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Abstract

Let G =(V, E) be a simple and finite graph. A grid graph P, o P,, is a graph with vertex

sets and edge sets by V(B,o0Py)=1{y j/1<i<n1<j<m} and E(P,0PB,)={e ;

=uj i (j41)/1<i<n1<j<m-1U{fi j = w juGs), j/1<i<n-1,1<j<m}

decomposition of the grid graph is denoted by D(P, P, ). In this paper, we discuss the

decomposition of the grid graph P, o P, into stars when n =4 and 5.

1. Introduction

The decomposition of grid graphs P, o P,, and P30 P,, have already been

discussed in [11]. In this paper, we discuss the decomposition of grid graph

P, o P, into stars when n = 4 and 5.
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2. Decomposition of the grid graph P, o P, into stars

In this section, we investigate the decomposition of the grid graphs
P, o P, into stars.

Theorem 2.1. The grid graph P,oP,,, m > 3 can be decomposed into the
following ways:
(8d — 3)Ss, 2dS; and (d —1)Sy, n=4d-1,d =1, 2, 3, ...
(8d —1)Ss, 2(d +1)S; and dS,, n=4d,d =1, 2, 3, ...
8dS; and (2d +1)S; and (d +1)Sy, n=4d+1,d=1,2,3, ...
(8d +1)S3, (2d +1)S; and (d+3)Sy, n=4d+2,d=1,2,3, ...

D(P,cP,) =

Proof. Let V(P,0P,) ={y; j/1<i<4,1<j<m} and E(B,cP,)
={e j1<i<4,1<j<m-1}U{f; j =u jugn) j/1<i<3,1<j<m}
Casel.If n=4d-1,d =1, 2, 3, ...

Claim. The grid graph P, 0B, is decomposable into (8d — 3)Ss, 2dS;
and (d-1)Sy,d =1, 2, 3, ...

By applying Lemma 4.1 [11], the grid graph P;oP; is decomposed into
4S3. By applying Lemma 4.3 [11], the graph P; ® 2K; is decomposed into
2S3 and Sy. By applying Lemma 4.2 [11], the comb graph P, © Kj is
decomposed into (2d —1)S; and 2dS;, where =4d -1, d =1, 2, 3, ....

Then, the grid graph P, oP,, consists of d copies of disjoint grid graph
P;oP;, (d—1) copies of disjoint graph P; ® 2K; and a comb graph
B, © Kj. Therefore, the grid graph P, 0P, decomposes into d copies of
4Ss, (d —1) copies of [2S3 and Sy], and a copy of [(2d —1)S3 and 2dS;]
where m=4d-1,d=1,2,3,.... That is, the grid graph P, oP,
decomposes into 4dSs + (d —1)2S5 + (d —1)Sy + (2d —1)S3 + 2dS;. Hence,
the grid graph Py;oP, can be decomposed into (8d — 3)Ss, 2dS;, and
(d —1)Ss.

Case2.If n=4d,d =1, 2, 3, ....
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Claim. The grid graph P,;oP, is decomposable into (8d — 2)Ss,
20d+1)S; and dSy, d =1,2, 3, ....

By applying Lemma 4.1 [11], the grid graph P;oP; is decomposed into
4S3. By applying Lemma 4.3 [11], the graph P; ® 2K; is decomposed into
2S3 and S;. By applying Lemma 4.2 [11], the comb graph P © Kj is
decomposed into S5 and 2dS;. By applying Lemma 4.2 [11], the comb graph
P, ® K; is decomposed into (2d —1)Ss, 2dS; and Sy, where = 4d, d =1,
2,3, ....

Then, the grid graph P, oP,, consists of d copies of disjoint grid graph
PyoP;, (d—1) copies of disjoint graph P3; ® 2K;, a comb graph P © K,
and a comb graph P; ©® Kj. Therefore, the grid graph P, 0P, decomposes
into d copies of 4Ss, (d —1) copies of [S3 and Sy], a copy of [S3 and 2dS; ],
and a copy of [(2d —1)Ss, 2dS; and Sy] where m =4d, d =1, 2, 3, .... That
is, the grid graph P,oP, decomposes into 4dSs + (d —1)2S3 + (d —1)Sy
+ S5 +S; +(2d —1)S5 + 2dS; + Sy. Hence, the grid graph P;oP,, can be
decomposed into (8d — 2)S;, 2(d +1)S; and 2S,.

Case3.If n=4d+1,d=12, 3, ....

Claim. The grid graph P;oB,, is decomposable into 8dSs, (2d +1)S;
and (d +1)Sy,d =1,2,3, ....

By applying Lemma 4.1 [11], the grid graph P;cP; is decomposed into
4S5. By applying Lemma 4.3 [11], the graph P; © 2K is decomposed into
2S; and Sy. By applying Lemma 4.2 [11], the comb graph B, © Kj is
decomposed into 2dS; and (2d +1)S; where =4d +2,d=1,2, 3, ....

Then, the grid graph P, cP,, consists of d copies of disjoint grid graph
Py o P, d copies of disjoint graph P3; ® 2Kj, a comb graph P, ® Kj, and a
star Sy. Therefore, the grid graph P, coP, decomposes into d copies of
4Ss, d copies of [2S5 and Sy ], a copy of [2dSs, and (2d +1)S;] and a copy of
star Sy, where m=4d+1,d =1, 2, 3, .... That is, the grid graph P, oP,
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decomposes into 4dSs + 2dS3 + dSs + 2dS3 + 2dS; + S; + S;. Hence, the
grid graph P, o P,, can be decomposed into 8dSs, (2d +1)S;, and (d + 3)Ss.

Cased4.If n=4d+2,d=1,2,3,....

Claim. The grid graph P,oP, 1is decomposable into (8d +1)Ss,
(2d +1)S; and (d+3)S;, d =1,2,3, ....

By applying Lemma 4.1 [11], the grid graph P30 P;, is decomposed into
4S;. By applying Lemma 4.3 [11], the graph P; ® 2K; is decomposed into
2S; and S,;. By applying Lemma 4.2 [11], the comb graph B, © Kj is
decomposed into 2dSs, (2d +1)S; and Sy where =4d +2,d =1, 2, 3, .... By
applying Theorem 3.1 [11], the ladder graph Lg is decomposed into Ss, and
28S,.

Then, the grid graph P, 0P, consists of d copies of disjoint grid graph
copies of disjoint graph P; ©® 2K;, a comb graph P, © Kj, and a ladder
graph Ls. Therefore, the grid graph P,c P, decomposes into d copies of
4Ss, d copies of [2S3 and Sy], a copy of [2dSs, (2d +1)S;, and Sy] and a
copy of [Ss and 2S5], where m =4d +2,d =1, 2, 3, .... That is, the grid
graph P;oP,, decomposes into 4dSs+ 2dS3 + dSy +2dS3 +2dS; + S;
+Sg +S3 +2S5. Hence, the grid graph P;oPB, can be decomposed into
(8d +1)Ss, (2d +1)S;, and (d + 3)Ss.

INlustration. Decomposition of a grid graph P;cF; on case 1 is

explained through the following Figure 1.
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Figure 1. Pyo F;.
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Figure 1 represents the decomposition of the grid graph P, 0P, into 3
copies of disjoint grid graph P;o P, 2 copies of disjoint graph P; ©® 2K; and
a copy of comb graph P, © Kj.

All edges of the grid graph P30 P;, the graph P; @ 2K; and the comb
graph F; © Kj are differentiated in Figure 1.

INlustration. Decomposition of a grid graph P;oFs on case 2 is

explained through the following Figure 2.

........ PRI SRR Tk B | et SEETS T SRRY W o N
Usq Uy, Uys Usg Ugs Uy : Ugz IU4B Ugeo Ugio 5Ugi 2,12
1 : !
H
R o '.__*.__.‘. ...... { JRREER > -—-o--9.¢ —. .
Uy Uz, Uz Iusa Ugs :Uss Eu3.7 lusg Uz Uzg0 U349 ’
H I
! 1
................ [re— -— LEER R R eosssses — —— EREER] lllQ..-. ul12
Uy Uz, Up3 Up,q uys Uze U7 Uz Uz Uz | Y211 "

Figure 2. PyoP5.

Figure 2 represents the decomposition of the grid graph P, 0Py into 3
copies of disjoint grid graph P;o P, 2 copies of disjoint graph P; © 2K3, a
copy of comb graph P; ® Kj and a copy of comb graph B, © Kj.

All edges of the grid graph P;o P, the graph P3; ©® 2K, the comb graph
P; ® Kj, and the comb graph Py © Kj are differentiated in Figure 2.

3. Decomposition of the Grid Graph FP; o P, into Stars

In this section, we investigate the decomposition of the grid graph
P50 P, into stars.

Theorem 3.1. The grid graph PyoP,,, m >3 can be decomposed into

(8m — 5) copies of disjoint stars S and 5 copies of disjoint stars Ss.

Proof. Let V(P,oP,)=1{y j/1<i<5,1<j<m} and E(P,oP,)
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={e j/1<i<5,1<j<m-1}U{f; ;=1 jugn),j/1<i<4,1<j<mi.

Claim. The grid graph PyoP,, is decomposable into (3m —5)S; and
5Ss.

By applying Theorem 3.1 [11], the ladder graph L,, is decomposed into
(m —2)S3, and 2S,. By applying Lemma 4.3 [11], the graph P,, © 2K; is
decomposed into (m —1)S; and S,.

Then, the grid graph P o P,, consists of 2 copies of disjoint ladder graph
L,, and a copy of the graph P, ® 2Kj. Therefore, the grid graph P5obP,
decomposes into 2 copies of [(m —2)S;, and 2S5] a copy of [(m —1)Ss and
Sy]. That is, the grid graph PsoP, decomposes into 2(m — 2)S3 + 4Sy
+(m —1)S3 + Sg. Hence, the grid graph PsoB, can be decomposed into
(8m — 5)S3 and 58Ss.

INustration. Decomposition of a grid graph P50 /A7 is explained through

the following Figure 3.
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Figure 3. P5 Dljll.

Figure 3 represents the decomposition of the grid graph P5oF into 2
copies of disjoint ladder graph L;; and a graph P © 2Kj.

All edges of ladder graph L;; and a graph P; ® 2K are differentiated in
Figure 3.
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