’V- Advances and Applications in Mathematical Sciences ISSN 0974-6803
V Volume 22, Issue 7, May 2023, Pages 1557-1567
]_ Y j_ © 2023 Mili Publications, India

GENERALIZED KROPINA METRIC WITH ISOTROPIC
MEAN BERWALD CURVATURE

A. R. KAVYASHREE", MALLIKARJUN Y. KUMBAR?
and S. K. NARASIMHAMURTHY?

1Department of Mathematics
Government First Grade College
and Post Graduate Center
Raichur-584101, Karnataka, India

2Department of Mathematics
Mahantswamy Arts, Science
and Commerce College
Haunsbhavi-581109

Haveri, Karnataka, India

3Department of P.G. Studies
and Research in Mathematics
Kuvempu University
Shankaraghatta-577451
Shivamogga, Karnataka, India

Abstract

In this paper, we study the characterization of the generalized Kropina metric and it is
weakly Berwald satisfying the curvature properties of (a, B)-metrics which is of isotropic mean

Berwald curvature.

1. Introduction

Finsler spaces with (o, B)-metrics have been studied by the many

authors. But it is a very important aspect of Finsler geometry and its
application to physics and biology. A Finsler metric on a manifold is a family
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of norms in tangent spaces, which vary smoothly with the base point. Every
Finsler metric determines a spray by its systems of geodesic equations. We
know that if a Finsler metric is affinely equivalent to a Riemannian metric,
then it is a Berwald metric. Since every Berwald metric can be constructed
from a Riemannian metric. The S-curvature is the rate of change of the
distortion along geodesics. In this paper, we investigate the characterization
of the generalized Kropina metric would satisfies the necessary and sufficient
conditions in which Finsler space with (a, B)-metric is of isotropic mean

Berwald curvature.
2. Preliminaries

Let M be an n-dimensional smooth manifold. We denote by TM the
tangent bundle of M and by (x, y) = (x', y*) the local coordinates on the
tangent bundle 7M. A Finsler manifold (M, F) is a smooth manifold
equipped with a function F :TM — [0, o), which has the following

properties:

e Regularity: F'is smooth in TM \ {0};

e Positively homogeneity: F(x, Ay) = AF(x, y), for L > 0;
2 2
e Strong convexity: the Hessian matrix of F2, gii(x, y) = 1 (L(x’y)j,
2 ov'oy’
Y oy
is positive definite on TM \ {0}. We call F and the tensor gj; the
Finsler metric and fundamental tensor of M respectively.
For a Finsler metric F = F(x, y), its geodesics curves are characterized
by the system of differential equations & +2G'(¢)=0, where the local

functions G' = Gi(x, y) are called the spray coefficients and given by

following

1 | PF? o[F?
G :Zgll{a E"a l]yk— [6 l]},yeTxM.
X" Oy X

Definition 2.1. Let F be a Finsler metric on an n-dimensional manifold
M.
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(1) F'is of isotropic mean Berwald curvature if

E = _(n;—l) cFh;

(2) F'is of isotropic S-curvature if

S =(n+1)cF,

where ¢ = ¢(x) is a scalar function on M and h denotes the angular metric

tensor of F which is defined by A; = FFyiy I

Definition 2.2. A Finsler metric is called a Berwald metric if the

geodesic coefficients of F are quadratic in Yy, G = %F}:k(x)yiyk. Equivalently,

a Finsler metric F is a Berwald metric if and only if there exists a Riemann

metric a such that F and o have same geodesic coefficients, G = G(ix.

A Finsler metric is called a Berwald metric if the Berwald curvature
B =0. A Finsler metric is called a weakly-Berwald metric if the mean

Berwald curvature E = 0.
Lemma 2.1[7]. The geodesic coefficients G are related to Gé by
. . i . .
G' = G& +0 {—ZQOLSO + 7'00}% + OLQ86 + ¥ {—2Q(XSO + roo}bl, (21)

where Gé denote the spray coefficients of o. and

o (=)0 — so0”
’ 2 2\.m\
20((9 — s¢" + (67 = s7)9")

Y= ,(I)” 2 2vmn’
20((0 — s¢' + (6" —57)¢")

where s = B/a, b = By |-

It is well known that the condition for a Finsler metric to be weakly-
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Berwald metric is Bjj, = 0. This is equivalent to that Ny = 0G" /0y" is a 1-
form. By Lemma 2.1 and (2), we have the following.
Lemma 2.2[8]. An (a, B)-metric F = ad(B/a) is a weakly-Berwald metric
if and only if N} is a 1-form.
By Lemma 2.1, we get
N; = Lryg + 2Mry + Nsy, (2.2)
where

L=m+1oe+ a—‘Pb’",
oy"

M=VY,

N =-2n+1)Q0O + A2¥Qa) b+ L) S0S0-
oy" oy"

In 2009, Cheng and Z. Shen have obtained the formula for the

S-curvature of an (o, B)-metric on an n-dimensional manifold M as follows

Lemma 2.3(2]. The S-curvature of an (a, B)-metric is given by
S = p(m + so) + 2(¥ + QC)sg — 2%y + o [(B2 - 2 + (n + 1)OJpo,  (2.3)

where p = % is a scalar function on Mand C = —(b% — s>)¥' — (n +1)@.

3. Characterization of Weakly Berwald Generalized Kropina Metric

Otm+1

Theorem 3.1. Let F = be a generalized Kropina metric on an

n-dimensional manifold M, where m is a real number with m # -1, 0. Then F

is weakly-Berwald metric if and only if 1;; = 0, 5; = 0.

Proof. First assume that F'is weakly-Berwald metric.
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m+1
For F = OLB—m , by Lemmas 2.1 and 2.2 we can get the following

(n+1mp , m(m+1)BE* - po®)

L=- [mb%0? — B2(m - 1)] [mbzoc2 - BZ(m - 1)]2 ,

" b —BEm -1’

_ 2(n + Dm2o® LT 2m?(m —1)(a®b? - B)a?
[mb?a® - B2(m -1)](m+1) [mb%a® - p2(m - 1)P(m +1)

2 20 2,9 2
A 2m (x2((x b Bz) L ma” —2m 3.1)
[mb%o® — p2(m —1)Jp2(m +1)  Bm+1)
Plugging (3.1) and (2.2) yields the following equation
Ao + Ba* + Ca® + D =0, (3.2)

where
A = m3b*(1 + B)so,
B = 2m3(b* + (n +1)b%)sg + m?(m + 1)b*B2NT + 3m?(m — 1)b2p2s,
+ m3b%Bsg — 2m2(m — 1)b%B>s,,
C = 2m(m? —1)b%B*N” + m(m — 1)B%sy + m2(m + 1)b%p%r,
+2m2%(m —1)(n + 1)B%sg — m(m + 1) [m(n + 1) + (m + 1)]6%p>n0
+m2(m —1)(3 + 4b%)B3so,
D = mf(m+1F +(m* = 1)(n + 1)1 — (m + 1) (m — 1’B°N;
— 2m(m —1)°B°sg — m(m” —1)B*r.

Assume that N) is a 1-form. Note that the coefficients of o in (3.2) must

even

be zero (because o is a polynomial in yi ).
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Ad® + Bat + Co? + m[(m + 1) + (m® = 1)(n + D)0
—(m+1)(m - 12pNT — 2m(m — 1)?Bsy — m(m? — 1)B*r, = 0. (3.3)
Note that m = -1,0. From (3.3) that B5r00 can be divided by o?.

Because B? and o are relatively prime polynomials of (y'), there is a scalar

function p(x) on M such that
roo = plx)a’. (3.4)
Substituting (3.4) into (3.3), we get the following
Aa® + Bo* + Ca? + m[(m + 1) + (m® = 1)(n + 1)]p?p(x )0
= (m+1)(m - 1?BONT — 2m(m — 12p%sy — m(m? —1)B*n. (3.5)

It is clear that left hand side of the (3.5) can be divided by o?. Hence N A

can be divided by a?. However, N is a 1-form. So we obtain

NI =0. (3.6)
By (3.4), we have
Ty = plx)B. (3.7

Plugging (3.4), (3.6), (3.7) into (3.3) yields
{Ac® + Ba* + Co® + m[(m +1)? + (m? - 1) (n + 1)]B%p(x)}o®
= {Im(m® = 1)p(x) + 2m(m — 1’5, B} B*. (3.8)
Since o is not divided by B4, from the equation (3.8), we get
m(m? —1)p(x) + 2m(m —1)?sg = O.
contracting the above equation by b yields

m(m? —1)p(x)b; + 2m(m —1)?s; = 0. (3.9)
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Contract (3.9) with b° yields m(m? —1)p(x)b? = 0. Since m = -1, 0 we
obtain p(x) = 0. Therefore, from (3.5), (3.8) and (3.9), we obtain
Too =Ty = So = 0. (3.10)
Conversely, suppose that the equation r; ='s; = 0 hold. Then from (2.2)
we have N, = 0. This completes the proof.

m+1
Theorem 3.2. Let F =<

be an (a, B)-metric on an n-dimensional

manifold M, where m is a real number m = —-1,0. Then the following

conditions are equivalent:

(1) F is of isotropic S-curvature, S = (n +1)cF;

(2) F'is of isotropic mean Berwald curvature, E = nT—i-l cFn,

8) B is killing 1-form with b =constant with respect to o, that is,
ni=0,8 =0

4) S =0;
(5) Fis weakly-Berwald metric i.e., E =0,

where ¢ = c(x) is scalar function on M.

m+1
Proof. For F = < , by Lemma 2.1 we have the following
_ —ma
Q= Bmr D
_ —mfa

" maZb? - pi(m-1)
_ mo?
2[mab? - 2(m -1)]
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mBo®(m —1) .
[ma?b? - B2(m - 1)

Y= (3.11)

Step 1. In fact, it is clearly true that if F is isotropic S-curvature then it
implies that F is of isotropic mean Berwald curvature. We assume that (2)
holds, which is equivalent to

S =(n+1)(cF +n), (3.12)

where 1 is a 1-form on M. So (1) is equivalent to (2) if and only if n = 0.
Plugging (3.11) and (3.12) into (2.3) yields

m+1
X;0® + Xpat + X302 + X, = (n+1)c[Yia* + Yoa? + V3]2—, (3.13)

m

where
X, = -m3(m +1)bn,
Xy = ury + so)m?(m + 1)b* + m?(m + 1)b% + 2m%(m — 1)b% + 2m3(n + 1)b%s,
+2m%(m? - 1)b%p%ry — m2(m + 1) (n + 1)nd?,
X5 = 2m(m? — Du(ry + so)b°p% — m(m? —1)B% — 2m%(m - 1)[1 + (n + 1)so|p>
—m(m? - 1)B*ny — m(m? —1)b%Bryy — 2m(m? — 1) (n + 1)b%np?,
Xy = (m® = Du(ry +s0)B* + m(m” - 1)B%ryg — m(m* —1)(n + 1)B’ryg
~(n+1)(m* - 1)mp?,
Y; = m%(m +1)b*,
Y, = -2m(m? —1)b%p2,
Yy = (m* - 1)p.
We can rewrite (3.13) as in the following form
B [X108 + Xoa* + X3a2] - X,B™ — (n + 1)c[Yia* + Yoa? + Y3]a™ ! = 0.
(3.14)
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When m is a positive integer, it is easy to see that the term which does
not include a in (3.14) is just —(n +1)cY;. Because a? is not divided by B, we

get ¢ =0. So
Xl(XG + X2(14 + X3(Xz + X4 =0.

When m is a non-zero real number but not a positive integer, we know

m+1

that the left-hand side of (3.14) is a polynomial in a, but the term % is

not a polynomial in a.

Therefore, we also have
(X702 + Xy)a* + Xga2 + X, =0 (3.15)

In homogeneous of degree one the coefficients of o in (3.15) must be zero

even

(because o is polynomial in yi). Then (3.15) is equivalent to the

following two equations
Xj02 + Xy = 0, (3.16)
X502 + X, = 0. (3.17)
This implies that
Xo? +(Xy — X4) = 0,
where X = (X7 — X3).
Then
Xo? + (m? —1)[2m2b%ry + (n + 1) — mrgo]B? + w(r + so) [m%(m + 1)b*
—(m? =B+ m(m? - 1)(n + 1)B%ry + m?p%(3Bm - 1) = 0. (3.18)

Note m # -1, 0. p% and a2 are relatively prime polynomials of ('), we

know that ryy can be divided by a®. That is, there is a scalar function t(x)

on M such that
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Too = t(x)aZ. (3.19)
Substituting (3.19) in (3.17), we get
Xga® + m(m® —1)[B*(x) - (n + DBt(x)]a” — (m* —1)[u(p + 50)8”
—(n+1)np% = 0. (3.20)

This implies that p(r +59)p> —(n+1)n =0 can be divided by o

2

Because B4 and o“ are relatively polynomial in (yi), we know that

u(rp + so)B? — (n + 1) can be divided by a2, which is impossible unless

n(ro + s9)B% = (n+1)n = 0. (3.21)
From (3.19) we have
1o = t(x)B. (3.22)
Since m # -1, 0 and so 1(x)b; +s; = 0 is contracting by b® yields
1(x)b? = 0. (3.23)
Because b% # 0 and m # 0, t(x) = 0. Finally we obtain
70 =0,50 =0, 15 =0. (3.24)
Hence, by (3.21) finally, we obtain 1 = 0.

Step 2. If F'is isotropic mean Berwald curvature then B is killing 1-form

with b w.r.t a. So the proof as same in the step 1.
Step 3. (3) = (4). By Lemma 2.2 we have S =0 (when 19 =0, sg = 0).
Step 4. If F has vanishing S-curvature then F' is weakly Berwald metric
i.e., E = 0. It implies that F'is of isotropic S-curvature with ¢ = 0. It implies

that F is of isotropic S-curvature with ¢ = 0. Therefore we obtain E = 0.
Therefore we obtain £ = 0.

Step 5. If F'is weakly-Berwald metric then F'is of isotropic S-curvature.

E =0 ie., F is of isotropic mean Berwald curvature with ¢ =0. By the
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equivalence of (1) and (2), we know that F has isotropic S-curvature with

¢ = 0. This completes the proof.

4. Conclusion

We concluded that generalized Kropina metric can be weakly Berwald if

it satisfies the Lemma 2.2 [8]. In n-dimensional manifold generalized Kropina

metric is weakly-Berwald if and only if ;; = 0 and s;; = 0. Then, generalized

Kropina metric F which satisfied the conditions that F is of isotropic

S-curvature, isotropic mean Berwald curvature S =0 and F is weakly

Berwald metric.
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