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Abstract

In this paper we investigate b-chromatic number of Middle graph of Extended Duplicate
graph of Star graph (M[EDG(K; ,)]) and Total graph of Extended Duplicate graph of Star

graph (T[EDG(K; ,)]). We prove that the b-chromatic number of the Middle graph of Extended
Duplicate graph of Star graph is ¢ (M(EDG(K,,)))=n+1,n>2. Also we show that the Total

graph of Extended Duplicate graph of Star graph is ¢(T(EDG(K;, ,)))=n+1,n22.

Introduction

A proper colouring of a graph G is the colouring of the vertices of G such
that no two neighbors in G are assigned the same colour. Throughout this
paper, by a graph, we mean a finite, undirected, simple graph and the term

colouring will be used to define vertex colouring of graphs.

The b-colouring of a graph G is a colouring of the vertices of G such that
each colourclass contains at least one vertex that has a neighbour in all other
colour classes. The b-chromatic number of a graph G, denoted by ¢(G), is the

largest integer k& such that G admits the b-colouring with % colours. The
concept of b-chromatic number was introduced in 1999 by Irving and

2010 Mathematics Subject Classification: 05Cxx.
Keywords: Colouring of graphs, Middle graph, Star graph.
Received February 21, 2020; Accepted May 20, 2020



1670 K. THIRUSANGU, C. SHOBANA SARMA and M. VIMALA BAI

Manlove [3], who proved that the determining ¢(G) is NP-hard for general

graphs but polynomial-time solvable for trees.

In 1975, J. Akiyama, T. Hamada, I. Yoshimura introduced the Middle
graph of a graph G, denoted by M(G), is defined as follows [1]. The vertex

set of M(G) is V(G) v E(G). Any two vertices x, y in M(G) are adjacent in
M(G) if one of the following case holds.

(i) x, y arein E(G) and x, y are adjacentin G
(i) xisin V(G), y isin E(G) and x, y are incident in G.

The Total graph [2] graph of G, denoted by T(G), is defined as follows.
The vertex set of T(G) is V(G) v E(G). Two vertices x, y are adjacent in
T(G) if one of the following cases holds.

(i) x, y arein V(G) and x is adjacent to y in G

(ii) x, y arein E(G) and x, y are adjacent in G

(i) xis in V(G), y isin E(G) and x, y are incident in G.

The b-colouring of some class of graphs have been studied in the
literature [4, 8].

In 2011, the concept of extended duplicate graph of G, denoted by
DG = (Vy, E;), is defined as follows [6]. The vertex set V =V UV’ and
VNV '=¢ and f:V — V' is bijective (for v € V, we write f(v) =v' for
convenience) and the edge set E; of DG is the edge vvy is in E if and only if
both vjv5 and vjvy are edges in E;. The extended duplicate graph of DG,
denoted by EDQG, is defined as, add an edge between any two vertex from V to

any other vertex in V', except the terminal vertices of V and V'. For

convenience, we take vy € V and vy € V' and thus the edge vjvj is formed
[7].
A complete bipartite graph K , is a star graph with (n +1) vertices and

n edges. The Extended Duplicate graph of star graph [5], denoted by
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EDG(K; ,) is obtained from the duplicate graph of star by joining the uv;

vertices and vj.

b-Chromatic number of Total graph of Extended Duplicate graph
of Star graph (T[EDG(K; ,)])

Theorem 1. The b-chromatic number of Middle graph of Extended
Duplicate graph of Star graph K, is given by
o[M(EDG(ky ,))]=n+1,n>2.

Proof. Let V(EDG(K; ,,)) = {v, vy, g, -, v, }U', vy, v, -+, v, }. By the
definition of middle graph, each edge vv}, v'v; for (1 <i < n) and viv; of
EDG(K; ,) is Subdivided by the vertex x; and x;(n+1<j<2n)
respectively. In  M(EDG(K; ,)) the vertices v, x;,x9--x, and
U, Xp41> Xpsag - X9, induce a clique of order (rn+1). That is
VIM(EDG(K )] = {v, v'}U{v;, v, 1 <i <njU{x, 1< K <2n+1}.  Therefore
o[M(EDG(Ky, ,))] 2 n +1.

a w ou EDGikisl| =6 "

Now, consider the Colour Class. C = {c, ¢g, *-- ¢, €41} and assign the b-

colouring to M(EDG(K; ,)) as follows. For every 1<i<n, assign the

colour ¢; to x; and ¢; to xj(n +1 < j < 2n). Assign the colour C,,; to v, v’
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and xg,,.1. For every 2 <1i < n, assign the colour ¢; to v; and v} also

assign the colour ¢, to v; and vj.

If o[M(EDG(K; ,))] =n+2, n 2 2, there must be at least n +2 vertices
of degree n+1 in M(EDG(K; ,)), all with district colours, and each

adjacent to vertices of all of other colours. Since the vertices (x7, x9 - x,)
and {x,,1, X,49 " X9,41) are only once with degree at least n+1 an

(n +2)- colouring is impossible. Thus, we have o[M(EDG(K; ,))] < n+1.
Hence, [M(EDG(K; ,))|=n+1,n22.

b-Chromatic number of Total graph of Extended Duplicate graph
of Star graph (T[(EDG(K;, ,)])

Theorem 2. The b-chromatic number of Total graph of Extended
duplicate graph of star graph K ,, is given by o[T(EDG(K; ,))]=n+1,n>2.

Proof. Let V(EDG(K; ,)) = {v, vy, vg, -, v, J U, v, VG, -, vy, }. By the
definition of total graph, we have V(T(EDG(K,)))=1{v,v'}{v;,vj,1<i<n}
Ulxy,Xg-X9p11,1<i<2n+1}. In T(EDG(K; ,) the vertices v, xy, xg - X,

and v, x,,1, X9 - X9, Induce a clique of order (n+1) Therefore

o[T(EDG(Ky ,))] 2 n+1,n>2. Assign the following n +1-colouring to
T(EDG(K ,)). For every 1 <i<n assign the colour ¢; to x; and ¢; to
xj(n+1<j<2n) and assign the colour c,,; to v, V', x,,;. For every

2 <1 < n assign the colour ¢; to v;, v; and assign the colour ¢,, ¢,_1 to v;

and v; respectively.

Advances and Applications in Mathematical Sciences, Volume 20, Issue 9, July 2021



THE 5-COLOURING OF EXTENDED DUPLICATE GRAPH ... 1673

T[EDG(K; ¢)] = 7.

If ¢[T(EDG(K; ,))]=n+2,n>2, there must be at least n+ 2 vertices of

degree n +1 in T(EDG(K; ,)) all with distinct colours, and each adjacent to

vertices of all of other colours. Since the Vertices {x;, x9, ---x,} and

{Xpni1> Xps+9, - Xop,r1) are only once with degree at least n+1. An

(n + 2)-colouring is impossible. Thus, we have o[T(EDG(K; ,))]<n+1.
Hence, ¢[T(EDG(K; ,))]=n+1,n > 2.
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