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Abstract 

Let  EVG ,  be a simple and finite graph. A grid graph mn PP   is a graph with vertex 

sets and edge sets by    mjniuPPV jimn  1,1,  and    jimn ePPE ,  

      .1,1111,1 ,1,,1,, mjniuufmjniuu jijijijiji     The 

decomposition of the grid graph is denoted by   .mn PPD   In this paper, we discuss the 

decomposition of the grid graph mn PP   into stars when 4n  and 5.  

1. Introduction 

The decomposition of grid graphs mPP 2  and mPP 3  have already been 

discussed in [11]. In this paper, we discuss the decomposition of grid graph 

mm PP   into stars when 4n  and 5.  
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2. Decomposition of the grid graph mPP 4  into stars 

In this section, we investigate the decomposition of the grid graphs 

mPP 4  into stars.  

Theorem 2.1. The grid graph 3,4 mPP m  can be decomposed into the 

following ways:  

 

   

   

   

     





























3,2,,1,24,312,18

3,2,,1,14,1128

3,2,,1,4,12,18

3,2,,1,14,12,38

213

213

213

213

4

ddnSdandSdSd

ddnSdandSdanddS

ddndSandSdSd

ddnSdanddSSd

PPD m  

Proof. Let    mjiuPPV jimn  1,41,   and  mn PPE   

     .1,3111,41 ,1,,, mjiuufmjie jijijiji     

Case 1. If 3,2,,1,14  ddn  

Claim. The grid graph mPP 4  is decomposable into   13 2,38 dSSd   

and   ,3,2,1,1 2  dSd   

By applying Lemma 4.1 [11], the grid graph 33 PP   is decomposed into 

.4 3S  By applying Lemma 4.3 [11], the graph 13 2KP   is decomposed into 

32S  and .2S  By applying Lemma 4.2 [11], the comb graph 1KPm   is 

decomposed into   312 Sd   and ,2 1dS  where .,3,2,1,14  dd   

Then, the grid graph mPP 4  consists of d copies of disjoint grid graph 

 1,33 dPP   copies of disjoint graph 13 2KP   and a comb graph 

.1KPm   Therefore, the grid graph mPP 4  decomposes into d copies of 

 1,4 3 dS  copies of  32S  and ,2S  and a copy of   312 Sd   and 12dS  

where .,3,2,1,14  ddm  That is, the grid graph mPP 4  

decomposes into       .2121214 13233 dSSdSdSddS   Hence, 

the grid graph mPP 4  can be decomposed into   ,2,38 13 dSSd   and 

  .1 2Sd    

Case 2. If .,3,2,1,4  ddn   
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Claim. The grid graph mPP 4  is decomposable into   ,28 3Sd   

  112 Sd   and .,3,2,1,2 ddS   

By applying Lemma 4.1 [11], the grid graph 33 PP   is decomposed into 

.4 3S  By applying Lemma 4.3 [11], the graph 13 2KP   is decomposed into 

32S  and .2S  By applying Lemma 4.2 [11], the comb graph 13 KP   is 

decomposed into 3S  and .2 1dS  By applying Lemma 4.2 [11], the comb graph 

1KPm   is decomposed into   13 2,12 dSSd   and ,2S  where ,1,4  dd  

.,3,2   

Then, the grid graph mPP 4  consists of d copies of disjoint grid graph 

 1,33 dPP   copies of disjoint graph ,2 13 KP   a comb graph ,13 KP   

and a comb graph .13 KP   Therefore, the grid graph mPP 4  decomposes 

into d copies of  1,4 3 dS  copies of  3S  and ,2S  a copy of  3S  and ,2 1dS  

and a copy of   13 2,12 dSSd   and 2S  where .,3,2,1,4  ddm  That 

is, the grid graph mPP 4  decomposes into     233 1214 SdSddS   

  .212 21313 SdSSdSS   Hence, the grid graph mPP 4  can be 

decomposed into     13 12,28 SdSd   and .2 2S   

Case 3. If .,3,2,1,14  ddn   

Claim. The grid graph mPP 4  is decomposable into   13 12,8 SddS   

and   .,3,2,1,1 2  dSd   

By applying Lemma 4.1 [11], the grid graph 33 PP   is decomposed into 

.4 3S  By applying Lemma 4.3 [11], the graph 13 2KP   is decomposed into 

32S  and .2S  By applying Lemma 4.2 [11], the comb graph 1KPm   is 

decomposed into 32dS  and   112 Sd    where .,3,2,1,24  dd  

Then, the grid graph mPP 4  consists of d copies of disjoint grid graph 

dPP ,33   copies of disjoint graph ,2 13 KP   a comb graph ,1KPm   and a 

star .2S  Therefore, the grid graph mPP 4  decomposes into d copies of 

dS ,4 3  copies of  32S  and ,2S  a copy of  ,2 3dS  and   112 Sd   and a copy of 

star ,2S  where .,3,2,1,14  ddm  That is, the grid graph mPP 4  
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decomposes into .2224 2113233 SSdSdSdSdSdS   Hence, the 

grid graph mPP 4  can be decomposed into   ,12,8 13 SddS   and   .3 2Sd   

Case 4. If .,3,2,1,24  ddn   

Claim. The grid graph mPP 4  is decomposable into   ,18 3Sd   

  112 Sd   and   .,3,2,1,3 2  dSd    

By applying Lemma 4.1 [11], the grid graph ,33 PP   is decomposed into 

.4 3S  By applying Lemma 4.3 [11], the graph 13 2KP   is decomposed into 

32S  and .2S  By applying Lemma 4.2 [11], the comb graph 1KPm   is 

decomposed into   13 12,2 SddS   and 2S  where .,3,2,1,24  dd  By 

applying Theorem 3.1 [11], the ladder graph 3L  is decomposed into ,3S  and 

.2 2S   

Then, the grid graph mPP 4  consists of d copies of disjoint grid graph  

copies of disjoint graph ,2 13 KP   a comb graph ,1KPm   and a ladder 

graph .3L  Therefore, the grid graph mPP 4  decomposes into d copies of 

dS ,4 3  copies of  32S   and ,2S  a copy of    ,12,2 13 SddS   and 2S  and a 

copy of  3S  and ,2 2S  where .,3,2,1,24  ddm  That is, the grid 

graph mPP 4  decomposes into 113233 2224 SdSdSdSdSdS   

.2 232 SSS   Hence, the grid graph mPP 4  can be decomposed into 

    ,12,18 13 SdSd   and   .3 2Sd     

Illustration. Decomposition of a grid graph 114 PP   on case 1 is 

explained through the following Figure 1.  

 

Figure 1. .114 PP   
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Figure 1 represents the decomposition of the grid graph 124 PP   into 3 

copies of disjoint grid graph ,33 PP   2 copies of disjoint graph 13 2KP   and 

a copy of comb graph .111 KP   

All edges of the grid graph ,33 PP   the graph 13 2KP   and the comb 

graph 111 KP   are differentiated in Figure 1.  

Illustration. Decomposition of a grid graph 124 PP   on case 2 is 

explained through the following Figure 2.  

 

Figure 2. .124 PP    

Figure 2 represents the decomposition of the grid graph 124 PP   into 3 

copies of disjoint grid graph 2,33 PP   copies of disjoint graph ,2 13 KP   a 

copy of comb graph 13 KP   and a copy of comb graph .112 KP    

All edges of the grid graph ,33 PP   the graph ,2 13 KP   the comb graph 

,13 KP   and the comb graph 112 KP   are differentiated in Figure 2.  

3. Decomposition of the Grid Graph mPP 5  into Stars 

In this section, we investigate the decomposition of the grid graph 

mPP 5  into stars.  

Theorem 3.1. The grid graph 3,5 mPP m  can be decomposed into 

 53 m  copies of disjoint stars 3S  and 5 copies of disjoint stars .2S   

Proof. Let    mjiuPPV jimn  1,51,  and  mn PPE   
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     .1,4111,51 ,1,,, mjiuufmjie jijijiji     

Claim. The grid graph mPP 5  is decomposable into   353 Sm   and 

.5 2S   

By applying Theorem 3.1 [11], the ladder graph mL  is decomposed into 

  ,2 3Sm   and .2 2S  By applying Lemma 4.3 [11], the graph 12KPm   is 

decomposed into   31 Sm   and .2S  

Then, the grid graph mPP 5  consists of 2 copies of disjoint ladder graph 

mL  and a copy of the graph .2 1KPm   Therefore, the grid graph mPP 5  

decomposes into 2 copies of   ,2 3Sm   and 22S  a copy of   31 Sm   and 

.2S  That is, the grid graph mPP 5  decomposes into   23 422 SSm   

  .1 23 SSm   Hence, the grid graph mPP 5  can be decomposed into 

  353 Sm   and .5 2S   

Illustration. Decomposition of a grid graph 115 PP   is explained through 

the following Figure 3.  

 

Figure 3. .115 PP   

Figure 3 represents the decomposition of the grid graph 115 PP   into 2 

copies of disjoint ladder graph 11L  and a graph .2 13 KP   

All edges of ladder graph 11L  and a graph 13 2KP   are differentiated in 

Figure 3.  
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