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Abstract

The purpose of this paper is to setup generalized bicomplex valued metric spaces and prove
common fixed point theorems for a pair of weakly iso-tone increasing self maps satisfying more
general contraction condition rendered by rational expressions. These results are supported
through examples. Our results generalize the results of Jebril et al. [6] and Beg et al. [2].

1. Introduction

Recently, Choi et al. [3] introduced the notion of bicomplex valued metric
space which is a generalization of complex valued metric space and
established sufficient conditions for the existence of common fixed points of a
pair of mappings satisfying certain contractive condition. Motivated by the
above works, researchers have been worked in this direction and obtained

various results in this setting. For example, we refer [2, 3, 4, 6].
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We recall some definitions and terminologies, used to prove the main
results.

Bicomplex Numbers. The set of bicomplex numbers denoted by BC is
the first setting in an infinite sequence of multicomplex sets which are
generalizations of the set of complex numbers C Here, we recall the set of

bicomplex numbers BC for example, [7,8]):

BC = {w = ay + {41 + igag + fjigas : a, € R, (p = 0,1, 2, 3)}.

We can also express BC as

BC = {2 + 1929 : 21, 21 € C},
where 2z = aqg + 4101, 29 = Qg + j1ag, j; and iy are imaginary independent
units such that ilz =-1= i%. The product of iy = j such that 72 =1. The

product of units is commutative and is defined as 7;j = —iy, iyj = —;, with the

addition and multiplication of two bicomplex numbers defined in the obvious

way.

For a bicomplex number w = 2z, + iszy, the norm is denoted by | w | and
is defined
. 2 92 1
lwl =121 +iaze [ = (21 [7+] 22 ")z

By choosing, w = ag + jay + igag + fjisag, a, € R, (p =0, 1, 2, 3) then

1
[w] = ((112 +a§ +ag‘Z +aZ)§.

A bicomplex number w = ay + {jaq + i9ag + jjigas 1s degenerated [8] if

QG 0

the matrix
Qg ag

j 1s degenerated.

Further, for any two bicomplex numbers u, v € BC, we can show that
M) 0 <jy u=y v=ul<|v]

@) Ju+v| <flu]+]v]
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(i) | o | < o o]
Also, for any two complex numbers u, v € BC, we have
@ Juv| < V2 ul|fv].

() |uv| = w]||v| whenever at least one of u and v is degenerated [8].

(i) | ut [ =w ||_1 holds for any degenerated bicomplex number.

The partial order relation on =iy defined in [4] as follows.

Let u = uy +igug € BC and v =v; + igvy € BC, we define a partial order
relation on BC as u=;,v if and only if ¥ < ;v and ug < ;,vs, where =; isa
partial order relation in C. Then

(1) “Re() = Re(v;) and Im(z;) = Im(vy)”

Re(us) = Re(vp) and Im(ug) = Im(uvsp)

() Re(1y) < Re(ty) and Tm(zy) < Tm(v;)

Re(us) = Re(vp) and Im(ug) = Im(uvsp)
(3) Re(11) = Re(vy) and Im(z) = Im(vy )

Re(uz) < Re(u) and Tm(uy) < Tm(uy)
(4) Re(u) < Re(vy) and Im(y) < Im(v;)

Re(uy) < Re(vg) and Im(ug) < Im(vy).

We write u ofiz vif u Sy U and u # v if any one of (1), (2) and (3) is
satisfied and u <;, v if condition (4) is satisfied.

The definition of the bicomplex metric space is introduced in [3] as

follows.

Definition 1.1. Let X be a nonempty set. A function dpr : X x X — Cy
is called a bicomplex valued metric on X if for all x, y, z € X, the following

conditions are satisfied:
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(BGCM1)0 =; dpc(x, y)
(BGCM 2)dpc(x, y) = 0 iff x = y;
(BGCM 3)dpc(x, y) = dpc(x, y);
(BGCM 4)dgc(x, ¥) =i, dpc(x, 2) + dpc(y, 2)
The pair (X, dpc) is called a bicomplex valued metric space.

We now extend the definition of generalized bicomplex valued metric

space as follows.

Definition 1.2. Let X be a nonempty set. A function dpc : X x X — C,
is called a generalized bicomplex valued metric on X if for all x, y € X, and

for all distinct u, v € X, each one is different from x and y, the following

conditions are satisfied:

(BGCM1)0 =, dpc(x, y)

(BGCM 2)dpc(x, y) = 0 iff x = y;

(BGCM 3)dpc(x, y) = dpc(x, ¥);

(BGCM 4)dpc(x, y) =i, dpcl(x, u) + dpcly, v) + dpc(y, 2)

The pair (X, dpc) is called a generalized bicomplex valued metric space.
Example 1.3. Let X =[-1-2]U|[0, 1], we define dpc : X x X — Cq by
dpc(0, 1) = dpc(l, 0) = 3iis, dpc(0 1) = dpc(-1, 0) = iy + jia,

dpc(-1, 1) = dpc(l, -1) = iig, dpc(l - 2) = dpc(-2, 1) = 2iyiy,

dpc(-1, — 2) = dpe(-2, — 1) = iy + 3ijiy and

dpc(x, y) = 3+ 61 + iy + 2iji5)| x — y |, otherwise.

Then clearly, (X, dgc) is a generalized bicomplex valued metric space

such that dpc(x, y) is degenerated for all x, y € X. Here we note that
3i1i2 + iz = dB(C(_]-’ - 2) iizdﬂ:g(c(—]_, 1) + dﬁc(l, - 2) = 3L1L2
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Hence (X, dpc) is not a bicomplex valued metric space.

Definition 1.4. Let (X, dpc) be a generalized bicomplex valued metric

space and {x,} be a sequence in X. We say that:

(i) The sequence f{x,} converges to x € X if for each ¢ € Cy with
0 <;, ¢ there is a ny € N such that for all n > ng, dpc(x,, x) <;, c. We
denote this by lim,_,.,, x, = x.

(i) The sequence {x,} is a Cauchy sequence if for each ¢ € Cy with
0 <;, ¢ there is ny € N such that for all n > ng, dgc(*,, Xpem) <i, €
where m € N.

(i) (X, dpc) is complete generalized bicomplex valued metric space if
every Cauchy sequence in X is convergent to a point in X.

Lemma 1.5 [3]. Let (X, dgc) be a generalized bicomplex valued metric
space and let {x,} be a sequence in X. Then {x,} converges to x if and only if

| dpc(xy,, x) | = 0 as n — «.

Lemma 1.6 [3]. Let (X, dpc) be a generalized bicomplex valued metric
space and {x,} be a sequence in X. If lim, , | dpc(x,, %pem) || = O then

{x,,} is a Cauchy sequence.

Lemma 1.7 [3]. Let (X, dgc) be a generalized bicomplex valued metric
space and let {x,} be a sequence in X. If {x,} converges to x then for any

a € x, lim, .| dpc(xy, @) | = | dpclx, a)|.
Definition 1.8. Let (X, <) be a partially ordered set and S, 7" : X — X.
The pair (S, T') is said to be:

(i) weakly increasing if Sx < T'Sx and Tx < STx for all x € X[1]

If S=T, we have Sx < Szx, for all x € X. In this case, S is weakly
Increasing map.

(i1) S is said to be T-weakly isotone increasing [5] if for all x € X, we

have
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Sx < TSx < STSx.

Note that two weakly increasing mappings need not be nondecreasing.
There exist some examples to illustrate this fact we refer [5].
If S,T:X — X are weakly increasing, then S is T-weakly isotone

Increasing.

If S =T, we say that S is weakly isotone increasing. In this case for each
x € X, we have Sx < SSx.

Definition 1.9. A nonempty subset W of a partially ordered set X is said
to be totally ordered if every two elements of W are comparable.

Jebril et al., [6] and Beg et al., [2] explored common fixed point theorems
satisfying rational inequality in Cy and obtained the following fixed point

theorem.

Theorem 1.10 [6]. Let (X, dpc) be a complete bicomplex and let
S, T: X — X bea mapping satisfying the condition

dpc(x, Sx)dgc(y, Ty)
dpe(Sx, Ty) <; BC BC
sc(Sx, Ty) Toc 7) + duc(e, Sx) + dac(y. T9)

—lza d]B(C(x’ y) + b

+c[dpc(x, Sx)+ dpe(y, Ty)] (1.10.1)

for  all x,yeX, and  dc(Sx, Ty) =0 if dpc(x, Sx)+ dpc(y, Ty)
+dpc(x, y) = 0 where a, b non-negative real numbers with a+b+2c < 1.

Then S and T have a unique common fixed point in X.

Theorem 1.11 [2]. Let (X, dgc) be a complete bicomplex metric space
with degenerated 1+ dc(x, ¥), | 1+ dpc(x, ¥) || # 0 for all x, y € X and let
S, T : X — X beamapping satisfying the condition

dpc(x, Sx)dpc(y, Ty)
1+ dpel(x, y)

dpc(Sx, Ty) =j,a dpe(x, y) +b (1.11.1)

forall x, y e X, where a, b non-negative real numbers with a +b < 1. Then

S and T have a unique common fixed point in X.
The purpose of this paper is to setup generalized bicomplex valued metric
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spaces and prove common fixed point theorems for a pair of weakly isotone
increasing selfmaps satisfying more general contraction condition rendered
by rational expressions. These results are supported through examples. Our

results generalize the results of Beg et al., (Theorem 1.10 and Theorem 1.11).
2. Main results

Theorem 2.1. Let (X, <) be partially ordered set such that there exists a
complete generalized bicomplex valued metric dgc on X with degenerated
dpc(x, ¥)+ dpe(w, v) +dpcw, z2)  for  all  x,y,u,v,w,zeX and
S, T : X — X be mappings satisfying the condition: for every comparable
x, vy e X,

do(Sx, Ty) <, AP+ dc(e S)ldge(y, Ty) dpclx, Ty)?dgc(y, Sx)
BC (DX, =iy udpc(y, Sx) + Adpe(x, Ty) + dye(x, y)

+ BdIB(C(x’ y) + 8[(36, S.’)C) + dB(C(y’ Ty)] (211)

where a, p,q, 7,5, ,, LeR" and B,8e0,1] with B+25<1 and
dpc(Sx, Ty) =0  when  pdpe(y, Sx) + Adpe(x, Ty) + dpelx, y) =0 Also,

suppose that S is T is weakly isotone increasing on X. If S or T is continuous

or for any nondecreasing sequence {x,} with x, — z in X, we have x, < z

then S and T have a unique common fixed point in X. Moreover, the set of
common fixed points of S and T is totally ordered if and only if S and T have

a unique common fixed point in X.

Proof. Let xy € X. Without loss of generality suppose that Sxg # x.

Let us define a sequence {x,,} in X as follows:
Xops1 = SX9, and xg,, 9 = Txg,,q, for n =0,1, 2, 3, ... (2.1.2)
Since S is T'is weakly isotone increasing, we have
x1 = Sxg X TSxg =Tx; = x9 = STSxq = STx; =< x3.
By repeating this process, we get

X R X9 X3 x4 2R Xy, XXy - (2.1.3)
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Assume that d(xy,, x9,,,1) > 0 forall n e N.

Otherwise, if x9,, = x9,,,1 for some n € N then we have xg,, = Sxg,,. We

now show that xo,, is a common fixed point of S and T Indeed, suppose that
d(X9,41, X9,49) = 0, since xy,, X9, are comparable, we have

d(stn’ Txon+1 ji2

a[p + dpc(xa,, Sxon)ldpc(*on1, T9n11) dpc(Xon, Txon41)? dpc(X9s11, Sxo,)°
udpc(x2n+1, Sxap) + Adpc(Xepn, Txoy 1) + dpc(Xa,, X2p41)

+Bdpc(xon, Xoni1) + Sldpc(an, Sxg,) + duc(xonsa, T2p41)]
(1 -3)dpc(x2n +1, x9,,,9) =;, 0, this implies x5, ; = %9, 9.
Therefore suppose that x,, # x,,; forall n e N.
Again by condition (2.1.1), we have

d(X9p 415 Xoni2 =iy

o[ p + dpc(®on, Xone1)Mdpc(®Xoni1, *¥2n11) dc(Fon, Xonio) dpc(®oni1s Xon1)’
udp (X241, X2,41) + Adpc(Xon, Xopi2) + dpc(Xey, Xop41)

+Bdpc(Xan, Xopi1) + Sdpc(Xon, Xoni1) + dpc(Xani1, Xoni1))

which implies

dpc(X2n415 Xons2) Zi ?TJFS dpc(X2ns X2n41)- (2:1:4)
Similarly,
dpc(Xns Xons1) =i ?TJFS dpc(Xen, X2n-1)- (2:1:5)
Thus from (2.1.4) and (2.1.5), we get
(2:1:6)

+d
dIB%(C(xna xn+1) jiz L;TS dIB%(C(xm xnfl)
forall n € N.
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B+

Lethzl_6

. Thus, from (2.1.6), it follows that

dpc(%ns Xne1) Siyhdpe(*,, Xp-1)- (2:1:7)
Hence for all n > 0, we have

dpc(Xn, Xpi1) Ziph dpe (X, 251)- (2:1:8)
We now show that {x,,} is a Cauchy sequence.
Case(1): Now, for m —n, is odd, let m —n = 2k + 1 then we have

dpc(*n, Xp) Ziydac(®n, ¥pe) + dpc(Cna1s Xnv2) + dac(*pi2s Xp,)
<5, [P+ B e (xo, x1) + [ + B P Jdpe(xg, x1) + ..
+ (AR R e (g, 1) + dipe (ks Xm)
=i, AL+ A1+ R? 4+t + . Jdpc(xg, %)

n
- (1+hh

=i T2 dgc(xo, 1)

A1+ h
I doc(ens xm) | < ﬁu dnc(xo, 11) |

Taking limits as n —>o, we have |dpc(x,, x,)|—>0 ie,

dpc(x,, x,,) =0 as n — oo
Case (2). Now, for m —n, is even, let m —n = 2k then we have

dpc(%n, Xm) ZiydBe(*ns *ni1) + dBe(*ns1, Xnae) + dpc(*nigs Xp)
=5, [P+ B g (xg, x1) + [ + B P Jdpe(xg, x1) + ..
+[hn+2k—2 4 hn+2k_1]dIBS(C(xO7 x2)+ hn+2k_2dBC(x0, x2)

< h"[L+ AL+ 2% + A+ Jdpe(xo, x1) + A" 2dpe(xo, x1)
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let L = max {dpc(xg, %1), dpc(xg, x9)}, then

(1+h)A" )
dﬁc(xn, xm) jiz W L+ hn L
R"1+h _
| daclen, xp) | < 2R Ly o2y L,
1-h
Taking limits as n-—>o, we have | dpc(x,,x,)|—0

dpc(x,, x,,) =0 as n — oo,
Therefore {x,} is a Cauchy sequence in X.

Since X is complete there exists v € X such that lim,_,, x, = v.
Suppose that S is continuous then

lim xg,,; = lim Sxg, = S(lim xg,) = Sv.
n—o0 n—»o0 n—o

Hence v = Sw.
We now show that Tv = v.

| dec(Tv, v) | = || dpc(Tv, Sv) |

< " (I[p + dIB(C(U’ Sv)]dB(C(U’ Tv)rdIBiC(va Tv)quB(C(v’ Sv)s "
| ndpc(v, Sv) + Adpc(v, Tv) + dpc(v, v) |

+B] dpc, v) | +38 |dpc(v, Sv) + dpclv, TV) |
< 8| dpc(v, Tv) |
which is a contradiction, since & < 1. Therefore v = Tv.

Hence Tv = Sv = v. Thus S and 7 have a common fixed point in X.

l.e,

Next, suppose neither S nor 7 is continuous, then we have x,, < v for all

neN.

We now claim that v is a fixed point of S.

dpc(v, Sv) = dpc(Sv, Tv) =g dpc(v, Xop41 )+ dpc(X2n415 Xon+2) + dpc(Xo,42, SV)
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Zipduc(V; X2n11) + dpe(¥2n415 X2n42)

N a[p + dpc(v, Sv)ldpc(*9,11T%9,41) dpc(V, Txop 1)  dpc(x941, SU)°
ndpc(x2n41, SU) + Adpc(v, Txg, 1) + dpc(X9y41, V)

+Bdpc(x2n41, V) + 8[dpc(v, Sv) + dpc(xoni1, Xons2)]
| dpc(v, Sv) || < || dpcV, X9511) | + | dpc(*2n41> X2n+2) ||

G of [p + dpc(v, SV Il dpc(*2n41> Txon+1) ']l doc (v, Txopi1) 1%l dpc(X2n41, SO) [°
| udpc(x2,11, SU) + Adpc(V, Txon41) + dpc (%2415 V) ||

+B| dpc(v, X9541) | + 8[| dpc(v, Sv) + dpc(x9,41, Sv) [}

Taking limits as n — oo, using lemma 1.7, we get

1 - 8)dpc(v, Sv) < 0.
This implies dpc(v, Sv) = 0, which implies v is a fixed point of S.
Similar to the above argument, we can show that Tv = v.

Thus, S and T have a common fixed point in X.

Next, we suppose that the set of all common fixed points of S and 7T is

totally ordered.

If possible suppose that z, is another common fixed point of S and 7. From

condition (2.1.1), we have

[p + dpc(v, Sv)ldpc(z, T2) dpc(v, T2)! dpe(z, Sv)°
udgc(z, Sv) + dpc(v, Tz) + dpe(v, 2)

dc(v, 2) = dpc(Sv, T2) =,

+ Bdﬁc(v, TZ) + S[dB(c(U, SU) + dIB%(C(Z’ TZ)],
which implies dpc(v, 2) <;,Bdpc(v, 2),

thus (1 — B)dpc(v, 2) <;

=i, 0, hence v = 2, since B < 1.

Hence S and T have a unique common fixed point in X.

Conversely, suppose that S and 7T have common fixed point, then the set
of common fixed points of S and T being singleton, is totally ordered. This
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completes the proof of this theorem.

By choosing S = T, we have the following corollary.

Corollary 2.2. Let (X, <) be partially ordered set such that there exists a

complete generalized bicomplex valued metric space on X with degenerated
dpc(x, )+ dpc(u, v) + dye(w, 2) forall x, y,u,v,w,ze X and T : X > X

be a mapping satisfying the condition: for every comparable x, y € X,

ofp + dyc(x, To)ldpe(y, Ty) dpc(x, Ty)? dpe(y, Tx)
dac(Tx, Ty) =, udpc(y, Tx) + Adge(x, Ty) + dpc(x, ¥)

+Bdpe(x, y)+ 3[dpc(x, Tx) + dpe(y, Ty)] (2.2.1)
where o, p, q, 1,8, uw, A € R™ and B, § € [0, 1] with B+ 28 <1 and
dBC(Tx, Ty) =0 when l’ldIB(C(y’ T.X') + XdBc(x, Ty) + d]Bc(x, y) =0.

Also, suppose that T is weakly isotone increasing on X. If T is continuous

or for any nondecreasing sequence {x,} with x, — z in X, we have x,, < z
then T has a unique common fixed point in X. Moreover, the set of fixed
points of T is totally ordered if and only if 7" has a unique common fixed point
in X.

By choosing p=r=1,q9=0,s =0, 8 =0, udpc(y, Tx) + Adpc(x, Ty) =1,

we have the following corollary.

Corollary 2.3. Let (X, <) be partially ordered set such that there exists a

complete generalized bicomplex valued metric space on X with degenerated

dpc(x, ¥) +dpc(w, v) + dpc(w, 2)  for all x,y,u,v,w,ze X and
S, T: X — X be a mapping satisfying the condition: for every comparable
x,yeX,

all + dge(x, Sx)|d , T
dpc(Sx, Ty) =;, [ ]ﬁﬂ( dm(i] 1%3@ Y, Bdpc(x, y) (2.3.1)

where oo € R™ and B € [0, 1).
Also, suppose that S is T is weakly isotone increasing on X. If S or T is
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continuous or for any nondecreasing sequence {x,} with x, — z in X, we
have x,, < z then S and 7T have a unique common fixed point in X. Moreover,
the set of common fixed points of S and T is totally ordered if and only if S
and 7 have a unique common fixed point in X.

By choosing p=0,¢g=0,s=0,u=1,A=1 and r=1 we have the

following corollary.

Corollary 2.4. Let (X, <) be partially ordered set such that there exists a
complete generalized bicomplex valued metric space on X with degenerated
dpc(x, ¥) +dpc(w, v) + dpc(w, 2)  for  all  x,y,u,v,w,ze X and
S, T: X — X be a mapping satisfying the condition: for every comparable
x, vy e X,

, a[dpc(x, Sx)ldgc(y, Ty)
dac(S% TY) Sty T Ty) + dpc(y, S0) + dac(®, 3)

+Bdpc(x, y) + 8dpc(x, Sx) + dyc(y, Ty)] (2.4.1)

where o€ R" and B, 8 € [0, 1) with B+25 <1 and dyc(Sx, Ty) = 0 when
dpc(y, Sx) + dpc(x, Ty) + dpc(x, ) = 0.

Also, suppose that S is T is weakly isotone increasing on X. If S or T is

continuous or for any nondecreasing sequence {x,} with x, — z in X, we
have x,, < z then S and T have a unique common fixed point in X. Moreover,
the set of common fixed points of S and T is totally ordered if and only if S
and T have a unique common fixed point in X.

By choosing p=0,¢g=0,s=0,u=0,A=0 and r=1 we have the
following corollary.

Corollary 2.5. Let (X, <) be partially ordered set such that there exists

a complete generalized bicomplex valued meiric space on X with

degenerated dpc(x, y)+ dpc(u, v)+ dpc(w, 2) for all x, y,u, v, w,ze X
and S,T:X — X be a mapping satisfying the condition: for every comparable
x,yeX,
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oldpe(x, Sx)ld , T
dpc(Sx, Ty) =5, [ BC(dBC(BC] %c(y y)

+Bdpc(x, y) + 8ldpc(x, Sx) + dyc(y, Ty)] (2.5.1)

where o€ R" and B, 8 € [0, 1) with B+25 <1 and dyc(Sx, Ty) = 0 when
dpc(x, y) = 0.

Also, suppose that S is T is weakly isotone increasing on X. If S or T is

continuous or for any nondecreasing sequence {x,} with x, — z in X, we
have x,, < z then S and 7 have a unique common fixed point in X. Moreover,
the set of common fixed points of S and T is totally ordered if and only if S

and 7 have a unique common fixed point in X.

By choosing o« =0 and 6 = 0 in Corollary 2.2, we have the following

corollary.

Corollary 2.6. Let (X, <) be partially ordered set such that there exists a

complete generalized bicomplex valued metric space on X and T : X — X be

a mapping satisfying the condition. for every comparable x, y € X,
dpc(Tx, Ty) =i,Bdpc(x, ¥) (2:6:1)
where B € [0, 1).

Also, suppose that T is weakly increasing on X. If 7' is continuous or for
any nondecreasing sequence {x,} with x,, — z in X, we have x,, < z then T
has a unique common fixed point in X. Moreover, the set of fixed points T is
totally ordered if and only if 7" has a unique common fixed point in X.

The following is an example in support of Theorem 2.1.

Example 2.7. Let X = [0, oo) with the partial order: x < y < x =y or
x, y € [0, 1] with y < x. We define dpcX x X — Cy by

dpc(x, y) = iig) x — y| then (X, dpc) is a complete bicomplex valued
metric space with degenerated dpc(x, w)+ dpe(, v) +d(v, z) for all

x, ¥, u, v e X.
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Let S, T : X x X — R be defined by

%ﬁxeﬂﬂ Lif x e[0,1]

Sx = P and Tx = x
mlfxe(l, OO) mlfxe(l, OO)

We first check that S is T-weakly isotone increasing.
Case(i) When x € [0, 1], we have

X X X

Case(i) When «xe(l,»), we have Sx-= Py <x and

Sx

x
Tx = ——— < x. Thus for all x € (1, ©), we have T'Sx = 10+ S0 < Sx

C 41+ x)
and STSx = _ T8x < TSx therefore Sx < TSx < STSx for all x € X.
2(1 + TSx)

Hence S is T-weakly isotone increasing.

We now verify inequality (2.1.1) with r=1,s=1,¢t=1, p=1, a = 1

1 1 1
M—g,l?)—g andé‘)—g.

Let us consider two comparable elements x, y € X with y < x then we

have following cases:

Case(1) When x € [0, 1], so ¥ € [0, 1], then x < % or % < x.

(1) When x < %, we have
_ x y\__1l(y z
dpc(Sx, Ty) = dIB%(C(Z, g) = 21(5 - x) =iy g

where z = i;is.

Hence
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1(3 7
dpc(Sx, Ty) =;,2 3 (Ix + gy) = 8[dpc(x, Sx)+ dpc(y, T)]

~ olp +dpc(x, Sx)dpc(y, Ty) dpclx, Ty)? dpc(y, Sx)°
w2 udpc(y, Sx) + rdpe(x, Ty) + dpc(x, y)

+Bdpc(x, y) + 8[dpc(x, Sx) + dpc(y, Ty)]

(i) When x > % we have

x 1 z
dpc(Sx, Ty) = dlaacc(z, %) = Zz(x - %) Siy 7%
where z = jis.

Hence

1(3 7
dpc(Sx, Ty) =z 3 (Tx + @yj = 8[dpc(x, Sx) + dpc(y, Ty)]

. olp +dpc(x, Sx)dpc(y, Ty) dpc(x, Ty) dpcl(y, Sx)
2 ndgc(y, Sx) + Adpc(x, Ty) + dpc(x, ¥)

1
+ BdBC(xa y) + g [dIB%(C(xa Sx) + dIB%(C(y’ Ty)]
Case(2). When x > 1, we have x = y, then

X x )= x 1 5x+8x2

oS0 ) =dgq 5 40 x) "2 40 +0) 2 37 40ea)

_ %[dB(c(x, Sx) + dgc(y, Ty)]

. olp + dc(x, Sx)ldpc(y, Ty) dyc(x, Ty) dpe(x, Sx)°
2 udpc(y, Sx) + Adpe(x, Ty) + dgc(x, y)

+ 8 dpc(x, Sx)+ dpc(y, Ty))

+ BdB(C(x7 y)

thus the inequality (2.1.1) is verified .

Hence, S and T satisfies all the conditions of Theorem 2.1 with '0' is the
unique common fixed point of S and 7.
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Here we note that inequality (1.11.1) fails to hold for any a and b at
x =2 and y = 2, since

11
dpc(Sx, Ty) = dIB(C( ) k— fLQka 2

_ p Iec(®, Sx)dpc(y, Ty)
1+ dpc(x, ¥)

+ adpc(x, y).

This shows that condition (2.1.1) is more general than (1.11.1)

111
"2°3 4

1 1 ..
dB(C(L E) = dB(C(E , 1) = Qlg,
i 1) =t 1) 23

1 .

dB(C( ) dIB%(C( 1 1) U2
1 1 1 1 ..
dB(C(g, gj = dBcc(ga gj = biyig

11 11 . 11 11 N
d]B(C(4 2) = d]Bg(C(E ) Z) = 4lll2 dB(C(§ ) Z) = dBC(Z y g) = 31«11»2 and

dpc(x, x) =0 for all x € X.

Example 2.8. Let X = {1 }, we define dpc : X x X — Cq by

It is clear that (X, dpc) is a generalized bicomplex valued metric space.

Also, (X, dpc) is not a bicomplex valued metric space, since

5i1i2 = dﬁc(l 1) Al dB(C( j + dB(C(]" %) = 3l112

We define <on Xby x <y if y >x Wedefine S, T : X - X by

1 1 1 1 1 1 1
Sl—Sg—Sz—Z,SE—gandTl— E—g

Then clearly, S and T are weakly isotone maps. Also, S and T satisfies all
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the conditions of Theorem 2.1 with p=1, a=7,¢g=r=1,s=2,8 = %,

o = % with % is the unique common fixed point of S and 7.

Here, we note that conditions (1.10.1) and (1.11.1) fails to hold for any B

anddat x =1 and y =1 since

11 .. .. 1
dpc(Sx, Ty) = dIB%(C(Z, g) = 3ijip %, 3001y = Pdpc(l, 1) + 5[‘“»’15%@(1, Zj

+ dye(1,3)] = ldac(y, )]

since 8 <1 and
1 1 ..
dpc(Sx, Ty) = dIB%(C(Z’ g) = 3iip %;,0 = Bdpc(L, 1)

since B < 1.

This shows that condition (2.1.1) is more general than (1.10.1) and
(1.11.1).
Theorem 2.9. Let (X, <) be partially ordered set such that there exists a

complete generalized bicomplex valued metric space on X with

degenerated dpc(x, y)+ dpc(w, v) + dpc(w, 2) for all x, y,u,v,w,ze X
and S,T:X — X be a mapping satisfying the condition: for every

comparable x, y € X,

d]B(C(Sx7 Ty) jiz(l[dmgc(x, Sx)+ dB(C(y’ Ty)]

, Bac(x, Sx)dic(x, Ty) + dpe(y. Ty)dc(y, Sx)
dic(x, Ty)+ dic(y, Sx)

+ 'YdIBE(C(x’ Sx)dB(C(x’ Ty) + dI%(C(x’ y) + dIB%(C(.% Sx)dBC(x’ y) (291)
dyc(x, Sx) + dpc(x, Ty) + dc(x, ¥)

where a, B,y 20 with 2aa+B+vy <1 and

dpc(Sx, Ty)=0 when dpc(x, Sx) + dpc(x, Ty) + dpe(x, y) =0 or
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2 2
dic(x, Ty) + dic(y, Sx) = 0.
Also, suppose that S is T is weakly isotone increasing on X. If S or T is
continuous or for any nondecreasing sequence {x,} with x, — z in X, we
have x,, < z then S and 7 have a unique common fixed point in X. Moreover,

the set of common fixed points of S and T is totally ordered if and only if S

and 7 have a unique common fixed point in X.
Proof. Let x5 € X. Without loss of generality, suppose that Sxy # x.
Let us define a sequence {x,} in X as follows:

Xop41 = Sxg, and x9,,9 = Tx9, .1, for n =0,1, 2, 3, ... (2.9.2)

Now, in view of our assumption, we have
X1 = Sxo j TSXO = Tx1 = X9 j STSXO = STx1 j X3.

By repeating this process, we get

X X9 Xxg x4 2. 2%, X X4 (2.9.3)

Assume that d(xg,, x9,,,1) > 0 forall n e N.

Otherwise, if xg,, = x9,,1 for some n € N then we have x,, = Sx,,. We
now show that x5, is a common fixed point of S and 7. Suppose that

d(x9,41, X9p49) = 0, since x9,,1, X9,,9 are comparable, we have

d(Sxgp, Txgp.1) Ziyeldpe(xe,, Sxgn) + dpel(xzni1s Tx2n41)]

2 2
LB dpc(%9n, Sxon)dgc(¥on+1, Ton11) + dpc(%on+1, Tx0n1)dEc(Xon41, S¥on)
2 2
dgc(%en, Txoy 1) + dgc(%ons1, Srop)

dpc (%9, Sx9,)dpc(%2n, Troni1) + dic(Foni1, X2,) + dac(Sx2,, X2, )dac(Xon, X2n41)
dpc (%9, Sxg9,) + dpc(Xon, Txop41) + dpc(X2n, X9511)

+

(1 - a)dpc(*2n41, ¥2n+2) 2,0 thisimplies xg,,q = X910
Hence x9,, is a common fixed point of S and 7.
Thus, we suppose that x,, # x,,1 forall n € N.

We now show that
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a+pB+y

- ) dpc(%2n, Xop-1)

dpc(%2,, %2541) iiz(

for all n e N.
By considering the condition (2.9.3), we have

d(Sxgy, Txg11) Zipoldpc(%xan, Sxg,) + dpc(%2ni1s Tx2n41)]

9 2
LB dpc(%9y, Sx9, )5 (%2n11, Thopi1) + dpc(X9s11, Thon 41 )d5c (%2041, Sxy)
2 2
dpc(x9p, Txoy 1) + dpc(%en.1, Sxoy)

dBC(xQn , 89, ) (%9, Thonin )+ dBc (X211, ¥9n) + dpe(Sxg,, %9, ) (X2, X9n41)
dpc(%on, Sxop)+dpc(Xon, Txopi )+ dpc(Xon, X2741)

which implies

o+B+
dpc (%2415 *2n42) =i (%ay) dpc(%2n, Xopi1)- (2.9.4)
Similarly,
o+ P+
duc(%2n, X2n41) ﬁ@(%(xy) dc(%2n, X2n-1) (2:9:5)

Thus from (2.9.4) and (2.9.5), we get

o+p+
dIB%(C(xZn’ x2n+1) j@(#) dB(C(x2n’ X9p-1) (2:9:6)
for all n € N.
Let o = a+p+y (2.9.7)
o 9.

Thus, from (2.9.6), it follows that

d]B(C(xn’ xn+1) jiz SOdB(C(xn’ xn—l) (2.9.8)
Hence for all n > 0, we have

dIB%(C(xn’ xn+1) jiz @nd]B(C(xn’ xn—l)' (2.9.9)

Following on the same lines of proof of Cauchy sequence
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Therefore {x,} is a Cauchy sequence in X.
Since X is complete there exists v € X such that lim,_,,, x,, = v.
Suppose that S is continuous then

lim,, ., X9,,1 = lim,,_,,, Sxo, = S(lim,,_,,, x9,) = Sv.
Hence v = Su.
We now show that Tv = v.

| drc(Tv, Sv) | < | a[dpc(v, Sv) + dpc(v, To)] |

B" dpc(v, Sv)dEc(v, Tv) + dyc(v, To)dEc(v, Sv) |
| dic + (v, Tv) + dic(v, Sv) |

|| ydpc(v, Sv)dpe(v, Tv) + dge(v, v) + dpe(v, Sv)dge(v, V) |
| dpc(v, Sv) + dpc(v, Tv) + dpc(v, y) |

which implies | (1 — a)dpc(7v, v) || < 0.

Therefore v = Tv. Hence Tv = Sv =v. Thus S and T have a common
fixed point.
Next, suppose that neither S nor T is continuous, then we have x, < v

for all n € N.
We now claim that v is a fixed point of S.

dpc(v, Sv) =i, dpc(v, Xgp41) + dpc(X2n11s X2n42) + dBc(X2,42, SU)

=iy dae(Vs X2p41) + dpc(Xani1s X2n12) + Adpe(v, Sv)+ dpe(x2ni1, Txone1)]

i p dpc(v, Sv)dEc(v, Txon 1) + dpc(Xoni1, T9n41 )8 (X941, SV)
dc(v, Txgni1) + dic(xo,.1, SU)

dIB(C(U Sv)dpe (v, Txon) + dic(v, %9n41) + dac(Xga41, SV)EC(V, X2,41)
dpc(v, Sv) + dpc(v, Txgpi1) + dpe (X941, V)

I dpc(v, Sv) | 2, [l dpc(v, x2n41) |+ | dee(*2n41, *2n42) |+ 1| dBc(x2n12, SV |
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=i, dac(vs x2,41) |+ | dac(X2n11, X2n42) |
+o [drc(v, Sv) || + | dac(*2n41> Tx2n41)]

B2 | dc(v, Sv) ||| dic(v, Txons1) |+ || doc(xoni1, Txoni) | dic(xg,.1, SU) |
| dc(v, Txopn.) + dic(xoni1, SU) |

") | dsc(v, Sv) || dpc(v, Tron) |+ dic(v, Xons1) |+l dec(*2n41, SV) Il dac(v, x9n41) |
| dpc(v, Sv) + dpc(v, Txon41) + dpc(%2p41, V) |

which on taking limits n — «. we get (1 — o) || dgc(v, Sv) | = 0, this implies

v 1s a fixed point of S.

Similar to the above argument, we can show that Tv = v, consequently, it

follows that v is a common fixed point of S and 7,

Next, we suppose that the set of all common fixed points of S and T is
totally ordered.

If possible suppose that z, is another common fixed point of S and 7. From
condition (2.9.1), we have

dpc(v, 2) = dpc(Sv, T2) =, 0[dgc(v, Sv) + dpe(z, T2)).

. Bdpc(v, Sv)dic(z, T2) + dpc(z, T2)dic(z, Sv)
d2c(v, T2)+ d3c(z, Sz)

d]B%(C(U Sv)dpc(v, Tz)+dBC(v z)+dpc(z, Sv)dpc(v, 2)
dpc(v, Sv)+dpe(v, Tv) + dpe(v, 2)

thus (1 - y)dgc(v, 2) =;,0, hence v = 2, since y < 1.

Hence S and T have a unique common fixed point in X. Conversely,
suppose that S and T have only one common fixed points, then the set of
common fixed point of S and 7" being singleton, is totally ordered.

By choosing S = T'in Theorem 2.9, we have the following corollary.

Corollary 2.10. Let (X, <) be partially ordered set such that there exists

a complete generalized bicomplex valued metric space on X with degenerated
dpc(x, ¥) + dpe(w, v) + dpc(w, 2) forall x, y, u,v,w,ze X and T: X > X
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be a mapping satisfying the condition: for every comparable x, y € X,

dac(Tx, Ty) =i,0ldpc(x, Tx) + dpe(y, Ty)]

adgc(x, To)dge(x, Ty) + dge(y, Ty)dic(y, Tx)
dgc(x, Ty) + dic(y, Tx)

+

dIB(C(x Tx)dpc(x, Ty) + dic(x, ¥)+ dpc(y, T )dpe(x, y) (2.10.1)
dpc(x, Tx )+ dpc(x, Ty )+ dpc(x, y)

where with 20 +p+v <1 and
dyc(Tx, Ty) = 0 when dyc(x, Tx) + dyc(x, Ty) + de(x, y) = 0 or

d]%(c(x, Ty) + d]%(c(y, Tx) = 0.

Also, suppose that T is weakly increasing on X. If T is continuous or for

any nondecreasing sequence {x, } with x, — z in X, we have x, <z Thasa

unique common fixed point in X. Moreover, the set of fixed points of T is

totally ordered if and only if 7" has a unique fixed point.
Example 2.11. Let X = [-1, - 2]U[0, 1]U (1, + ).

dc(0, —1) = dpc(-1, 0) = iy + iia,
dpc (0, —2) = dpc(-2, 0) = ip + 5igio,
and dgc(=1, — 2) = dge (-2, —1) = iy + 5iyiy
and dpc(x, ¥) = (3+ 61 + iy + 20ig)| x —y |, forall x, y € X.

Then clearly, (X, dgc) is a generalized bicomplex valued metric space

such that dpc(x, y) is degenerated for all x, y € X. Here we note that
5i1i2 + i2 = d]B(C(_L - 2) iiZdBC(_l’ O) + dB(C(O’ - 2) = i2 + 3l1l2
Hence (X, dpc) is not a bicomplex valued metric space.

We define partial order on X by x <y < x =y or x,y €[0,1] with

y < x.
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Let S, T: XxX - R by

0if xe[-1,-2] 0if x e[-1, - 2]
Sx = %ifxe[o,l] and Tx = %ifxe[o,l]
X if xe(l, ) ad if x e(l, o)

41 + &3 8V1 + x°

We first check that S is T-weakly isotone increasing.
Case (i). When x € [-1, — 2], then we have
Sx=0>0=TSx >0 = STSx.

Case (ii). When x € [0, 1] we have

X X
e — > — =
516 TSx > 1996 STSx.

x
=2 >
Sx 6 2
Case (iii). When x € (1, «), we have

X x
<x and Tx = ————— < x.

4V1 + 23 V8(1 + x?)

Thus for all x € (1, ©), we have

Sx =

TSx = < Sx and STSx = < TSx therefore

x TSx
4(V1 + Sx?) 8(V1 + TSx?)

Sx < TSx < STSx for all x € X.

Hence S is T-weakly isotone increasing.

Let us consider two comparable elements x, y € X with y < x then we

have following cases.

Case (1). When x € [0, 1], so y € [0, 1], then x < % or = < x.

o<

(1) When x < %, we have
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1
dpc(Sx, Ty) = dBC(G 36) Zg(%—x) =<4 %y,

where z = (3 + 6i; + iy + 2i;iy).
Hence

5 35
dpc(Sx, Ty) =<,z 5( g + 36y ) = ofdpc(x, Sx) + dpc(y, Ty)]

Bd]B(C(x’ Sx)d%i(C(x’ Ty) + dIB(C(y’ Ty)dﬁC(y’ Sx)
dI%B(C(x7 Ty) + dI%%(C(y’ Sx)

<i,aldpc(x, Sx) + dpc(y, Ty)] +

Yd]B(C(x Sx)dgc(x, Ty) + dic(x, ) + dpe(y, Sx)dge(x, ¥)
dpc(x, Sx) + dpc(x, Ty) + dpc(x, y)

(i1) When x > %, we have

x 1
dgc(Sx, Ty) = dBc(g, 3—%) = Zg(x - %) =i, 8%
where z = (3 + 6i; + iy + 2i;iy).

Hence
5 35
dic(Sx, Ty) <,z 5( g + 36y) 8[dpc(x, Sx) + dpc(y, Ty)]

Bdgc(x, Sx)dEc(x, Ty) + dpe(y, Ty)dic(y, Sx)
dI%(C(x7 Ty) + dI%B(C(y’ Sx)

jlza[dB(C(x? Sx) + dIBS(C(y’ Ty)] +

YdBc(x Sx)dpc(x, ) + dic(x, ) + dpc(y, Sx)dpc(x, ¥)
dpc(x, Sx) + dpc(x, Ty) + dpc(x, y)

Case (2). When x > 1, we have x = y, then

x x 1 16vV1 +x° - 3x
dpc (S, Ty) = dpc( : 3)=2 s Syt T
4\/1+x 8V1+x 8Vl +x 8Vl +x

- %[dﬁc(x, Sx) + dpc(y, Ty)]
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Ziy

[dﬁ(c(x Sx) + d]BC(y Ty)] + l d]B(C(x’ Sx)d]%([:(x’ Ty) + dIB%(C(yr Ty)d%([:(y’ Sx)
6 dic(x, Ty) + dic(y, Sx)

(S

L 1 dic(x, Sx)dpe(x, Ty) + dic(x, ) + dac(y, Sx)dac(x, y)
7 dpc(x, Sx)+ dpe(x, Ty) + dpce(x, ¥)

hence the inequality (2.9.1) is verified. Also, 0 is the unique common fixed

point of S and 7. Thus all the conditions of Theorem 2.9 are verified.
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