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Abstract
A function A : V(G) — {-1, +1} is said to be a non-negative isolated signed dominating

function(NNISDF) of a graph G if Z N ]X(u) >0 for all v e V(G) and for at least one
ue v

vertex of w € V(G), M(N[w]) = 0. A Non-negative isolated signed domination number(NNISDN)

of G, denoted by yN™(G), the minimum weight of a NNISDF of G. In this article, we study

some of the basic properties of NNISDF and we give NNISDN of disconnected graphs, paths,
completegraph and some families of graphs.

1. Introduction

Let G(p, ¢) be a finite, simple and undirected graphs. The vertex set and
edge set of a graph G is denoted by V(G) and E(G) respectively, p = | V(G) |
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and ¢ =|E(G)|. For veV(G), the open neighborhood of v is
N@W)={ueV(G): uv € E(G)} and the closed neighborhood of v is
N[v] = {v} U N(v). The degree of vis deg(v) =| N(v)|. A vertex of degree one
is called a pendent vertex.

A vertex which is adjacent to a pendent vertex is called a stem. For graph

theoretic terminology, we follow [7].

Lot of domination function have been defined and studied by many
authors. The definition of dominating function by replacing the co-domain
{0, 1} as one of the sets {-1, 0, 1}, {~1, + 1} and etc.

In 1995, J. E. Dunbar et al. [3] introduced the concept of signed
dominating function (SDF). A function A : V(G) - {-1, + 1} is a SDF of G, if

for all v € V(G), MN[v]) > 1. The signed domination number, denoted by
Ls(G), is the minimum weight of a signed dominating function on G [3]. The

SDF has been studied by several authors including [1, 2, 5, 6, 10].

A function A :V(G) — {-1, +1} is said to be a non-negative signed

dominating function (NNSDF) of G if A(N[v])>0 for v e V(G) The

N

nonnegative signed domination number of yév (G) is the minimum weight of

a NNSDF of G. A NNSDF of weight vMV(G) is called a vV (G)-function.
The nonnegative signed domination number was introduced by Huang et al.
[9].

A subset S of vertices of a graph G is a dominating set of G if every vertex
in M(N[v]) > 0 has a neighbor in S. The minimum cardinality of a dominating

set of G as called the domination number and is denoted by v(G).

A dominating set S of a graph G is said to be an isolate dominating set if

(S) has at least one isolated vertex [11]. An isolate dominating set S is said

to be minimal if no proper subset of S is an isolate dominating set. The
minimum and maximum cardinality 2 of a minimal isolate dominating set of

G are called the isolate domination number 74(G) and the upper isolate

domination number I'j(G) respectively [11].
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In 2022, Duraisamy Kumar et al. [4] defined the concept of non-negative
unique isolated signed dominating function(NNUISDF). A NNUISDF of a

graph G is a function A :V(G) - {-1, +1} such that Zk(u) >0 for
ueNJ[v]

v € V(G) and for at exactly one vertex w € V(G), MN[w]) = 0.

In this paper, we defined non-negative isolated signed dominating
function(NNISDF). A NNISDF of a graph G is a function

L :V(G) > {-1, +1} such that ZX(u) >0 for v e V(G) and for at least
ueN[v]

one vertex w e V(G), MN[w])=0. A non-negative isolated signed

domination number(NNISDFN) of G, denoted by vA¥(G), is the minimum

weight of a NNISDF of G. In this article, we study some of the basic
properties of NNISDF and we give NNISDN of disconnected graphs, paths,
completegraph and some families of graphs.

2. Main Results

Lemma 1. If a graph G admits NNISDF, then yéVN(G) < ygN(G).

Proof. We know that all the NNISDF is a NNSDF, we have
1N (@) < 7N (@),

Theorem 2. Let G be a disconnected graph of order n > 2 with n
components Gy, Gg, ..., G, such that the first m(>1) components
Gy, Gy, ..., G, admit NNISDF. Then vNM(G)= min{;}, where

1<i<m
n
G=vh G+ X (G))
Jj=1, j#i

Proof. Assume that ¢; = min {;}. Let A; be a minimum NNISDF of G,

1<i<m

and A; be a minimum NNSDF of G; for each i with 2 <i < n. Then
L : V(G) - {-1, + 1} defined by A(x) = A;(x), is an NNISDF of G with weight

n n
YANG) + Y vAN(G;) and so YAN(G) < vV (Gy) + D vV (Gy) = 1.
=2 =2
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Let p be a minimum NNISDF of G. Then there exists an integer j such
that p | G; is a minimum NNISDF of G; for some j with 1 < j < m. Also for

each i with 1 <i < n(i # j), p| G; is a minimum NNSDF of G;. Therefore
n
w(w) = v G+ Dovs " (Gy) =t; > and hence yi; (G) = min {;}
i=1, i%j i<

Corollary 3. Let H be any graph which does not admit NNISDF. Then

n
w) 2 AN G+ D MNG) =t 24 admits NNISDF  with

i=1, i%j
&Y = N (H).

Proof. By taking G; = Ky for 1 <i <m and G,,,; = H in Theorem 2,
we can prove the result.

Lemma 4. If every vertex of the graph is even, then it has no NNISDF.

Proof. Since |N[]| is odd, f(N[])=0 for any NNSDF
LV o> {1, +1}.

Lemma 5. Let A be a NNISDF of G and let P c V. Then
MP) = | P | (mod 2).

Proof. Let P* ={|AMv)=1,ve P} and P~ ={v|AMv)=-1,ve P}
Then |P* |+| P |=|P| and | P*|-| P | =MP). Therefore
MP)=|P|-2 P |

Lemma 6. Let G be a graph of order n. Then 2y(G) - n < yAN(G).

Proof. Assume that G has an NNISDF and let A be a minimum NNISDF
of G. Let P" ={ueV(G): flu)=+1} and P~ ={v e V(G): f(v) = -1}. If

P~ = ¢, then no vertex has AM(N[v]) # 0, a contradiction.

If v e P since AMN[v]) >0, then v has at least one neighbor in P™.

Therefore P* is a dominating set for G and | P* | > y(G).
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Since yAN@G)=|P"|-|P"| and n=|P"|+|P |, then
vMN(G) = 2| P* |- n and finally we have Y3 (G) > 2¢(G) - n.

Theorem 7. Let G be a connected graph of order n > 2 in which every

vertex is a pendent vertex or stem. Then G admits NNISDF.
Proof. Suppose there exists a NNISDF of G, say ‘A. Let u € V(G).

Case 1. A pendent vertex has an NNISDF. Assigning the pendent vertex
-1 sign and the other vertices +1 sign gives an NNISDF.

Case 2. If u is a stem, then u is adjacent with some pendent vertex, say
w. By Case 1, Mw) = +1.

Hence A is a constant function with constant 0. Since G is connected
graph of order greater than or equal to 2, A(N[v]) > 0 for v < V(G).

Thus there exist vertex v of G such that A(N[v]) = 0.

Corollary 8. Let H be any graph and G = H o Ky, then G admits
NNISDF.

Proof. Since every vertex of G is a stem or pendent, the proof follows

from Theorem 7.

Remark 9. Let G be a graph of order n which admits NNISDF. Then
nyN(G) #n-1.

Proof. Let A be a minimum NNISDF of G. Suppose A(u)= +1 for all
u € V(G), then AMN[u]) # 0, a contradiction.

Suppose A(u) = -1 for some u € V(G), then yY (G) < n - 2.

Theorem 10. Let n > 3 be an integer. Then the path P, admits NNISDF
with NNISDN

1) vAN(PB,) = m when n = 3m.
@) y¥N(P,) = m when n = 3m + 2.
3) ygN(Pn) =m when n = 2m + 2.
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Proof. Let n >3 be an integer. Let V(P,)={q; :1<i<n} and
EP,) ={a;a;;1 :1<i<n-1} Let¢ A be a NNISDF. Since
Nla;] = {a;_1, a;, @;;;} and A(N[g;])>1 for 2<i<n-1, any three
consecutive vertices must have at least two +1 signs. (1)

Case 1. Suppose n = 3m. Then by (1), w(A) > m.

Case 2. Suppose n =3m+1. Suppose A(asgp,.1)=-1. Then by (1),
we get rMaq, ag, as}) > 1, M{ay, a5, ag}) = 1, M{aq, ag, ag}) 2 1, ...,
Miason-1)s @3m-25 @3m-1}) < 1. Suppose Mas,,) = -1 then
M{asm-1, a3m»> A3m+1) < —1, a contradiction to (1). Thus w(X) > m —1 when

w()) > m.

Case 3. Suppose n =3m+2. By (1) both A(as,,;) and A(asg,.2)
simultaneously can not be equal to -1. Suppose A(as,.;)=+1 and

A(agy,.9) = +1, then by (1) we can get w(}) > m + 2.

Suppose Magpy,.1) = 1. Then by (1),
A(ay, ag, ag}) 2 1, May, as, ag}) 2 1, Mlag, ag, ag}) > 1, ...,
M{as(m-1)> a3m-2, a3m-1}) = 1. Suppose Magp o) = -1 then

M{asm, @3mi1s A3maa)) < —1, a contradiction to (1). Thus A(as,,,9) = +1 and
so w(Ah) = m.
Define a function p : V(P,) - {-1, + 1} by
-1 wheni=3/+1,0</>m-1
w(a;) =

+1 otherwise

From the above labeling it is easy to observe that p is a NNISDF and

w()=m when n=3m, wu)=m-1 when n=3m,wlu)=m-1 and
wp)=m when n=3m+2 Thus we have AN (P,)<m,
TN (Pyar) < m =1 and v~ (Pyy,) < m.

Corollary 11. For given integer m > 1, there exists a graph G such that

NN NN
¥s =Yis (G) =m.
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Proof. Let G =P;, be a path of order 3m such that
V(G) = {a;, ag, ..., as,,} and E(G) = {g;a;,1 : 1 < 3m -1} U {ag,,01 }-

Let A be a NNSDF of G. Since Nla;] = {a;_1, a;, aj;1} for 2 <i <3m -1
and A(NJa;]) > 1, any three consecutive vertices must have at least two +1

signs. In this case A(N[a;]) = 0 or A(Nlas,,]) = 0.
Thus MV(G)) = m.
Define a function p : V(G) - {-1, + 1} by

-1 wheni=3/,/¢21

n(;) = {

+1 otherwise
From the above labeling it is easy to observe that u is NNSDF and

w(p) = m. Thus YAN(G) = m.

The graph G admits NNISDF and yf;’N (G) = m (already proved in
Theorem 10).

Theorem 12. Let n > 4 be an even integer. Then the complete graph K,

admits NNISDF with yIY (K,) = 0.

Proof. Let V(K,) = {a;, ag, ..., a,}. Let A be a minimum NNISDF of
K,. By the definition of NNISDF at least one vertex has AMN[a]) = 0 for

a € V(K,). Note that N[a] =| V(K,)| for a € V(K,,). Therefore % vertices
must have +1 sign and % vertices must have -1 sign. Thus
w()) = g(+ 1)+%(— 1) = 0 and so YAN(K,) > 0.

Define p : V(K,) — {-1, + 1} by

+1 wheniis odd

H(Ui) = {

-1 wheniiseven.

From the above labeling it is easy verify that p is NNISDF and
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W(N[a]) = 0 for all @ € V(K,,). In this case w(u) = %(+ 1)+ %(— 1) =0 and
so YN (K,) < 0.

Lemma 13. For an odd integer m(> 1), then the graph G = K,, ,, admits

NNISDF with

if m = 1and nisodd,

if m = 1and niseven;
if m>3andn > 3isodd,

if m > 3and niseven.

YL{ZN(Km, n) =

w N = o

Proof. Let G = (G;, G3) be the bipartition of G such that | G; | = m and
| Gy | = m. Let Gy = {ay, as, ..., a,,} and G; = {b, by, ..., b, }. Consider the

vertex q; for 1 <i < m.

Case 1. Suppose m =1 and n is odd say 2n + 1. Since N[a;] = {a;, Gs}.

n-1

vertices
2

In this case 2 1 vertices must be labeled with —1 sign and

2
has been labeled with +1 sign and a; has +1 sign.

Thus A(N[a;]) = (+ 1) + ”‘2” (_1)+”T+1(—1)+”T‘1(+1) - 0.
Thus w(X) = 0 and so YA (G) = 0.
Case 2. Suppose m =1 and n is even. In this case % vertices must be
labeled with —1 sign and % vertices has been labeled with +1 sign and a;
has +1 sign. Thus AM(N[ag;]) = (+1) + %(— 1)+ %(+ 1) = 1. Thus w(k) =1 and

so YN (G) = 1.

m+1

Case 3. Suppose m >3 and n > 3 is odd. In this case vertices
m-1

5 vertices has been labeled with +1

must be labeled with +1 sign and

n+1 n-1

vertices has

sign and vertices must be labeled with +1 sign and
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must be labeled with +1 sign and

sign and
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m+1 m+1
1
5 (FD+—5

and so YAN(G) = 2.

Case 4. Suppose m > 3 and n > 3 is even. In this case m+1

m —

(+1)+

n_
2

2277

(-1)=2

vertices

1 vertices has been labeled with —1

mn 2_ 1 vertices must be labeled with +1 sign and % —1 vertices has
been labeled with -1 Thus  w(r)= 7 Loy mT‘l(— 1)

+(%+1)(+1)+(”;1 —1)(—1) _ 3 andso YYV(G) = 3.

We define a function p: V = Gy UGy — {-1, + 1} by

+1  wheniisodd

u(a;) = {

-1 wheniiseven.

when i is odd

o) = {;11

when i is even.

It is easy to verify that G is a NNISDF with

0 1ifm=1andnisodd;

ygN(Km,n) =<1 if m =1landniseven;
2 ifm >3andn > 3isodd.
If m=>3 and n >3, then we define

ZV:G1 UG2 —>{—1,+1} by

+1  wheniisodd

-1 wheniiseven.

i) = |

1 wheniif 3 <1 < isodd

1 otherwise.

n(b;) = {:

From the above labeling, ygN(Km,n) = 3.

a

function
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Theorem 14. Let n > 2 be an integer. Then the graph G = Ky ,(n > 2)
admits NNISDF with

() y¥N(G) = 0 when n is odd
(i1) yng(G) =1 when n is even.

Proof. Let V(G) = {ag, a1, ..., a,} and E(G) = {agq; : 1 < i < n}. Here,
aq, ag, ..., @, an are pendent vertices. Let A ba a minimum NNISDF of G.

By the definition of NNISDF at least one vertex has +1. for a a € V(G).

Case 1. Suppose n is odd. Then N[ag] =|V(G)]| is even. In this case a
must be labeled with +1, sign, otherwise a contra-diction to A. Therefore

n-1
2

-1 vertices has —1 sign and vertices has +1. In this case

.. n
remaining B

WMNJag]) = 0. Thus w() = (+1)+ ”;1(_1)+ ”;1 (+1)=0 and ¥V (@G) > 0.

Case 2. Suppose n is even. Then N[ag] =| V(G)| is odd. In this case aq

must be labeled with +1 sign, otherwise a contradiction to A. Therefore

remaining — vertices has -1, sign and —

3 3 vertices has +1. In this case

MNlao]) = 1. Thus w(X) = (+ 1)+%(_ 1) +§(+ 1) =1 and so yANV(G) > 1.
We define a function p : G — {-1, + 1} by f(ap) = +1 and

+1 wheniiseven
P-(ai) =

-1 wheniisodd.

Suppose n is odd. From the above labeling, we get w(N[ay]) = 0 and
w(N[g;])=1 for 1<i<n Thus p is NNISDF with w(u)=0 and so
YAV (@) <o.

Suppose n is even. From the above labeling, we get w(N[ag]) =1 and
WN[g;])=0 for i =1,3,5,...,n—1 and w(N[g;])=2 for i =2,4,6,..., n.
Thus p is NNISDF with w(p) = 1 and so yA™(G) < 1.
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Theorem 15. For n > 3 be an integer. Then the wheel graph G = W,
admits NNISDF with

() YAN(G) = 0 when n is odd
Gi) YAN(G) = 1 when n is even.

Proof. Let V(G)={ag, a;,...,qa,} and E(G)=1{aga; :1<1i<n}
Waja;1 11 <i<n-1}U{a,1a,}. Since | N[g;]]| is even for all 1 <i < n.
Let A be a minimum NNISDF of G. By the definition of NNISDF at least one
vertex has A(N[a]) = 0 for a € V(G).

Case 1. Suppose n is odd. Then Nlay]|=|V(G)| is even. Since A be a

minimum NNISDF of G. In this case - ; 1 vertices has —1 sign and nT—l

vertices has +1 and A(agp) = +1. Thus A is NNISDF of G with w(X) = 0 and

so YN (@) = 0.

Case 2. Suppose n is even. Then Nlay] = | V(G) | is odd. In this case %

vertices has —1 sign and % vertices has +1 and nyN(G) > 1. Thus A is
NNISDF of G with w(%) = 1 and so yA™(G) > 1.
We define a function p : G — {-1, + 1} by p(ag) = +1 and

+1  wheniiseven
-1 wheniisodd.

i) - |

Suppose n is odd. According to the above labeling, we get u(N[ag]) = 0
and p(N[a;]) =1 for 1 <i <n. Thus g is NNISDF with w(u) = 0 and so

1N (G) < 0.

Suppose n is even. From the above labeling, we get u(Nag]) =1 and
w(N[g;])=0 for i =1,3,5,...,n -1 and w(N|g;])=2 for i =2, 4,86, ..., n.

Thus p is NNISDF with w(p) = 1 and so yAV(G) < 1.
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