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Abstract

In this article, I have introduced the new definition of topological concept namely, open ss-
countably compact. I have proved that each of the compactness and the ss-countably
compactness is stronger than of the open ss-countably compact, that is, compactness implies
open ss-countably compact, also ss-countably compactness implies open ss-countably
compactness, but the converse is not true. Also, I have shown that the continuous image of an
open ss-countably compact is an open ss-countably compact. Finally, I have shown that it X xY
is an open ss-countably compact, then each of X and Y is an open ss-countably compact.

1. Introduction and Preliminaries

Let (X, 1) be a Hausdorff topological space. Let N denote the set of all

natural numbers, let R be the set of all the real numbers, let Z be the set of
all integers and (x,|n € N) be a sequence of points in a set. Let A be a

subset of X and X\A is a complement of the set Ain X. If K < N then K,
will denote the set {k € K, k < n} and | K,, | stands for the cardinality of
K, [3]. The natural density of K is defined by d(K) = lim L] if a limit

n—ow N
exists.

Definition 1.1. A property of a topological space (X, 1) is said to be a
topological property [4] if any a topological space (Y,8) which is
homeomorphic to (X, 1) has that property.
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Definition 1.2. A property of a topological space (X, t) is said to be a
hereditary property [4] if any subspace of (X, t) has that property.

Definition 1.3. A sequence (x,) in a topological space (X, t) is said to

be converge statistically [2] (or shortly s-converge) to x € X if for every
neighborhood U of x, d({n € N|x, € U}) = 1. Here x will be called s-limit. In

S
this case, we write x = s — lim x,, or (x,)— x.
n—w

Definition 1.4. A point x is called a statistically sequential accumulation
point of A (or is in the statistically sequential derived set) [1] if there is a
sequence (x,) of points in A\{x} such that s —x = s — lim x,,.

n—oo

Definition 1.5. A subset A of X is called statistically sequentially
countably compact (ss-countably compact) [1] if any infinite subset of A has at
least one statistically sequential accumulation point of A.

2. Motivation and Main Results

Definition 2.1. A topological space (X, t) is said to be an open ss-

countably compact space if any an infinite proper open subset of X has at
least one statistically sequential accumulation point. A subset A of X is said
to be an open ss-countably compact if any an infinite proper open subset of A
has at least one statistically sequential accumulation point in A.

Example 2.2.

1. Consider the real line R with usual topology is an open ss-countably
compact space, since any infinite proper open subset of R has at least one
statistically sequential accumulation point in R.

2. Consider the real line R with cofinite topology. Any an open set A of R
is of the form R\A where A is a finite set. Since R\ A 1is an infinite set,

then every element of R is a statistically sequential accumulation point of
R\A.

3. A discrete topological space is not an open ss-countably compact space
since the discrete topology does not have a statistically sequential

accumulation point.

Advances and Applications in Mathematical Sciences, Volume 20, Issue 8, June 2021



ON THE OPEN SS-COUNTABLY COMPACTNESS 1423

Theorem 2.3. Let X be open ss-countably compact and Y be any space. If
f: X - Y iscontinuous, then f(X) is an open ss-countably compact.

Proof. Let A be an infinite proper open subset of f(X). Then
A = {f(x)lx € B} where B c X is infinite. Since X is open ss-countably
compact, B has a statistically sequential accumulation point b. Let V}, be a
neighborhood of f(b). Since f is continuous, there exists some neighborhood
U, of b such that f(U,) < V. Since b is a statistically sequential
accumulation point of B, there exists some y, € B such that y, # b,

d({n € Nly, € Up}) =1. Thus, f(y,) € f(Uy) < V;,. Since f(y,) e A\f(d),

S
f(y,)— f(b). Since every neighborhood V; of f(b), d({n € N|y, € V}}) =1,
that is, f(b) is a statistically sequential accumulation point of A. So, every
infinite proper open subset A of f(X) has a statistically sequential

accumulation point. Therefore, f(X) is an open ss-countably compact.

Corollary 2.4. An open ss-countably compact is a topological property.

The following Example 2.5 shows that open ss-countably compact is not a
hereditary property.

Example 2.5. Consider the space (R, t,,) where t, is the usual topology.
This space is an open ss-countably compact space, by Example 2.2(1). But Z

as a subspace of (R, t,) is not an open ss-countably compact space.

Theorem 2.6. A compact space is an open ss-countably compact space.

Proof. Let (X, t) be a topological space. Suppose that (X, t) is not an

open ss-countably compact space, that is, there exists an infinite subset A of
X, which has no statistically sequential accumulation point. Then for each

x € A, there exists an open set U containing x such that
d({n € N|x, € U}) = 1. Since x is not a statistically sequential accumulation
point of A, X\ A 1s a neighborhood of x containing no point of A. Thus, X\ A
is open and so A is closed. Now, U, U (X\A) is an open cover of X. But this
cover has no finite subcover for each U, containing the element of A and also

A N (X\ A) = ¢, which is a contradiction to (X, 1) is compact.
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Theorem 2.7. Every ss-countably compact space is an open ss-countably

compact space.

Proof. Let A be a proper open subset of the topological space (X, 1).

Then the proof is proved, by the definition of open ss-countably compact.

Remark 2.8. The converse of the above Theorem 2.6 and Theorem 2.7
need not be true. By Example 2.2(1), R with usual topology is an open ss-
countably compact but neither compact nor ss-countably compact.

Theorem 2.9. If X xY is an open ss-countably compact, then each of X
and Y is an open ss-countably compact.

Proof. Suppose that X xY is an open ss-countably compact. Since the
projection functions P, : XxY - X and P, : X xY — Y are continuous

functions and onto functions, then each of X and Y is an open ss-countably
compact by Theorem 2.3.
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