Advances and Applications in Mathematical Sciences
Volume 20, Issue 4, February 2021, Pages 697-709

© 2021 Mili Publications

SOME PROPERTIES ON STRONG AND WEAK
DOMINATION IN PICTURE FUZZY GRAPHS

A. NAGOOR GANI, V. ANUSUYA and N. RAJATHI

PG & Research Department of Mathematics
Jamal Mohamed College
Trichy-20, India

PG and Research Department of Mathematics
Seethalakshmi Ramaswami College
Trichy-02, India

PG and Research Department of Mathematics
Seethalakshmi Ramaswami College (Affiliated
to Bharathidasan University, Tiruchirappalli)
Trichy-02, India

E-mail: n.rajianand@gmail.com

Abstract

The strong and weak dominating set of the picture fuzzy graph are introduced in this

paper. The strong and weak domination number v, (G) and v,,, (G) for some picture fuzzy

graphs are obtained. The strong and weak independent picture fuzzy dominating set are
defined. Some properties and bounds related to these parameters are discussed.

1. Introduction

The strong and weak domination [11] in graph theory was introduced by
E. Sampathkumar and Pushpalatha in 1996. A. Somasundaram and S.
Somasundaram [12] presented more concepts of independent domination,
connected domination in fuzzy graphs. A. Nagoorgani and Basheer Ahamed
[7] studied strong and weak domination in fuzzy graphs. A. Nagoorgani and
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Chandrasekaran [8] introduced domination in fuzzy graphs using strong
edges. Intuitionistic fuzzy graph theory was introduced by Krassimir T.
Atanassov in [1]. In [9], authors introduced intuitionistic fuzzy graph as a
special case of Atanassov IFG. R. Parvathi and Thamizhendhi [10] introduced
dominating set, domination number, independent set, total dominating and

total domination number in intuitionistic fuzzy graphs.

Cuong and Kreinovich [3] introduced the picture fuzzy set which is an
advanced version of fuzzy set and intuitionistic fuzzy set. It is a useful model
with uncertain real-life problems, in which intuitionistic fuzzy set may
decline to reveal satisfactory results. Tahir et al. [13], introduced the new
concept of picture fuzzy graph. It allows the positive membership degree,
neutral membership degree and negative membership degree of each vertex.
The degree of neutrality can be seen in circumstances in which we face
individual opinions involving more answers of type: yes, abstain, no, refusal.

Cen Zuo [2] introduced several types of Picture Fuzzy Graphs.

This paper is organized as follows. Section 2 contains preliminaries of
picture fuzzy graphs and in section 3, the strong and weak dominating set of
picture fuzzy graphs are introduced. Strong and weak domination number in
picture fuzzy graph are obtained. Some properties and bounds of these
parameters are also discussed. In section 4, Independent strong and weak
picture fuzzy dominating set and independent strong and weak picture fuzzy
domination number are introduced. Some theorems and properties for these

parameters are investigated.
2. Preliminaries

In this section, basic definitions which are used to construct theorems
related to picture fuzzy graph are given.

Definition 2.1. A fuzzy graph G = (V, s, u) 1s a non-empty set V
together with a pair of functions ¢ : V.- [0,1] and p : V xV — [0, 1] such

that p(v;, v;) < o(v;) A o(v;) for all v;,v; e v and p is a symmetric fuzzy

J
relation on o.

Definition 2.2. An intuitionistic fuzzy graph is of the form ¢ = (v, E)
where
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@ Vv ={v,,vy,..,v,} such that the mapping un, : Vv - [0, 1] is the
degree of membership and the mapping vy, : Vv - [0, 1] is the degree of non-
membership of the element v, ¢ Vv respectively and 0 < p, (v;) + v;(v;) < 1

forevery v, e V(i = 1, 2, ..., n).

(i) E c vxv where p, : VxV - [0,1] and y, : V xV — [0,1] are
such that My (v;, v;) < min [y (v;), “1(Uj)]Y2(vi’ v;) < max [v1(v;), Yl(vj)] and

0 < py(v;,v)+vg(v;,v;) <1, Vv, v;)ee (i, j=1,2,..,n)

Here the triple (v;, py;, v;;) denotes the degree of membership and
degree of non-membership of the Vertex v;. The triple (e;, ny;, v4;) denotes
the degree of membership and degree of non-membership of the edge relation
e;j = (v, v;) onV.

In an intuitionistic fuzzy graph G, when p,(v;, v;) = 0 and v, (v;, v;) = 0
for some i and j, then there is no edge between v, and v;. Otherwise there

exists an edge between v; and v ;.

Definition 2.3. A pair ¢ = (v, E) is known as picture fuzzy graph (PFG)
if

@ V ={v,, vy, ...,v,} such that pu, : Vv - [0,1]n; : V - [0,1] and
vy, : V - [0,1] degree of Positive membership, neutral membership and
negative membership of the element v, e V  respectively and

0 <, ()+n@)+v,(v;) <1 forevery v, e v,i=1,2, .., n.

(1) EcVxV where p, :VxV 5 [0,1],ny:V xV - [0,1] and
vy 1V xV = [0,1] are such that po(vy, v;) < min (g (v;), 1y (v)))
My (v;, v;) < min (g (v;), Ny (V) 15V, v;) < max (v (v;), vo (v;)) where
0<py(v;,v))+ny(v;,v;)+ vy (v;,0;)<1 for every (v;,v;)e E, i, j=1,2,..,n.
Here the 4-tuple (v;, p;, n;, v;) denotes the degree of positive membership,
neutral membership and negative membership of the vertex v, and the 4-
tuple (e;, g, gy vo;) denotes the degree of positive membership, neutral

membership and negative membership of the edge relation e; = (v;, v;).
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Example 2.4

(0.0,0.1,0.3)
1,(0.5,0.2,0.5 v,(0.3,0.4,0.1)
01,02,03) 0.2,0.1,01) 10.1,0.3,02) 03,0201
(0.2,0.2,0.3) (0.1,0.1,0.2)
15(0.4,0.3,0.2 (1:0.6,0.1,0.2)
14(0.2,0.4,0.3
Figure 1.

Remark 2.5. There is no edge between Vv, and V; when
wo (v v;) = ny(v;, v;) = v9(v;, v;) = 0 for some i and j. Otherwise there
exists an edge between v; and v ;.

Definition 2.6. Let ¢ = (v, E) be the PFG. Then the cardinality of G is
defined to be

|G|=Z 1+pl(vi)—n;(vi)—yl(ui)+ Z 1+u2(ui,vj)—n22(vi,vj)—Yz(vi,vj).

v;eV (vivj)eE

Definition 2.7. Let ¢ = (v, E) be the PFG. Then the vertex cardinality
of Vis defined by

1+ P’-l(viy Uj)* T'I1(Ui, Uj)* V1(Ui)

vy 2

v; eV

for all v; e v. It is also called the order of a PFG and it is denoted by p.
Definition 2.8. Let ¢ = (v, E) be the PFG. Then the edge cardinality of
E defined by

1+ Hz(Ui, Uj)— T]z(Ui, Uj)_ Yz(Uln Uj)

IR :

(v, Uj)EE

for all (v;, v;) e E. Itis also called the size of a PFG and it is denoted by g.

Definition 2.9. An arc (v;,v;) 1is called a strong edge, if
po(v;, vj) 2 why (v, v;) 2 Mgy, v;) 2 n’;(vi,vj) and vg (v, v;) < y'goo(vi,vj).

For every v;, v; e V. Where uy (v, v;) 2y (v, v;) and vy (v, v;) is the
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strength of the connectedness between v; and v; in the picture fuzzy graph

obtained from G by deleting the arc (v;, v;).

Definition 2.10. The strong degree of a vertex v, in the Picture fuzzy
graph G = (v, E) is defined to be the addition of the weights of the strong

arcs incident at v;. It is denoted by dg (v;).
The minimum strong degree of PFG G is 5,(G) = min {d,(v;)/v;, € V}
The maximum strong degree of PFG G is A (G) = max {d,(v;)/v; € V}.

Definition 2.11. Two vertices v; and v; are said to be neighbors in PFG

if either one of the following conditions hold.
@ ny(v;, v;) > 0, my(v;, v;) > 0, v5(vy, v;) > 0
(1) wy(v;, v;) =0, my(v;v;) 2 0, y5(v;, v;) >0
(1) py (v, v;) > 0, my(v;, v;) = 0, yy(v;, v;) > 0

(iV) no(v;, Uj) > 0, ng(v;, U]-) > 0, vy (v;, Uj) >0, Vv, v; e V.

Definition 2.12. Let v, be a vertex in a Picture fuzzy graph ¢ = (v, E)
then N (v;) = {v; e V : (v;, v;) 1s a strong} is called strong neighborhood of

v;. N, [v;]1= N,(v;)U {v;} is called the closed strong neighborhood of v;.

Definition 2.13. A Picture fuzzy graph ¢ = (v, E) is said to be
complete, if Poy = min (g (v;), 1y (v;)), vgy = min (0 (v;), ny (v;)) and

Yoy = max (y;1(v;), v1 (v;)) for every v,, v; e V.

Definition 2.14. Let G = (v, E) be a PFG. If d,(v;).= ¢;, d,(v;) = ¢;
and d,(v;)=¢, for all v,,v; eVv. Then the graph is called as
(c;, c

j» ¢x) - PFG  or constant PFG of degree (c,, ¢;, ¢;).

Example 2.15. Consider the PFG, 6 = (v, E) such that
V = {v,, vy, vs, v, }. Infigure 2, the degree of v,, vy, vs, v, 15(0.2,0.3, 0.5)
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(0.1.0.1.0.2)

02.02.03)v, , e v,(0.3,02,03)
(0.1,0.2,0.3) (0.1.02.03)
(0.1.0.4,0.1) v v3(0.1,.03.04)
(0.1,0.1,0.2)
Figure 2.

Definition 2.16. A vertex v, ¢ Vv of the PFG ¢ = (v, E) is said to be an
isolated vertex if p,(v;, v;) =0, ny(v;, v;) =0 and y,(v;, v;) =0 for all

i

v, e V i.e.) N(u) = ¢. Thus, an isolated vertex does not dominate any other

13

vertex in G.
3. Strong and Weak Domination in Picture Fuzzy Graphs

In this section, the strong and weak domination and its number are
defined. Some properties related to these parameters are stated and proved.
Definition 3.1. Let ¢ = (v, E) be a PFG. Let v;,v; e V. Then v,

dominates v; in G if there exists a strong arc between them.

Definition 3.2. A dominating set D of the PFG G is said to be minimal
picture fuzzy dominating set if there is no proper subset of D is a picture

fuzzy dominating set.

Definition 3.3. A dominating set D of the PFG is said to be minimal
picture fuzzy dominating set if there is no proper subset of D is a picture

fuzzy dominating set.

Definition 3.4. The minimum cardinality among all picture fuzzy
dominating set is called domination number or lower domination number of G

and it is denoted by v, (G).

Definition 3.5. Any two vertices in a PFG G = (v, E) is called an

independent vertices if there is no strong edge between these two vertices.

Definition 3.6. A subset D of V is said to be an independent set of G if

o ;0
uz(vi,uj)<u2 (Ui,vj),nz(vi,vj)<nzw(vi,vj) and yz(vi,vj)>y2 (Ui,Uj)

for all Vi, U € D.
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Definition 3.7. An independent set D of G in a Picture fuzzy graph
G = (V,E) is said to be maximal independent, if for every vertex

v, e V- D, theset D U {v;} is not independent.

13

Definition 3.8. The minimum cardinality among all maximal
independent set is called lower independence number of G and it is denoted

by i, (G).

Definition 3.9. Let v, and v; be any two vertices in a picture fuzzy

graph. G = (v, E). Then v; strongly dominates v; (1) (v;, v;) 1s a strong arc

\Y

(1) d,(v;) = d,(v;). Otherwise v; weakly dominates v ;.

Definition 3.10. Let ¢ = (v, E) be a PFG. Then D < v is said to be
strong picture fuzzy dominating set of G if every vertex v, ¢ V - D is

J

strongly dominated by some vertex v, ¢ D.

Definition 3.11. et ¢ = (v, E) be a PFG. Then D < v 1is said to be
weak picture fuzzy dominating set of G if every vertex v; ¢ Vv - D is weakly
dominated by some vertex v; € D.

Definition 3.12. The minimum scalar cardinality of a strong picture

fuzzy dominating set is called the strong picture fuzzy domination number of
G and it is denoted by v, (G).

Definition 3.13. The minimum scalar cardinality of a strong picture
fuzzy dominating set is called the strong picture fuzzy domination number of
G and it is denoted by v, (G).

Example 3.14. For the picture fuzzy graph ¢ = (v, E) in Figure 3
Yor (G) = 0.4 and vy, . (G)=1.8, since {v,} and {v;, vy, ,v,,v,} are the

minimal strong picture fuzzy dominating set and minimal weak picture fuzzy

dominating set respectively.
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(020103 w(0.2,03.0.)

030204)v,
0.10.1,02)
) —~
o 8
10201 A e
020200) & 8 v(060102)
S
{040.1.03)
(020.103)v, 1
’ (010.103) v(040203)
Figure 3.

Remark 3.15. If D is a minimal strong picture fuzzy dominating set, then
vV — D need not be a weak picture fuzzy dominating set.

For example, consider the picture fuzzy graph G in Figure 4, Here

vertices v, and v, form an strong picture fuzzy dominating set where as

V - D = {v,, v,} does not form a weak picture fuzzy dominating set of G.

(0.1.0.1.02
(02.02.03), i v»(0.4.0.1.03)
’3{{0
(0.2.02.0.2) '“30_0 (0.1.0.1.0.3)
(0.3,0.3,0.1) v, v3(0.2.0.4.03)
(0.2.0.1.0.2)
Figure 4.

Theorem 3.16. A strong picture fuzzy dominating set D of G = (V, E) is

a minimal dominating set if and only if ¥ vertex v, e D one of the following

conditions holds.
® Nu,)ND =0
(1) 3 vertex v; e V - D such that N(v;)N D - {v;}.

Proposition 3.17. Let D be a minimal strong or weak picture fuzzy
dominating set. Then, for each v, e D, one of the following conditions holds:

(1) No vertex in D strongly or weakly dominates v ;.
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(i) There exists a vertex v; e V. - D such that v; is the only vertex in D

which strongly (weakly) dominates v ;.
Proof. Let D be a minimal strong picture fuzzy dominating set of the
PFG ¢ = (v, E).

Any vertex v; e D, then D - {v;} is not a picture fuzzy dominating set in

G.
Therefore the vertex in D does not strongly dominate V.

Let v; ¢ v - D. Assume that v;, v, ¢ D strongly dominates v; e Vv - D.

Then D - {v,} is a strong picture fuzzy graph dominating set. Therefore

D is not a minimal strong picture fuzzy dominating set which contradicts to

our assumption. Hence we get v; « Vv - D such that v; is the only vertex in

D which strongly dominates v ;.

Theorem 3.18. Let G = (V, E) be a constant Picture fuzzy graph of
degree (c;, c;, ¢;) without isolated vertices and D is a minimal strong picture

fuzzy dominating set. Then V - D is a picture fuzzy dominating set of G.

Proof. Let D be a minimal strong picture fuzzy dominating set. Consider

v, be any vertex in D, there exists a vertex v; e N (v;), v; must be dominated
by exactly one vertex in D - {v;} which is also a picture fuzzy dominating set.
Since G has no isolated vertices, every vertex in D is strongly dominated

by at least one vertex in Vv - D and hence Vv - D is a picture fuzzy

dominating set.

Theorem 3.19. Let D be a strong picture fuzzy dominating set in a

constant picture fuzzy graph of degree (c;, c;, ¢;) iff A (G) = 8,(G) = ¢ where
c=c¢;,+c; +cy.

L J

Example. In figure 5, the strong picture fuzzy dominating sets are
{vy, vy}, {vg, vg ), {vg, vg}, and A(G) =38,(G)=1

©03+02+056=1
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+1(0.3,0.2.0.1)

(0-1.0.1.0.3) (0.2.0.1.02)

(0.5.0.1.0.2) ~¢ +5(0.4.0.3.02)

(0.2.0.1.0.2) (0.1.0.1.03>

(0.6.02.01)vs +(0D.2.0.1.03)

"‘-_,.“
(0.1.0.1.03) (0.2.01.02)

+.(0.5.0.1,03)
Figure 5.
Proposition 3.20. For a picture fuzzy graph G = (V, E) of order
Py S Vg Sa-AG)and v, < v, < q-38,(G)

Proof. Let D be the strong (Weak) picture fuzzy dominating set. Since

every strong (Weak) Picture fuzzy dominating set, we have y, < vy, and
Vor < Vupr - (1)

For wv;,,v; ev, if d,(v;) = A,(G) and d (v;)=5,(G) then clearly

i* Y
V - N, (v;) is an strong picture fuzzy dominating set and Vv - N (v;) is a
weak picture fuzzy dominating set D and g be the size of the picture fuzzy

graph G, then

Yopf S Q- AS(G)l

(&)
Tupf < 4 - 84(G)]
From (1) and (2)
Vpf S Vgr S - 48,(G)
Yof < VYupr <4 - 5,(G).

Proposition 3.21. For a constant PFG of degree (c;, c;, c;), then
Yor (G) < p<qandvy,, <p<gq.

Proof. Let P be the order of the PFG ¢ = (v, E). It should not be a

minimum value of a strong picture fuzzy domination number of a constant

PFG.
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Let Y
PFG G.

o be the strong picture fuzzy domination number of a constant

C Yepf < P (1)

Let ¢ be the size of the picture fuzzy graph. Then it should not be a
minimum of vertex cardinality p, and hence

p <q 2

from (1) and (2), v,,; < p < q.

Similarly it is proved that v, < p < q.

4. Independent Strong (Weak) Domination in Picture Fuzzy Graphs

In this section, the independent strong and weak domination and its

number are defined. Some properties related to these parameters are given.
Definition 4.1. The set of all vertices with minimum degree and
maximum degree are denoted as m (v) and M (v) respectively and are defined

as
m@)=1{v, e V/d,(v;) = 5,(G) and M (v) = {v;, € V/d (v;) = A (G)}.

Definition 4.2. A strong (weak) picture fuzzy dominating set S of a fuzzy
graph G is said to be an independent strong (weak) picture fuzzy dominating

set of G, if it is independent.

The minimum scalar cardinality of an independent strong (weak) picture
fuzzy dominating set is called the independent strong (weak) picture fuzzy

domination number and it is denoted by i, (G ) (i, (G)).

Proposition 4.3. Let ¢ = (v, E) be a picture fuzzy graph. If S is an

strong independent picture fuzzy dominating set of G, then S N m(v) # o.

Proof. Let v, € m(v), since S is an strong independent picture fuzzy
dominating set of G, v, € S or there exists a vertex v; e § 5 (v;, v;) is a

strong arc and d,(v;) > d,(v;). If v; € S, then clearly S N m(v) # ¢. On the
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other hand, d,(v;) = d,(v;). Since d (v;) = 3,(G) = d,(v;) = 3,(G). This

implies that v; € m(v;). Hence S N m(v) = o.

Proposition 4.4. Let G = (v, E) be a picture fuzzy graph. If S is a weak

independent picture fuzzy dominating set of G, then S N m (v) = o.

Proposition 4.5. Let G = (v, E) be a picture fuzzy graph. If S is a weak

independent picture fuzzy dominating set of G, then i, (G) < p - 5,(G).

Proof. Let S be an independent weak picture fuzzy dominating set of G.
Then by proposition 4.3. SN m() = ¢. Let v, € S N m(v). Since S is an

independent picture fuzzy dominating set,
SNAN@,)=9 = SNV -N(@;) = e
= S cV-N()
= [s], <p-5,6)
= iy (G) < |S |pf < p-38,(G)
Hence i, (G) < p - 5,(G).

Proposition 4.6. Let G = (v, E) be a picture fuzzy graph. If S is an
independent strong picture fuzzy dominating set of G, then
i (G) = p - A, (G)

Conclusion

In this paper, we have defined and discussed strong and weak domination
using strong arcs in picture fuzzy graphs. Some definitions, examples related
to independent strong and weak picture fuzzy dominating set have been
introduced. Some theorems and properties of these parameters have been

proved.
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