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Abstract 

Let G be a simple, undirected and connected graph. The Schultz molecular topological 

index of G, denoted by  ,GMTI  is defined to be the summation 

         
ji

jiAjidiGMTI
,

,,,deg  where  ideg  is the degree of vertex i in  jiGdG ,,  is 

the distance between vertices i and j and  jiA ,  is the  -, ji th entry of the adjacency matrix A 

of G. The hyper-Wiener index of a chemical tree T is defined as the sum of the products ,21 nn  

over all pairs vu,  of vertices of T, where 1n  and 2n  are the number of vertices of T, lying on 

the two sides of the path which connects u and v. In this paper we compute the hyper-Wiener 

index and Schultz index of generalized Bethe trees. In special case these topological indices will 

be computed for dendrimer and regular starlike trees. 

1. Introduction 

A topological index of a graph is a real number related to structure of the 

molecular graph. It does not depend on the labelling or pictorial 

representation of the graph. In 1947, Harold Wiener [11] developed the most 

widely known topological descriptor, the Wiener index, and used it to 

determine physical properties of types of alkanes known as paraffin. Let T be 

a tree (i.e., a connected and acyclic graph). Let e be an edge of T, joining the 

(adjacent) vertices u and v. Denote by  enu  the number of vertices of T lying 

on one side of the edge e, closer to vertex u. Denote by  env  the number of 
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vertices of T lying on the other side of the edge e, closer to vertex v. (Because 

T is acyclic, the quantities  enu  and  env  are unambiguously determined 

for every edge.) Then the Wiener index of T is defined as 

     

e

vu enenTW ,  (1) 

in which the summation goes over all edges of T. The hyper-Wiener index is a 

graph invariant, put forward by Randić as a kind of extension of the Wiener 

index [8]. Let T be a tree and vu,  be arbitrary pair of vertices of T. These 

vertices are joined by a unique path which we denote by p. Denote by  pnu  

the number of vertices of T lying on one side of the path p, closer to vertex u. 

Denote by  pnv  the number of vertices of T lying on the other side of the 

path p, closer to vertex v. (Again, because T is acyclic, the quantities  pnu  

and  pnv  are unambiguously determined for every path.) Then the hyper-

Wiener index of T is defined as 

     
p

vu pnpnTWW ,  (2) 

in which the summation goes over all paths of T. 

The Schultz index of a molecular graph G was introduced by Schultz [9] 

in 1989 for characterizing alkanes by an integer as follows: 

         

ji

jiAjidiGMTI

,

,,,deg  (3) 

where  ideg  is vertex degree of  jidi ,,  is the distance between i and j and 

 jiA ,  is the  ji,  entry of the adjacency matrix of G. The Schultz index has 

been shown to be a useful molecular descriptor in the design of molecules 

with desired properties [3]-[7]. 
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Figure 1. A generalized Bethe tree of 5 levels and its subtree .2
5  

A generalized Bethe tree k  is an unweighted rooted tree with k levels 

such that in each level the vertices have equal degree. For example factorial 

trees, dendrimer trees and starlike trees in which all of the pendent vertices 

have equal distances from central vertex (regular starlike trees) can be 

considered as generalized Bethe tree. If all the non-pendent vertices of a tree 

have equal degree, then the tree is called dendrimer tree. Denote by rpD ,  the 

dendrimer tree with 1r  levels in which degree of non-pendent vertices is 

.1p  In the last few years calculation of topological indices of the 

generalized Bethe trees has been a research topic in chemical graph theory 

[1]-[2]. In this paper we compute the hyper-Wiener index and Schultz index of 

generalized Bethe tree in term of number of levels and degrees of vertices of 

the tree. As application of introduced methods the hyper-Wiener and Schultz 

index of dendrimer and regular starlike trees will be calculated. 

2. Hyper-Wiener Index 

In this section the hyper-Wiener index of generalized Bethe trees with 

1k  levels will be computed by using Equation (2). Throughout the paper 

we suppose that the rooted vertex of 1k  is located on level 0 and pendent 

vertices are located on level k. Denote by id  the degree of vertices on the level 

i, for .,,2,1,0 ki   Put 










.0if1

0if

id

id
e

i

i
i  
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Therefore if in  denotes the number of vertices on the level i, then 10 n  and 







1

0

i

j ji en  for .,,3,2,1 ki   If v is one of the in  vertices on the level i 

for ,0 ki   the number of vertices of ,
1

i
k

  the subtree of 1k  where v can 

be considered as its rooted vertex (see Figure 1) is computed as follows: 






k

ij

ji nN .1  

Let u be a vertex on the level i and v be a vertex on the level j of 1k  for 

.0 kji   Denote by jip ,  the unique path of 1k  joining the vertices u 

and v. By using symmetry of the graph, the values of  jiu pn ,  and  ijv pn ,  

are equal. In continue the hyper-Wiener index of generalized Bethe tree will 

be computed by considering of this point. 

Theorem 1. Let 1k  be a generalized Bethe tree with 1k  levels. Then 

the hyper-Wiener index of 1k  is computed as 

  












k

i

i
i

k

j

jj N
n

NNNnWW

1

2

1

10
2

 

     .
11

10

1

1

1

 












j

ir

r

k

ij

ji

j

ir

riji

k

i

i eNNNenNNn  

Proof. Let jp ,0  denote the unique path of 1k  joining v, the root vertex 

of the graph, and u, a vertex on the level j of the graph. Then   jjv Npn ,0  

and   10,0 NNpn ju   for .1 kj   Now let iip ,  denote the unique path 

joining two vertices u and v on the level i, then     iiiviiu Npnpn  ,,  for 

.1 ki   At last suppose that jip ,  denotes the unique path joining vertices 

u on the level i and v on the level j of 1k  for .0 kji   Then for 

 

j

ir re
1

 vertices on the level j such that u is their common parent, we 

have   10,  ijiu NNpn  and   ., jjiv Npn   For the other vertices on the 
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level j we have   ijiu Npn ,  and   ., jjiv Npn   Thus by using Equation (2) 

the hyper-Wiener index of 1k  is computed as follows: 

   

p

vu pnpnWW  

        












k

i

iiviiu
i

k

j

jvjuj pnpn
n

pnpnn

1

,,

1

,0,0
2

 

     


 



1

1 1

,,

k

i

k

ij

jivjiuji pnpnnn  

  
 











k

j

k

i

i
i

jj N
n

NNNn

1 1

2
10

2
 

    .
1 1

10

1

1

1

 
 











k

ij

j

ir

jirji

j

ir

ri

k

i

i NNNeNNenn  

Therefore theorem is proved.  

In order to introduce some applications of Theorem 1 we will compute the 

hyper-Wiener index of some molecular graphs. 

Dendrimers are hyperbranched molecules, synthesized by repeatable 

steps, either by adding branching blocks around a central core or by building 

large branched blocks starting from the periphery and then attaching them to 

the core (the “convergent growth” approach [4]). The vertices of a dendrimer, 

except the external end points, are considered as branching points. The 

number of edges emerging from each branching point is called progressive 

degree, (i.e., the edges which enlarge the number of points of a newly added 

orbit). A regular dendrimer, of progressive degree p and generation r is 

herein denoted by rpD ,  (see Figure 2). 

The hyper Wiener of dendrimer trees was calculated by Diudea and Prav 

[4]. In continue we obtain their result by using Theorem 1 and compute the 

hyper-Wiener index of rpD ,  in terms of positive integers p and r. 
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Figure 2: The graph of .3,3D  

Corollary 1. Let rpD ,  be a dendrimer tree with 1r  levels which degree 

of its non-pendent vertices is equal to .1p  The hyper-Wiener index of rpD ,  

is given as 

 
 

      rpppprpp
p

DWW rr
rp 58112

12

1 222222

4, 


  

       .231011 2  ppppp rr  

Proof. Since rpD ,  is a generalized Bethe tree with 1r  levels such that 

10  pe  and pei   for ,11  ri  hence 10 n  and   11  i
i ppn  

for .1 ri   Therefore 

 












ir

j

ir
j

i p

p
pN

0

1

,
1

1
 

for ri 1  and   .1 1
0

 rppN  The results can be obtained by replacing 

value of in  and iN  for ri 0  in the obtained formula in Theorem 1.  

In the following corollary we consider a starlike tree where the distances 

between its pendent vertices is equal (regular starlike tree). Denote by rpT ,  

this starlike tree if the vertex degree of its central vertex is p and distance 

between the pendent vertices and central vertex is r. The hyper-Wiener index 

of rpT ,  can be computed by using Theorem 1 as follows. 
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Corollary 2. The hyper-Wiener index of starlike tree rpT ,  is computed as 

     .12
4

11187
24

232
22

,  rr
pr

rr
rp

TWW rp  

Proof. Since rpT ,  can be considered as a generalized Bethe tree of 1r  

levels such that pe 0  and 2ie  for ,11  ri  hence 

pnrpNn i  ,1,1 00  and 1 irNi  for .1 ri   Therefore by 

using Theorem 1 we have 

     
 

 







r

i

r

i

rp ir
pp

rprirpTWW

1

2

1

, 1
2

1
11  

        


 



1

1 1

11111

r

i

r

ij

jrjrrppjrirp  

   .12
4

11187
24

232
22

 rr
pr

rr
rp

 

Therefore corollary is proved. 

 

Figure 3. A regular starlike tree, .3,8T  
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3. Schultz Index 

In this section the Schultz index of 1k  will be computed by using the 

obtained results in previous section. By consideration Equation (3), the sum 

of the distances between an arbitrary vertex and all of the other vertices of 

the graph must be computed. For this purpose we will use a method similar 

to what is used in calculation the Wiener index of a graph (see Equation (1)). 

Let 0v  be an arbitrary vertex and uve   be an arbitrary edge of the 

simple graph G. If 0v  is closer to vertex u than vertex v, put   1 enu  and 

   .enen vv   The sum of the distances between 0v  and all of the other 

vertices of G is computed as follows: 

     

 

 

 



 

GEe

v

GEe

vu enenenvS .0  (4) 

In the following theorem the Schultz index of 1k  is computed by using 

Equations (3) and (4). 

Theorem 2. Let 1k  be an positive integer. Then the Schultz index of 

the generalized Bethe tree with 1k  levels is computed as 

       
  
































k

i

i

i

j

k

ij

jjjijiiik dNnNnNdnMTI

0

2

1 1

1101 .2  

Proof. Let ix  be one of the vertices on level i of 1k  for .0 ki   In 

order to computation the sum of the distances between ix  and all of the other 

vertices of the graph assume that uve   adjacent two vertices on the levels j 

and 1j  of the graph. If ,ij   then 

  




k

ij

jjv Nnen

1

.  

Now suppose that ,ij   we have 

     


 

i

j

jijiv NnNen

1

110 .2  
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At last by using Equations (3) and (4) the Schultz index of 1k  is 

computed as follows: 

     


 

k

i

iiiik dxSndMTI

0

1  

    .2

0

2

1 1

110  
  
































k

i

i

i

j

k

ij

jjjijiii dNnNnNdn  

Therefore theorem is proved.  

In continue, as application of Theorem 2 the Schultz index of dendrimer 

trees and regular starlike trees will be computed. 

Corollary 3. Let rpD ,  be a dendrimer tree with 1r  levels such that 

degree of its non-pendent vertices is .1p  The Schultz index of rpD ,  is given 

as 

 
 

        341149414
1

1 2312

3, 


  rrprprpp
pp

DMTI r
rp  

   .442281373 242341   pppppppppr  

Proof. Let 10  pe  and pei   for .11  ri  Thus 

  1
0 1,1  i

i ppnn  and 
1

11








p

p
N

ir

i  for .1 ri   Therefore by 

using Equation (3) we have 

      


 

r

ij

jj

i

j

jijii NnNnNxS

11

110 2  

        

 
.

1

1132
2

23








pp

ppirpppirpp ir

 (5) 

Since   ,1deg  pv  if v is a non-pendent vertex and   1deg v  for pendent 

vertices of the graph, by using Equation (3) 
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            






1

0

, .111

r

i

rriirp xSnpxSpnDMTI  

The result is obtained by replacing Equation (4) in the last equation.  

Corollary 4. Let rpT ,  be a regular starlike tree with 1r  levels in which 

degree of its rooted vertex is p. Then 

     .9134
3

12 3232
,  rr

p
rrpTMTI rp  

Proof. Let pe 0  and 2ie  for .11  ri  So pnrpNn i  ,1,1 00  

and 1 irNi  for .1 ri   By using Equation (3) we have 

      




i

j

i jrpprxS

1

121  

     




r

ij

iririrr
p

jrp

1

2 .22
2

1  

Since for rooted vertex of the graph vertex degree is p, for other non-pendent 

vertices vertex degree is 2 and for pendent vertices of the graph vertex degree 

is 1, so 

             






1

1

0, .122

r

i

rirp xSpxSppxSpTMTI  

The result is obtained by replacing (4) in the last equation.  
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