,
yxad

yxd

TyydSxxd
b 



 


  

This shows that condition (2.1.1) is more general than (1.11.1) 

Example 2.8. Let ,
4

1
,

3

1
,

2

1
,1







X   we define 2:   XXd  by 

,1,
2

1

2

1
,1 21iidd 















  

 ,21,
3

1

3

1
,1 21iidd 















  

 211,
4

1

4

1
,1 iidd 















  

 215
2

1
,

3

1

3

1
,

2

1
iidd 















  

 2121 3
3

1
,

4

1

4

1
,

3

1
4

4

1
,

2

1

2

1
,

4

1
iiddiidd 





























  and 

  0, xxd  for all .Xx   

It is clear that  dX,  is a generalized bicomplex valued metric space. 

Also,  dX,  is not a bicomplex valued metric space, since  

.3
3

1
,11,

2

1

3

1
,

2

1
5 2121 iidddii 























    

We define  on X by yx   if xy   We define XXTS :,  by 

3

1

2

1
,

4

1

4

1

3

1
1  SSSS  and .

4

1

4

1

3

1
,

3

1

2

1
1  TTTT  

Then clearly, S and T are weakly isotone maps. Also, S and T satisfies all 
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the conditions of Theorem 2.1 with ,
6

5
,2,1,7,1  srqp    

15

1
  with 

4

1
 is the unique common fixed point of S and T. 

Here, we note that conditions (1.10.1) and (1.11.1) fails to hold for any  

and  at 1x  and 1y  since  

     














4

1
,11,133

3

1
,

4

1
, 2121 2   ddiiiidTySxd i  

    Tyydd ,
3

1
,1    

since 1  and  

   1,103
3

1
,

4

1
,

221   diidTySxd i 






  

since .1  

This shows that condition (2.1.1) is more general than (1.10.1) and 

(1.11.1). 

Theorem 2.9. Let  ,X  be partially ordered set such that there  exists a 

complete generalized bicomplex valued metric space on X with        

degenerated      zwdvudyxd ,,,    for all Xzwvuyx ,,,,,  

and XXTS :,   be a mapping satisfying the condition: for every 

comparable ,, Xyx   

      TyydSxxdTySxd i ,,,
2     

       

   SxydTyxd

SxydTyydTyxdSxxd

,,

,,,,
22

22








  

         
     yxdTyxdSxxd

yxdSxydyxdTyxdSxxd

,,,

,,,,, 2







  (2.9.1) 

where 0,,   with 12   and 

  0, TySxd  when       0,,,  yxdTyxdSxxd   or  



COMMON FIXED POINTS FOR A PAIR OF MAPS … 

Advances and Applications in Mathematical Sciences, Volume 21, Issue 5, March 2022 

2363 

    .0,, 22  SxydTyxd   

Also, suppose that S is T is weakly isotone increasing on X. If S or T is 

continuous or for any nondecreasing sequence  nx  with zxn   in X, we 

have zxn  then S and T have a unique common fixed point in X. Moreover, 

the set of common fixed points of S and T is totally ordered if and only if S 

and T have a unique common fixed point in X. 

Proof. Let .0 Xx   Without loss of generality, suppose that .00 xSx   

Let us define a sequence  nx  in X as follows: 

nn Sxx 212   and ,1222   nn Txx  for ,3,2,1,0n   (2.9.2) 

Now, in view of our assumption, we have 

.31021001 xSTxSTSxxTxTSxSxx    

By repeating this process, we get 

 14321 nn xxxxxx    (2.9.3) 

Assume that   0, 122 nn xxd  for all .n  

Otherwise, if 122  nn xx  for some n  then we have .22 nn Sxx   We 

now show that nx2  is a common fixed point of S and T. Suppose that 

  ,0, 2212  nn xxd  since 2212 ,  nn xx  are comparable, we have 

      121222122 ,,,
2   nnnninn TxxdSxxdTxSxd   

       

   nnnn

nnnnnnnn

SxxdTxxd

SxxdTxxdTxxdSxxd

212
2

122
2

212
2

12121212
2

22

,,

,,,,












  

         
     12212222

12222212
2

12222

,,,

,,,,,










nnnnnn

nnnnnnnnnn

xxdTxxdSxxd

xxdxSxdxxdTxxdSxxd



  

    0,1
22212 inn xxd     this implies .2212   nn xx  

Hence nx2  is a common fixed point of S and T. 

Thus, we suppose that 1 nn xx  for all .Nn   

We now show that 
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   122122 ,
1

,
2  











nninn xxdxxd    

for all .n  

By considering the condition (2.9.3), we have 

      121222122 ,,,
2   nnnninn TxxdSxxdTxSxd   

       

   nnnn

nnnnnnnn

SxxdTxxd

SxxdTxxdTxxdSxxd

212
2

122
2

212
2

12121212
2

22

,,

,,,,












  

         
     12212222

12222212
2

12222

,,,

,,,,,










nnnnnn

nnnnnnnnnn

xxdTxxdSxxd

xxdxSxdxxdTxxdSxxd



  

which implies 

   .,
1

, 1222212 2  










nninn xxdxxd     (2.9.4) 

Similarly, 

   122122 ,
1

,
2  











nninn xxdxxd     (2:9:5) 

Thus from (2.9.4) and (2.9.5), we get 

   122122 ,
1

,
2  











nninn xxdxxd     (2:9:6) 

for all .n  

Let .
1 


  (2.9.7) 

Thus, from (2.9.6), it follows that 

   11 ,,
2   nninn xxdxxd    (2.9.8) 

Hence for all ,0n  we have 

   .,, 11 2   nn
n

inn xxdxxd     (2.9.9) 

Following on the same lines of proof of Cauchy sequence 



COMMON FIXED POINTS FOR A PAIR OF MAPS … 

Advances and Applications in Mathematical Sciences, Volume 21, Issue 5, March 2022 

2365 

Therefore  nx  is a Cauchy sequence in X. 

Since X is complete there exists Xv   such that .lim vxnn   

Suppose that S is continuous then 

  .limlimlim 2212 SvxSSxx nnnnnn    

Hence .Svv   

We now show that .vTv   

      TvvdSvvdSvTvd ,,,    

       

   SvvdTvvd

SvvdTvvdTvvdSvvd

,,

,,,,
22

22








  

         
     yvdTvvdSvvd

vvdSvvdvvdTvvdSvvd

,,,

,,,,, 2







  

which implies     .0,1  vTvd  

Therefore .Tvv   Hence .vSvTv   Thus S and T have a common 

fixed point.  

Next, suppose that neither S nor T is continuous, then we have vxn   

for all .Nn   

We now claim that v is a fixed point of S. 

       SvxdxxdxvdSvvd nnnni ,,,, 222212122      

        1212221212 ,,,,
2   nnnnni TxxdSvvdxxdxvd   

       

   SvxdTxvd

SvxdTxxdTxvdSvvd

nn

nnnn

,,

,,,,

12
2

12
2

12
2

121212
2












  

         
     vxdTxvdSvvd

xvdSvxdxvdTxvdSvvd

nn

nnnn

,,,

,,,,,

1212

121212
2

12












  

       SvxdxxdxvdSvvd nnnni ,,,, 222212122      
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   221212 ,,
2   nnni xxdxvd   

    1212 ,,  nn TxxdSvvd   

       

   SvxdTxvd

SvxdTxxdTxvdSvvd

nn

nnnn

,,

,,,,
2

12
2

12
2

12
2

121212
2












  

         
     vxdTxvdSvvd

xvdSvxdxvdTxvdSvvd

nn

nnnn

,,,

,,,,,
2

1212

121212
2

12












  

which on taking limits .n  we get     ,0,1  Svvd  this implies 

v is a fixed point of S. 

Similar to the above argument, we can show that ,vTv   consequently, it 

follows that v is a common fixed point of S and T,  

Next, we suppose that the set of all common fixed points of S and T is 

totally ordered. 

If possible suppose that z, is another common fixed point of S and T. From 

condition (2.9.1), we have 

        .,,,,
2

TzzdSvvdTzSvdzvd i     

       

   SzzdTzvd

SvzdTzzdTzzdSvvd

,,

,,,,
22

22








  

         
     zvdTvvdSvvd

zvdSvzdzvdTzvdSvvd

,,,

,,,,, 2







  

thus     ,0,1
2i

zvd   hence ,zv   since .1  

Hence S and T have a unique common fixed point in X. Conversely, 

suppose that S and T have only one common fixed points, then the set of 

common fixed point of S and T being singleton, is totally ordered. 

By choosing TS  in Theorem 2.9, we have the following corollary. 

Corollary 2.10. Let  ,X  be partially ordered set such that there exists 

a complete generalized bicomplex valued metric space on X with degenerated 

     zwdvudyxd ,,,    for all Xzwvuyx ,,,,,  and XXT :  
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be a mapping satisfying the condition: for every comparable ,, Xyx    

      TyydTxxdTyTxd i ,,,
2     

       

   TxydTyxd

TxydTyydTyxdTxxd

,,

,,,,
22

22








  

         
     yxdTyxdTxxd

yxdTxydyxdTyxdTxxd

,,,

,,,,, 2







   (2.10.1) 

where with 12   and 

  0, TyTxd  when       0,,,  yxdTyxdTxxd   or  

    .0,, 22  TxydTyxd   

Also, suppose that T is weakly increasing on X. If T is continuous or for 

any nondecreasing sequence  nx  with zxn   in X, we have zxn  T has a 

unique common fixed point in X. Moreover, the set of fixed points of T is 

totally ordered if and only if T has a unique fixed point. 

Example 2.11. Let       .,11,02,1  X   

    ,0,11,0 212 iiidd    

    ,50,22,0 212 iiidd     

and     212 51,22,1 iiidd    

and     ,263, 2121 yxiiiiyxd   for all ., Xyx   

Then clearly,  dX,  is a generalized bicomplex valued metric space 

such that  yxd ,  is degenerated for all ., Xyx   Here we note that 

      .32,00,12,15 212221 2
iiidddiii i     

Hence  dX,  is not a bicomplex valued metric space. 

We define partial order on X by yxyx   or  1,0, yx  with 

.xy   
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Let RXXTS :,   by 

 

 

 
























,1
14

1,0
6

2,10

3
xif

x

x

xif
x

xif

Sx  and 

 

 

 
























,1
18

1,0
36

2,10

3
xif

x

x

xif
x

xif

Tx  

We first check that S is T-weakly isotone increasing. 

Case (i). When  ,2,1 x  then we have 

.000 STSxTSxSx   

Case (ii). When  1,0x  we have 

.
12962166

STSx
x

TSx
xx

Sx   

Case (iii). When  ,,1 x  we have 

x
x

x
Sx 




314

 and 
 

.
18 3

x
x

x
Tx 



  

Thus for all  ,,1 x  we have 

 
Sx

Sx

x
TSx 




314
 and 

 
TSx

TSx

TSx
STSx 




318

 therefore 

STSxTSxSx   for all .Xx   

Hence S is T-weakly isotone increasing. 

Let us consider two comparable elements Xyx ,  with xy   then we 

have following cases. 

Case (1). When  ,1,0x  so  ,1,0y  then 
6

y
x   or .

6
x

y
   

(i) When ,
6

y
x   we have 
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  ,
3666

1

36
,

6
,

2
y

z
x

y
z

yx
dTySxd i 







 






  

where  .263 2121 iiiiz    

Hence 

      TyydSxxd
yx

zTySxd i ,,
36

35

6

5

5

1
,

2   






   

    
       

   SxydTyxd

SxydTyydTyxdSxxd
TyydSxxdi

,,

,,,,
,,

22

22

2








  

         
     yxdTyxdSxxd

yxdSxydyxdTyxdSxxd

,,,

,,,,, 2







  

 (ii) When ,
6

y
x   we have 

  ,
666

1

36
,

6
,

2
x

zy
xz

yx
dTySxd i 







 






  

where  .263 2121 iiiiz   

Hence 

      TyydSxxd
yx

zTySxd i ,,
36

35

6

5

5

1
,

2   






   

    
       

   SxydTyxd

SxydTyydTyxdSxxd
TyydSxxdi

,,

,,,,
,,

22

22

2








  

         
     yxdTyxdSxxd

yxdSxydyxdTyxdSxxd

,,,

,,,,, 2







  

Case (2). When ,1x  we have ,yx   then 

   
2

3

333 18

3116

5

1

1818
,

14
,

2
x

xx
z

x

x
z

x

x

x

x
dTySxd i











   

    TyydSxxd ,,
5

1
   
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    
       

   SxydTyxd

SxydTyydTyxdSxxd
TyydSxxdi

,,

,,,,

6

1
,,

5

1
22

22

2








  

         
     yxdTyxdSxxd

yxdSxydyxdTyxdSxxd

,,,

,,,,,

7

1
2







  

hence the inequality (2.9.1) is verified. Also, 0 is the unique common fixed 

point of S and T. Thus all the conditions of Theorem 2.9 are verified. 
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