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Abstract

A subset S of vertices in a connected graph is G called a geodetic hop dominating set of G if
S is both a geodetic set and a hop dominating set of G. The minimum cardinality of a geodetic

hop dominating set of is its geodetic hop domination number and is denoted by 7y hg (G) In this

paper we studied the concept of geodetic hop domination number in join and corona of graphs.
1. Introduction

By a graph G = (V, E) we mean a finite undirected connected graph

without loops or multiple edges. The order and size of G are denoted by n and
n respectively. For basic graph theoretic terminology, we refer to [4]. For

every vertex veV, the open neighborhood N(v) 1is the set
{u € G/uv € E(G)}. The degree of a vertex veV is deg(v)=|N({)| If
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e = {u, v} is an edge of a graph G with deg(u) =1 and deg(v) > 1, then we
call e a pendant edge or end edge, u a leaf or end vertex and v a support. A
vertex of degree n—1 is called a universal vertex. The distance d(u, v)
between two vertices u and v in a connected graph G is the length of a
shortest © —v path in G. An u —v path of length d(u, v) is called a u —v
geodesic. A vertex x is said to lie on a u —v geodesic P if x is a vertex of P
including the vertices u and v. For two vertices u and v, the closed interval
Ifu, v] consists of u and v together with all vertices lying on some u —uv
geodesic. For a set S < V(G), in the interval I5[S] is the union of all I;[S]
for u,v e S. If I5[S] = V(G), then S is a geodetic set of G. The cardinality
2(G) of a minimum geodetic set of G is called the geodetic number of G. A
geodetic set of cardinality g(G) is called a g-set of G. The geodetic number of
a graph was studied in [5, 8, 14, 15].

A set DV is a dominating set of G if every vertex v e V- D 1is
adjacent to some vertex in D. A dominating set D is said to be minimal if no
subset of D is a dominating set of G. The minimum cardinality of a minimal
dominating set of G is called the domination number of G and is denoted by
7(G). The domination number of a graph was studied in [7]. Aset S < V of a
graph G is a hop dominating set (hd-set, in short) of G if for every v € V — S,
there exists u € S such that d(u, v) = 2. The minimum cardinality of a hd-
set of G is called the hop domination number and is denoted by v,(G). Any
hd-set of order y,(G) is called yj, -set of G. The hop domination number of a
graph was studied in [1, 10-12]. A geodetic dominating set S is both a geodetic

and a dominating set. The geodetic domination number y,(G) of G is the

minimum cardinality among all geodetic dominating sets in G. The geodetic
domination number of a graph was studied in [6]. A subset S of vertices in a
connected graph G is called a geodetic hop dominating set of G if S is both a
geodetic set and a hop dominating set of G. The minimum cardinality of a
geodetic hop dominating set of G is its geodetic hop domination number and

1s denoted by yhg(G). The geodetic hop domination number of a graph was

studied in [2, 3]. Let H and K be two graphs. The join G + H of two graphs G
and H is the graph with V(G + H) = V(G)UV(H) and E(G + H) = E(G)
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UEH)U {uv : u € V(G), v € V(H)}. The join concept was studied in [13]. The
corona product K ® H is defined as the graph obtained from K and H by
taking one copy of K and | V(K)| copies of H and then joining by an edge, all

the vertices from the ith-copy of H to the ith-vertex of K, where
i=12 ..,|V(H)|. The corona concept was studied in [9,13]. The

dominating concept have interesting applications in social networks. By
applying the geodetic hop dominating concept we can improve the privacy in
social networks.

The following theorems are used in sequel.

Theorem 1.1 [2]. For the complete graph G = K,,,(n > 3), y54(K},) = n.

Theorem 1.2 [2]. Let G be a graph of order n > 3. Then y;4(G) = 2 if
and only if there exists a geodetic hop dominating set S = {u, v} of G such
that d(u, v) < 3.

2. Geodetic hop domination in join of graphs
Theorem 2.1. v, (K, +K,,) =n +ny.

Proof. Since v,,4(K,, + K,,) = K in,- The result follows from Theorem

1.1. n

Theorem 2.2. Let G be a complete graph of order ny > 2 and H be a non-
complete graph of order ng > 2. Then V(G) is a subset of every geodetic hop
dominating set of G + H.

Proof. Let S be a yj,-set of G + H. Since G is complete and H is non-
complete, G + H is non-complete. We have to prove that V(G) < S. On the
contrary, suppose V(G)<S. Then there exists a vertex z € G such that
z ¢ S. By the definition of G + H, d(x, z) =1 for every x € H, which is a
contradiction to the definition of hop dominating set of G + H. Therefore

V(G) c S. .

Theorem 2.3. Let G and H be two non-empty graphs. Then
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Yhg(G + H) = 2 ifand only if G = ky and H = K;.

Proof. Let G and H be two non-empty graphs. First assume that
Yhg(G + H) = 2 Then by Theorems 2.1 and 1.2, G + H is either Ky or there

exists a ypg-set S ={u,v} of G+H such that dg,p(u,v)<3. If
G + H = K,, then the result is obvious. Therefore dg, g(u, v) is either 2 or
3. If dg,.g(u, v) =2, then either S < V(G) or S < V(H). Without loss of
generality, let us assume that S < V(G). Since S is a g-set of G, let x be a
vertex in V(G) which lies in u —v geodesic in G. Then xu, xv € E(G + H).
Hence it follows that dg, g(x, ©) = dg, g(x, v) = 1, which is a contradiction.
Therefore dg,g(u, v) # 2. Hence it follows that dg, g(w, v) = 3. Therefore
either G or H must be empty, which is not possible. Therefore G + H = K.

Hence it follows that G is K; and H is K;. The converse is clear. "

Theorem 2.4. Let G and H be two non-empty graphs. Then
Yng(G + H) = 8 ifand only if G + H = K.

Proof. Let G+ H = K. Then by Theorem 1.1, v, (G +H)=3.
Conversely, assume that v,,(G + H) = 3. Let S be a vy, -set of G+ H. We
have to prove that G + H = K3. On the contrary, suppose that G + H # K.

Therefore S contains at least four elements. Then at least one of G or H is non
complete or both G and H are non-complete. Without loss of generality, let us

assume that G is complete and H is non-complete. Then d(G + H) = 2. By
Theorem 2.2, V(G) < S. Since G is non-complete, at least three elements of
H belongs to S. Hence it follows that | S | > 4, which is a contradiction. If G

and H are non-complete, then S contains at least two elements from G and at
least 2 elements from H. Hence it follows that |S|>4, which is a

contradiction. Therefore G + H = Kj. n

Theorem 2.5. Let G and H be two non-trivial connected graphs.
Then ypg(G + H) > 4.

Proof. Let G and H be two non-trivial connected graphs. Let Sbe a v, -
set of G+ H. We have to prove that y,,(G + H) > 4. On the contrary,
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suppose that | S| < 3. First assume that | S| =2 then by Theorem 2.3,
G + H = Ky, which implies G = K; and H = K;, which is a contradiction
to G and H are non-trivial. Next assume that | S| > 3. Since d(G + H) = 2,
either S < V(G) or S < V(H). Without loss of generality, let us assume that
S < V(G). Then for every x € V(H), d(x, S) =1, which is a contradiction.
Hence y;,,(G + H) > 4. .

Corollary 2.6. Let G and H be two non-trivial connected graphs. Then
every geodetic hop dominating set of G + H contains at least two vertices from
G and at least two vertices from H.

Proof. This follows from Theorem 2.5. n
6 ifn=3or4
7 if n=5
8r if n=6r

8r+2 ifn=6r+1
8 +3 if n=6r+2
8 +4 ifn=6r+3
8r+6 if n=6r+4
8r+7 if n=6r+5

Theorem 2.7. y,4(C, +P,) =

Proof. V(C,, + P,) = {v1, Vg, ..., Uy, Uy, Ug, ..., Uy}

Casel:3<n <5

Case la: n =3

Then S = {vy, vy, 3, Uy, Ug, ug} is the only vy, -set of C, + P, so that
Vg (Cy + B,) = 6.

Case 1b: n =4

Then S = {v;, v3, Vg, 4y, Ug, uy} is the only yj, -set of C, + P, so that
Yhe(Cp + P,) = 6.

Caselc:n=5

Then S = {vy, v3, vy, U5, Uy, Uz, Uy} is the only yj,-set of C, + P, so
that v,4(C, + B,) = T7.

Case2: n>6

Case 2a: n = 6r
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Let S= {Ul, Ugy -5 Ugr—2,U3,U6, ..., Ugp, U1, Ug, ..., Ugpr—2, U3, Ug, - - uﬁr}‘

Then S is a geodetic hop dominating set of C, +PF, and so
Yhg(Cy + B,) <| S| = 8r. We have to prove that v,,(C, + P,) = 8. On the
contrary, suppose that v,,(C, + P,) < 8r. Then there exists a y,4-set S’ of
C, + P, such that | S"| < 8r. Let x be a vertex of C,, + P, such that x € S
and x ¢ S'. First assume that x € vy, vy, ..., Ugr_a, U, Uy, Ugr_o}. Without

loss of generality, let us assume that x =wv;. Then x ¢ I [S'] Next
n

assume that x e {vs, vg, ..., Vg, U3, Ug, ..., Ug,}- Without loss of generality,
let us assume that x = v3. Then x ¢ I¢ ,p, [S']. Hence S’ is not a geodetic

hop dominating set of C, + P,, which is a contradiction. Therefore

yhg(Cn +P,)=8r
Case 2b: n = 6r+1

Let S ={v], Ugy -5 Ugi1s> U3, Ugs ---Ugps Uls Uy -y Ugri1s Uy Ugs ---s Ugy )

Then as in Case 2a, we get v,,4(C,, + P,) = 8r + 2.

Case 2¢: n = 6r + 2

Let S = {01, Ugy .-+ Ugpils U35 Ugs +-vs Ugri3s Uls Uty ey Ugrils Ugs Ugs «--»

Ugr> Ugr+2)- Then as in Case 2a, we get v,,4(C,, + P,) = 8r + 3.
Case 2d: n = 6r +3

Let S ={v1,04,..-Ur115U35Ug»-+s Ugri3> Uls Uk -+ Ugpils USs UG - - Ugri3 }-

Then as in Case 2a, we get v,,4(C,, + P,) = 8r + 4.
Case 2e: n = 6r+4

Let S ={U1,04,. s Ugrsds U3, Ugs > Ugrs3s Ul Uds -+ > Ugrsds U, Ugs - > Ugrs3 }-

Then as in Case 2a, we get v,,4(C,, +P,)=8r+6.

Case2f: n =6r+5

Let S ={v1, U4, ---Ugpsd> U35 Ugs -5 Ugri3s Uiy Uty s Ugrids Uy Ugs +--»

Ugr+3> Ugr+5)- Then as in Case 2a, we get v,4(C,, + P,) = 8r + 7.

Advances and Applications in Mathematical Sciences, Volume 21, Issue 3, January 2022



GEODETIC HOP DOMINATION NUMBER IN JOIN ... 1123

5 if n=3o0or4o0rb
4r+2 if n = 6r

Theorem 2.8. v;,,(C, + Ky) = <4r+3 if n=6r+1or 6r+2
4r+4 if n=6r+3
4r+3 if n=6r+4or 6r+5

Proof. The proof of this Theorem is similar to the proof of Theorem 2.7. m

ny +3 if ng =3or4orb
ny +4r if ng = 6r
Theorem 2.9. v;,,(K, +C,,)=1n +4r+1 if ng =6r+1or 6+2
n+4r+2 if ng =6r+3
n+4r+3 if ng =6r+4or 6r+5
Proof. The proof of this Theorem is similar to the proof of Theorem 2.7. m
3. Corona of graphs
Theorem 3.1. Let G and H be two connected graphs of order n; and nq
respectively. Let S be a vypg-set of Go H and Hy, Hy, ..., an be the copies
of H Then

A SNV(H;) =0 forall i,1<i < ny.

i) SNV(G) = 0.

Proof. (i) We have to prove that SNV(H;) =0, for all i,1<i < ny. On
the contrary, suppose that SN V(H;) =0, for some i,1<i < ny. By the
definition of G o H, every vertex of H;(1 < i < ny) is adjacent to exactly one
vertex of G Hence it follows that S is not a vy,g-set of G o H, which is a
contradiction.

(il) We have to prove that S V(G) = 0. On the contrary, suppose that
SNV(G)=0. Let u be a vertex of SMNV(G)=0. Hence ueS and
u € V(G). By Theorem 2.9 (i), SNV(H;)# 0,1 <i < ng. Then d(u, v) =1

for v e V(H;) for 1 < i < ny, which is contradiction. ]

Theorem 3.2. v;,,(W, © K,,,) = mng, ny > 4, ng 2 2.
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Proof. Let V(W, )={v, vy, ..., v, } Wwith central vertex v, and

U, Vg, ooy Uy 1, U1 s cycle. Let V(K,,) = {1, wig, -y Uipys Ust, Uga, -,

Ugnys -+ U 1Un 25 unlnz} be the vertex set of nlth copy of K, attached with
exactly one vertex of W, - V(W, o K, ) ={u, V2, ..., U1, W11, W12, Uiny» U2t
Ugg, -vs Ugpys Uni1s Ung2s -5 Upyny }- We have to prove that vg(W,, © Kp,)
=mng. Let S ={uq, g, .oy Uinys Uats Ugas ooy Uy Uny1s Uny2s ++os Ungny -
Then S is a yp,-set of W, oK, and so v;z(W, °K,,)<|S|=mny. On
the contrary, suppose that v, (Wn1 ° Kn2) < mng. Then there exits a vy, -set
S’ of W, oK, such that | S"| < njng. Let y be a vertex of W, o K, such
that y € S and y ¢ S'. First assume that y € {uyy, g, ..., Ujp, ). Without
loss of generality, let us assume that y = v;;. Then y ¢ IWnlo Ky [S'] Next
assume that y € {ug), Usg, -, Uapys -5 Ung1s Uny2s --» Unyny J- Without loss of

generality, let us assume that y = vg;. Then y ¢ IWn1 oKy [S'] Hence S’ is

not a ypg-set of W, oK, , which is a contradiction. Therefore
th(Wnl ° Kng) = mng. u
3ny if ng =3or4
4ny if ng =5
4n,, if ng = 6r

Theorem 3.3. v,,(Cy,, o P, ) = m(4r +1) if ng =6r+1
n(4r+2) if ng =6r+2or 6r+3
n(4r+3) if ng =6r+4
n(4r+4) if ng =6r+5

Proof. V(Cp, P, ) ={01, V2, s Upys Uil Ui - Uing > U1 U2 -ovs Uy s -+
unll’un12>""un1n2}'

Case1l: 3<ny <5

Case la: ng =3

Then S = {uu, U9, 3, Ug1, Ug2, U93, ..., unll, un12, un13} is the only
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Yhg -set of Cp o P, sothat v5,,(Cp, © By, ) = 3n.
Case 1b: ny = 4
Then S = {uy1, w3, U4, Uy, Uog, Uogs ---» Un 15 Uny3s un14} is the only

Yhg -setof Cy o P,

, 50 that v;4(C, P, ) = 3n.

Case 1c: ng =5

Then S = {uy1, w3, wig, Wis, Uy, Uz, U, Ugss -oos Upyls Upy3s Ungally5 )
is the only ;g -set of C,, o P, so that v;5(C,, © B,,) = 4n,.

Case 2: ny > 6.

Case 2a: ng = 61

Let S ={w1, thy, -, Wgr_gs U1, Ungs -5 UdGr—2s Unj1s Ungds --> Un 6r-2)
Uls, wes - ters Uos, 496 -5 Uogrs Un 3> Un 3> Un 65 --> Uny6r)- Then S is
a geodetic hop dominating set of Cp, © Py, and so v3g(Cy,, ° By, )<[S[=4, 1.
We prove that v,,4(Cp, © By, ) = 4mr.

On the contrary, suppose that th(Cnl ° Pn2) = 4myr. Then there exists a

Vhg -set S" of Cy o P, such that | S"| < 4nr. Let u be a vertex of C, o B,

such that u e S and uw ¢ S’ First assume that w e {1, w4, ..., U1gr_2,
U9, Ugs -5 UgBr—25 -5 Unj1s Unjas --o un16r,4}. Without loss of generality,

let us assume that u = u;;. Then u ¢ ICnl Py [S']

Next assume that u € {3, Wg, ---Ugrs Uags Uggs ---» Udgys Un, 3>
Up 6> -+ > Un, 6r }. Without loss of generality, let us assume that u« = uy3. Then
u ¢ ICn1 oPay [S] Hence S’ is mnot ype-set of C, oPF,,, which is a
contradiction. Therefore v,4(Cy, © By, ) = 4mr.

Case 2b: ny = 6r +1

Let S = {u11, gy Wier+1> Uals Uoss - Udgrids Un1s Unjas - un16r+1}
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U{u13, g, ---» grs U3, Uog, ..., UogT, unlg, un16, ceey un16r}. Then in Case

2a, we get 1p,4(Cy, 0 Py, ) = my(4r + 2).
Case 2c: ng = 6r +2

Let S = {u11, wig, Weri1s Ut Ugds - Ug6rils Upn1> Ungds o5 un16r+1}
Ulus, wies ---» taeyrs Uz, ugs - Un 3> Ung 6> --+» un16r}U {un16r+2}~ Then as
in Case 2a, we get v5,4(Cp, © By, ) = m(4r + 2).

Case 2d: ny = 6r + 3

Let S = {ull’ Uygs -5 WGr+4> U1, U24) ---5 U26r+45 unll’ un14’ ) un16r+4}
Uftus, ties - s W16r+35 Uoss Uy -5 UdGrass s Un 35 Un 6 -» Un 6r43)- Then
as in Case 2a, we get v(Cy, © B,,) = m(4r + 3).

Case 2e: ng = 6r+4

Let S = {u1, g, -, Werias Uols U, --os Uobrids Up1> Ungqs ---» un16r+4}
Ultas, e, s th6r+3, Uo3, Ug6s -o» UoBre3s > U3,y o -o» Uny6r+3)  Then

as in Case 2a, we get 1p4(Cp, © B,,) = ny(4r + 3).
Case 2f: no = 6r+5

Let S = {1, wig, --» WiGreas Uats Ungs -+ UdGrids Un1s Ung4s -+ un16r+4}

Ultis, g, - thgriss Uog, Uags -+ UoBrass -+ Un 3> Un 65 -0 un16r+3} U {un16r+5}'

Then as in Case 2a, we get 1,,4(Cp, © B,,) = ny(4r + 4). (]
3n; if ng=3or4orb5
dmr if ng =6r

Theorem 3.4. v,4(K,, ©Cp, )= m(4r+1) if ng =6r+1or 6r+2
n(4r +2) if ng =6r +3
n(4r+3) if ng=6r+4or 6r+5

Proof. The proof of this Theorem is similar to the proof of Theorem 3.3. m
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