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Abstract 

The strong and weak dominating set of the picture fuzzy graph are introduced in this 

paper. The strong and weak domination number  Gspf  and  Gwpf  for some picture fuzzy 

graphs are obtained. The strong and weak independent picture fuzzy dominating set are 

defined. Some properties and bounds related to these parameters are discussed. 

1. Introduction 

The strong and weak domination [11] in graph theory was introduced by 

E. Sampathkumar and Pushpalatha in 1996. A. Somasundaram and S. 

Somasundaram [12] presented more concepts of independent domination, 

connected domination in fuzzy graphs. A. Nagoorgani and Basheer Ahamed 

[7] studied strong and weak domination in fuzzy graphs. A. Nagoorgani and 
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Chandrasekaran [8] introduced domination in fuzzy graphs using strong 

edges. Intuitionistic fuzzy graph theory was introduced by Krassimir T. 

Atanassov in [1]. In [9], authors introduced intuitionistic fuzzy graph as a 

special case of Atanassov IFG. R. Parvathi and Thamizhendhi [10] introduced 

dominating set, domination number, independent set, total dominating and 

total domination number in intuitionistic fuzzy graphs. 

Cuong and Kreinovich [3] introduced the picture fuzzy set which is an 

advanced version of fuzzy set and intuitionistic fuzzy set. It is a useful model 

with uncertain real-life problems, in which intuitionistic fuzzy set may 

decline to reveal satisfactory results. Tahir et al. [13], introduced the new 

concept of picture fuzzy graph. It allows the positive membership degree, 

neutral membership degree and negative membership degree of each vertex. 

The degree of neutrality can be seen in circumstances in which we face 

individual opinions involving more answers of type: yes, abstain, no, refusal. 

Cen Zuo [2] introduced several types of Picture Fuzzy Graphs.  

This paper is organized as follows. Section 2 contains preliminaries of 

picture fuzzy graphs and in section 3, the strong and weak dominating set of 

picture fuzzy graphs are introduced. Strong and weak domination number in 

picture fuzzy graph are obtained. Some properties and bounds of these 

parameters are also discussed. In section 4, Independent strong and weak 

picture fuzzy dominating set and independent strong and weak picture fuzzy 

domination number are introduced. Some theorems and properties for these 

parameters are investigated. 

2. Preliminaries 

In this section, basic definitions which are used to construct theorems 

related to picture fuzzy graph are given.  

Definition 2.1. A fuzzy graph   ,,VG  is a non-empty set V 

together with a pair of functions  1,0:  V  and  1,0:  VV  such 

that      jiji vvvv  ,  for all ji vv ,  and  is a symmetric fuzzy 

relation on . 

Definition 2.2. An intuitionistic fuzzy graph is of the form  EVG ,  

where 
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(i)  nvvvV ,,, 21   such that the mapping  1,0:1  V  is the 

degree of membership and the mapping  1,0:1  V  is the degree of non-

membership of the element Vv i   respectively and     111  ii vvO  

for every  .,,2,1 niVv i   

(ii) VXVE   where  1,0:2  VV  and  1,0:2  VV  are 

such that              jijijiji vvvvvvvv 112112 ,max,,min,   and 

       .,,2,1,,,1,,0 22 njivvvvvv jijiji   

Here the triple  iiiv 11 ,,   denotes the degree of membership and 

degree of non-membership of the Vertex .iv  The triple  ijijije 22 ,,   denotes 

the degree of membership and degree of non-membership of the edge relation 

 jiij vve ,  on V. 

In an intuitionistic fuzzy graph G, when   0,2  ji vv  and   0,2  ji vv  

for some i and j, then there is no edge between iv  and .jv  Otherwise there 

exists an edge between iv  and .jv  

Definition 2.3. A pair  EVG ,  is known as picture fuzzy graph (PFG) 

if 

(i)  nvvvV ,,, 21   such that    1,0:1,0: 11  VV  and 

 1,0:1  V  degree of Positive membership, neutral membership and 

negative membership of the element Vv i   respectively and 

      10 111  iii vvv  for every .,,2,1, niVv i   

(ii) VVE   where    1,0:,1,0: 22  VVVV  and 

 1,0:2  VV  are such that       jiji vvvv 112 ,min,   

             jijijiji vvvvvvvv 212112 ,max,,min,   where 

      1,,,0 222  jijiji vvvvvv  for every   .,,2,1,,, njiEvv ji   

Here the 4-tuple  iiiiiiiv  ,,,  denotes the degree of positive membership, 

neutral membership and negative membership of the vertex iV  and the 4-

tuple  ijijijije 222 ,,,   denotes the degree of positive membership, neutral 

membership and negative membership of the edge relation  ., jiij vve   
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Example 2.4 

 

Figure 1. 

Remark 2.5. There is no edge between iV  and jV  when 

      0,,, 222  jijiji vvvvvv  for some i and j. Otherwise there 

exists an edge between iv  and .jv  

Definition 2.6. Let  EVG ,  be the PFG. Then the cardinality of G is 

defined to be 
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Definition 2.7. Let  EVG ,  be the PFG. Then the vertex cardinality 

of V is defined by 
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for all .Vv i   It is also called the order of a PFG and it is denoted by p.  

Definition 2.8. Let  EVG ,  be the PFG. Then the edge cardinality of 

E defined by 
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for all   ., Evv ji   It is also called the size of a PFG and it is denoted by q. 

Definition 2.9. An arc  ji vv ,  is called a strong edge, if 

       jijijiji vvvvvvvv ,,,, 2222


    and    .,, 22 jiji vvvv


   

For every ., Vvv ji   Where    jiji vvvv ,, 22


    and  ji vv ,2


   is the 
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strength of the connectedness between iv  and jv  in the picture fuzzy graph 

obtained from G by deleting the arc  ., ji vv  

Definition 2.10. The strong degree of a vertex iv  in the Picture fuzzy 

graph  EVG ,  is defined to be the addition of the weights of the strong 

arcs incident at .iv  It is denoted by  .iS vd  

The minimum strong degree of PFG G is      VvvdG iiss  min   

The maximum strong degree of PFG G is       .max VvvdG iiss   

Definition 2.11. Two vertices iv  and jv  are said to be neighbors in PFG 

if either one of the following conditions hold. 

(i)       0,,0,,0, 222  jijiji vvvvvv  

(ii)       0,,0,,0, 222  jijiji vvvvvv  

(iii)       0,,0,,0, 222  jijiji vvvvvv  

(iv)       .,,0,,0,,0, 222 Vvvvvvvvv jijijiji   

Definition 2.12. Let iv  be a vertex in a Picture fuzzy graph  EVG ,  

then      jijis vvVvvN ,:  is a strong} is called strong neighborhood of 

.iv       iisis vvNvN   is called the closed strong neighborhood of .iv  

Definition 2.13. A Picture fuzzy graph  EVG ,  is said to be 

complete, if          jiijjiij vvvv 112112 ,min,,min   and 

    jiij vv 112 ,max   for every ., Vvv ji   

Definition 2.14. Let  EVG ,  be a PFG. If     jiii cvdcvd   ,,  

and   ki cvd   for all ., Vvv ji   Then the graph is called as 

  PFGccc kji ,,  or constant PFG of degree  .,, kji ccc  

Example 2.15. Consider the PFG,  EVG ,  such that 

  .,,, 4321 vvvvV   In figure 2, the degree of 4321 ,,, vvvv  is (0.2, 0.3, 0.5)  
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Figure 2. 

Definition 2.16. A vertex Vv i   of the PFG  EVG ,  is said to be an 

isolated vertex if     0,,0, 22  jiji vvvv  and   0,2  ji vv  for all 

Vv i   i.e.)   .uN  Thus, an isolated vertex does not dominate any other 

vertex in G. 

3. Strong and Weak Domination in Picture Fuzzy Graphs 

In this section, the strong and weak domination and its number are 

defined. Some properties related to these parameters are stated and proved.  

Definition 3.1. Let  EVG ,  be a PFG. Let ., Vvv ji   Then iv  

dominates jv  in G if there exists a strong arc between them. 

Definition 3.2. A dominating set D of the PFG G is said to be minimal 

picture fuzzy dominating set if there is no proper subset of D is a picture 

fuzzy dominating set. 

Definition 3.3. A dominating set D of the PFG is said to be minimal 

picture fuzzy dominating set if there is no proper subset of D is a picture 

fuzzy dominating set. 

Definition 3.4. The minimum cardinality among all picture fuzzy 

dominating set is called domination number or lower domination number of G 

and it is denoted by  .Gpf  

Definition 3.5. Any two vertices in a PFG  EVG ,  is called an 

independent vertices if there is no strong edge between these two vertices.  

Definition 3.6. A subset D of V is said to be an independent set of G if 

       jijijiji vvvvvvvv ,,,,, 2222


    and    jiji vvvv ,, 22


   

for all ., Dvv ji   
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Definition 3.7. An independent set D of G in a Picture fuzzy graph 

 EVG ,  is said to be maximal independent, if for every vertex 

,DVv i   the set  ivD   is not independent. 

Definition 3.8. The minimum cardinality among all maximal 

independent set is called lower independence number of G and it is denoted 

by  .Gi pf  

Definition 3.9. Let iv  and jv  be any two vertices in a picture fuzzy 

graph.  ., EVG   Then iv  strongly dominates jv  (i)  ji vv ,  is a strong arc 

(ii)    .jsis vdvd   Otherwise iv  weakly dominates .jv   

Definition 3.10. Let  EVG ,  be a PFG. Then VD   is said to be 

strong picture fuzzy dominating set of G if every vertex DVv j   is 

strongly dominated by some vertex .Dv i   

Definition 3.11. Let  EVG ,  be a PFG. Then VD   is said to be 

weak picture fuzzy dominating set of G if every vertex DVv j   is weakly 

dominated by some vertex .Dv i   

Definition 3.12. The minimum scalar cardinality of a strong picture 

fuzzy dominating set is called the strong picture fuzzy domination number of 

G and it is denoted by  .Gspf  

Definition 3.13. The minimum scalar cardinality of a strong picture 

fuzzy dominating set is called the strong picture fuzzy domination number of 

G and it is denoted by  .Gwpf  

Example 3.14. For the picture fuzzy graph  EVG ,  in Figure 3 

  4.0 Gspf  and   ,8.1 Gwpf  since  2v  and  5431 ,,,, vvvv  are the 

minimal strong picture fuzzy dominating set and minimal weak picture fuzzy 

dominating set respectively. 
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Figure 3. 

Remark 3.15. If D is a minimal strong picture fuzzy dominating set, then 

DV   need not be a weak picture fuzzy dominating set. 

For example, consider the picture fuzzy graph G in Figure 4, Here 

vertices 1v  and 3v  form an strong picture fuzzy dominating set where as 

 42 , vvDV   does not form a weak picture fuzzy dominating set of G.  

 

Figure 4. 

Theorem 3.16. A strong picture fuzzy dominating set D of  EVG ,  is 

a minimal dominating set if and only if  vertex Dv i   one of the following 

conditions holds. 

(i)   DvN i   

(ii)  vertex DVv j   such that     .ij vDvN   

Proposition 3.17. Let D be a minimal strong or weak picture fuzzy 

dominating set. Then, for each ,Dv i   one of the following conditions holds:  

(i) No vertex in D strongly or weakly dominates .jv  
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(ii) There exists a vertex DVv j   such that iv  is the only vertex in D 

which strongly (weakly) dominates .jv   

Proof. Let D be a minimal strong picture fuzzy dominating set of the 

PFG  ., EVG   

Any vertex ,Dv i   then  ivD   is not a picture fuzzy dominating set in 

G. 

Therefore the vertex in D does not strongly dominate V.  

Let .DVv j   Assume that Dvv ki ,  strongly dominates .DVv j    

Then  kvD   is a strong picture fuzzy graph dominating set. Therefore 

D is not a minimal strong picture fuzzy dominating set which contradicts to 

our assumption. Hence we get DVv j   such that iv  is the only vertex in 

D which strongly dominates .jv  

Theorem 3.18. Let  EVG ,  be a constant Picture fuzzy graph of 

degree  kji ccc ,,  without isolated vertices and D is a minimal strong picture 

fuzzy dominating set. Then DV   is a picture fuzzy dominating set of G. 

Proof. Let D be a minimal strong picture fuzzy dominating set. Consider 

iv  be any vertex in D, there exists a vertex   iij vvNv ,  must be dominated 

by exactly one vertex in  ivD   which is also a picture fuzzy dominating set.  

Since G has no isolated vertices, every vertex in D is strongly dominated 

by at least one vertex in DV   and hence DV   is a picture fuzzy 

dominating set. 

Theorem 3.19. Let D be a strong picture fuzzy dominating set in a 

constant picture fuzzy graph of degree  kji ccc ,,  iff     cGG ss   where 

.kji cccc   

Example. In figure 5, the strong picture fuzzy dominating sets are 

      ,,,,,, 635241 vvvvvv  and     1 GG ss  

15.02.03.0   
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Figure 5. 

Proposition 3.20. For a picture fuzzy graph  EVG ,  of order 

 Gqp sspfpf ,  and  .Gq swpfpf   

Proof. Let D be the strong (Weak) picture fuzzy dominating set. Since 

every strong (Weak) Picture fuzzy dominating set, we have spfpf   and 

.wpfpf   (1)  

For ,, Vvv ji   if    Gvd sis   and    Gvd sjs   then clearly 

 is vNV   is an strong picture fuzzy dominating set and  js vNV   is a 

weak picture fuzzy dominating set D and q be the size of the picture fuzzy 

graph G, then  

 

 










Gq

Gq

swpf

sspf

 (2) 

From (1) and (2) 

 Gq sspfpf   

 .Gq swpfpf   

Proposition 3.21. For a constant PFG of degree  ,,, kji ccc  then 

  qpGspf   and .qpwpf   

Proof. Let P be the order of the PFG  ., EVG   It should not be a 

minimum value of a strong picture fuzzy domination number of a constant 

PFG. 
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Let spf  be the strong picture fuzzy domination number of a constant 

PFG G. 

.pspf   (1) 

Let q be the size of the picture fuzzy graph. Then it should not be a 

minimum of vertex cardinality p, and hence 

qp   (2) 

from (1) and (2), .qpspf   

Similarly it is proved that .qpwpf   

4. Independent Strong (Weak) Domination in Picture Fuzzy Graphs 

In this section, the independent strong and weak domination and its 

number are defined. Some properties related to these parameters are given.  

Definition 4.1. The set of all vertices with minimum degree and 

maximum degree are denoted as  vm  and  vM  respectively and are defined 

as 

      GvdVvvm sisi   and        .GvdVvvM sisi   

Definition 4.2. A strong (weak) picture fuzzy dominating set S of a fuzzy 

graph G is said to be an independent strong (weak) picture fuzzy dominating 

set of G, if it is independent. 

The minimum scalar cardinality of an independent strong (weak) picture 

fuzzy dominating set is called the independent strong (weak) picture fuzzy 

domination number and it is denoted by     .GiGi wpfspf  

Proposition 4.3. Let  EVG ,  be a picture fuzzy graph. If S is an 

strong independent picture fuzzy dominating set of G, then   .vmS   

Proof. Let  ,vmv i   since S is an strong independent picture fuzzy 

dominating set of SvG i ,  or there exists a vertex  jij vvSv ,  is a 

strong arc and    .jsis vdvd   If ,Sv i   then clearly   .vmS   On the 
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other hand,    .jsis vdvd   Since        .GvdGvd sjssis   This 

implies that  .ij vmv   Hence   .vmS   

Proposition 4.4. Let  EVG ,  be a picture fuzzy graph. If S is a weak 

independent picture fuzzy dominating set of G, then   .vmS   

Proposition 4.5. Let  EVG ,  be a picture fuzzy graph. If S is a weak 

independent picture fuzzy dominating set of G, then    .GpGi swpf    

Proof. Let S be an independent weak picture fuzzy dominating set of G. 

Then by proposition 4.3.   .vmS   Let  .vmSv i   Since S is an 

independent picture fuzzy dominating set,  

    . ii vNVSvNS   

 ivNVS   

 GpS spf
  

   .GpSGi spfwpf   

Hence    .GpGi swpf   

Proposition 4.6. Let  EVG ,  be a picture fuzzy graph. If S is an 

independent strong picture fuzzy dominating set of G, then 

   .GpGi sspf   

Conclusion 

In this paper, we have defined and discussed strong and weak domination 

using strong arcs in picture fuzzy graphs. Some definitions, examples related 

to independent strong and weak picture fuzzy dominating set have been 

introduced. Some theorems and properties of these parameters have been 

proved.  
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