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Abstract 

In this manuscript, the complement of a fuzzy labeling graph (FLG) is defined. A necessary 

condition for a fuzzy labeling graph G and G  to be a fuzzy labeling tree is given. It has been 

proved that every fuzzy labeling graph G and G  have  1n  bridges. If G  is complete then it 

has been proved that G  is connected. Some relation between the connectedness of G and G  is 

derived. And also self complementary in FLG is defined and it is proved that G  is equal to G, if 

G  is a tree. 

1. Introduction 

The concept of fuzziness is introduced by L. A. Zadeh in his remarkable 

paper, which has defined the conditions of membership in a set of objects 

whose elements have an ambiguous status. The complement of a fuzzy graph 

G is defined by Moderson (1994), and the concept is further developed by M. 

S. Sunitha and A. Vijayakumar [1]. Various aspects of fuzzy graph has been 

analysed in [2, 3, 4]. The analysis of complement of fuzzy labeling graphs 

explores the structure of a fuzzy graph so that the concepts like fuzzy 

cutnode, fuzzy bridge, block, fuzzy trees, complete fuzzy graph etc. can be 

studied in detail. 

The complement of a fuzzy graph G is defined as  ,:G  as a fuzzy 
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graph  cccG  ,:  where c  and   0,  vuc  if   0,  vu  and 

     vuvuc  ,  otherwise. From the definition it is understand that the 

cG  is a fuzzy graph even if G is not a fuzzy graph and also, the   GG
cc    if 

and only if G is a strong fuzzy graph. A modified definition has given for the 

complement of a fuzzy graph as  ,:G  is the fuzzy graph   ,G  

where   and        vuvuvu ,,   for all u, v in V. 

2. Fuzzy Labeling 

2.1 Complement in fuzzy labeling graph 

Definition 2.1.1. The complement of a fuzzy labeling graph   ,G  is 

a fuzzy labeling graph   ,G  where   and 

 
         



 




.otherwise0

1,,allfor,,if,
, 1 niVvuvuvuvuvu
vu ii

 

In this definition the choice  vu,  should be in ascending order, in order 

to get a unique .G  

Example 2.1.2. 

 

                           Figure 2.1                           Figure 2.2  

Figure 3.1 is a fuzzy labeling graph whose complement is given in figure 

2.2. 

Remark 2.1.3. By the definition of complement of a fuzzy labeling graph, 

the cardinality of G is greater than or equal to ,G  i.e. GG    
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Proposition 2.1.4. If   ,G  is a fuzzy labeling graph such that G  

is complete, then G and   ,G  have 1n  bridges. 

Proof. For our convenience, let us assume that n 321  

and .321 n   

Case (i) if ,2n  then there exist only one edge (say 1e ). Therefore it is 

trivial that 1e  is a fuzzy bridge of G and also .GG   Hence G and G   

have  1n  bridges. 

Case (ii) if ,3n  then G  is a cycle with 3 vertices. If G is FLG such 

that G  is a cycle then it will have  1n  bridges. Hence G has 1n  

bridges. Here either GG   or .2G  If GG   then G  will have 

1n  bridges, otherwise G  is a tree. Hence it is trivial that it has 1n  

bridges. 

Case (iii) if ,4n  let 4321 ,,, VVVV  and 3241134221 ,,,, VVVVVVVVVV  

be the vertices and edges of G such that 4321 ,,,   and 

654321 ,,,,,   be the membership values of the vertices and edges 

respectively. 

Then     16465121 ,,,,,  VV  

    36565431 ,,,,,  VV  

    25245641 ,,,,,  VV  

    35546532 ,,,,,  VV  

    26465242 ,,,,,  VV  

    36456543 ,,,,,  VV  

Therefore 321 ,,   are the fuzzy bridges of G. hence it has 1n  

bridges. 
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Here either GG   or 4G  or 5G  or .3G  

Case (a). ,GG   then repeat case (iii) and get 1n  bridges. 

Case (b). ,3G  then G  is a tree. Therefore it is trivial that it has 

1n  bridges. 

Case (c). ,4G  then 4321 ,,,   and 4321 ,,,   be the values 

of vertices and edges. 

Then     33421 ,,  VV  

    34331 ,,  VV  

    1141,  VV  

    24232 ,,  VV  

    24232 ,,  VV  

    33442 ,,  VV  

     34343 ,,  VV  

Therefore 321 ,,   are the bridges of  .G  

,5G  then 4321 ,,,   and 54321 ,,,,   be the values of 

vertices and edges. 

Then     343421 ,,,  VV  

    354331 ,,,  VV  

    154141 ,,,  VV  

    255232 ,,,  VV  

    3354542 ,,,,  VV  
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    353443 ,,,  VV  

Therefore 321 ,,   are the bridges of .G  Hence it is true for all n. 

Corollary 2.1.5. Every connected fuzzy labeling graph G and G  have 

1n  bridges. 

Corollary 2.1.6.  If G is a fuzzy labeling graph and if G  is 

disconnected, then each component of G  will have 1n  bridges. 

Proposition 2.1.7. If G is a fuzzy labeling graph such that G  is a cycle, 

then G and G  will have 1n  bridges. 

Proof. If G is FLG such that G  is a cycle then it will have  1n   

bridges. Therefore G has 1n  bridges. Now, either GG   or 

.GG   If ,GG   then G  will also have 1n  bridge. If ,GG   

then G  is either a connected path or a disconnected path. If G is a connected 

path, then each edge of G  is a fuzzy bridge. Therefore it is trivial that G  

will have 1n  bridges. If G  is a disconnected path, then each component is 

a path. Therefore each component will have 1n  bridges. Hence G and G  

will have 1n  bridges, if G  is a cycle. 

Remark 2.1.8. Complement of a fuzzy labeling tree need not be a fuzzy 

labeling tree. 

Example 2.1.9. Consider the graph given in figure 2.3 which is a fuzzy 

labeling tree, but its complement in figure 2.4 is not a fuzzy labeling tree. 
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Figure 2.3                                     Figure 2.4 

Therefore the necessary condition for a graph G and G  to be a fuzzy 

labeling tree is given below. 

Proposition 2.1.10. Let G be a fuzzy labeling tree then its complement G  

is also a fuzzy labeling tree iff G  is connected. 

Proof. If G  is a fuzzy labeling tree, by the definition of fuzzy labeling 

tree,   0,  yx  for all ., Gyx   Conversely, assume that   0,  yx  for 

some ,, Gyx   then in its spanning sub graph      ,,,,, yxyxvF   

which is a contradiction. 

Proposition 2.1.11. Let G be a Fuzzy labeling graph, then ,GG   if 

.GG   

Proof. Suppose ,GG   then by remark 2.1.3, .GG   

Therefore, Let   Gyx ,  and ,G   then 

        yxyxyx ,,,   

    yx  ,  

= 0 (By definition) 
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Which implies that   ., Gyx    Therefore, .GG   

Now, Let GG   

        yxyxyx ,,,   

            yxyxyx ,,,   

   ,, yx  for all ., Gyx   

Therefore, .GG   

Thus the theorem is proved. 

Proposition 2.1.12. Let G be a fuzzy labeling tree such that G  is a cycle. 

If  G  is a tree and the weakest arc of G does not belongs to ,G  then  .FG   

Proof. If G  is a cycle then the fuzzy labelling cycle G  has exactly only 

one weakest arc. Since G  is a cycle G has exactly only one weakest arc, 

therefore there exist only one weakest arc say  ., vu  Which does not belong 

to the maximum spanning sub graph F of G. since the arc of F are fuzzy 

bridges of G. Also F  is a tree, therefore  ., vuGF   Which implies 

.FG   (since  vu,  is not in G  and  G  is a tree). 

2.2 Some relations between the connectedness of FLG and its 

complement: 

Proposition 2.2.1. If G is a fuzzy labeling graph such that G  is 

complete then its complement G  is connected. 

Proof. Let us prove this proposition by the method of induction and 

assume that n 321  and .321 n   

Case (i) let ,2n  since  and  are bijective, G  is connected. 

Case (ii) let ,3n  then either GG   or GG   if GG    

i.e. ,3 GG   then all   0,  yxi  for all Vyx ,  otherwise 
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GG   i.e. either 2G  or .1G  If 2G  then all   ,0,  yxi  

for all ., Vyx   And  1G  is not possible, G  must have  1n  bridges. 

Case (iii) let ,4n  then either  GG   or GG   if ,GG   

then all   0,  yxi  for all Vyx ,  otherwise GG   i.e. either 

5G  or 4 or 3, from the proof of proposition 2.1.4 (case b, case c, case d) it 

is evident that all .0,  si  And 2G  or 1 is not possible. G  must have 

 1n  bridges, since the FLG have 1n  bridges. Hence it can be 

generalized for all n. 

Proposition 2.2.2. If an arc   Gyx ,  and G  in a fuzzy bridge then  

        yxyxyx   ,,,  for all ., Vyx    

Proof. Let an arc  yx,  be a fuzzy bridge of G and which is not a fuzzy 

bridge of  ,G  then    yxyx ,,   and    .,, yxyx    

Therefore,        .,,,, yxyxyxyx    

       .,, yxyxyx   

   yx   

Similarly, If  yx,  is not a bridge of G and which is a bridge of G  then 

   yxyx ,,   

   yxyx ,,   

       yxyxyxyx ,,,,    

       .,, yxyxyx   

   yx   

Hence the proof and the converse are not true. 

Proposition 2.2.3. Let G and G  be a fuzzy labeling graph, then 

       .,,,, yxyxyxyx    If  yx,  in a bridge of G or G  or 

both. 
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Proof. Let   Gyx ,  and G  and  yx,  be a bridge of G, but not in ,G  

then  

   yxyx ,,     (1) 

   yxyx ,,     (2) 

Adding equations (1) and (2) we get 

       yxyxyxyx ,,,,    

Similarly If  yx,  is not a bridge in G, but  yx,  is a bridge of G  then 

   yxyx ,,     (3) 

   yxyx ,,     (4) 

Adding (3) and (4) we get 

       yxyxyxyx ,,,,    

now   Gyx ,  and G  is a bridge in both G and G  then  

   yxyx ,,     (5) 

   yxyx ,,     (6) 

Adding (5) and (6) we get 

       yxyxyxyx ,,,,    

Corollary 2.2.4. If   Gyx ,  and G  is not a bridge in both G and ,G  

then 

       yxyxyxyx ,,,,    

Remark 2.2.5. The strongest path of G need not be the strongest path of 

.G   

Example 2.2.6. 
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Figure 2.5                                                Figure 2.6 

 In Figure 2.5,  ba,  has two strongest path  bda ,,  and  .,,, bcda   

But in figure 2.6 the arc  ba,  itself is the strongest path of  ., ba  In the 

above example 2.2.6, there exist two strongest path between the nodes of a 

and  bdab ,,,  and  .,,, bcda  

For G  also between the node a and b  bda ,,  in the strongest path. 

Proposition 2.2.7. If an arc  yx,  in a fuzzy bridge of a fuzzy labeling 

graph G and G  and 

(i) If    yxyx ,,   then    yxyx ,,    

(ii) If    yxyx ,,   then    .,, yxyx    

Proof. Let  yx,  be a fuzzy bridge of G and its component G  then 

If    yxyx ,,    (7) 

   yxyx ,,    (8) 

If    yxyx ,,   

   yxyx ,,    {by (7) and (8)} 

Similarly If    yxyx ,,   

   yxyx ,,    {by (7) and (8)} 
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Proposition 2.2.8. If an arc  yx,  is a fuzzy bridge in G, but not in G  

and if    yxyx ,,   then    .,, yxyx    

Proof. Let  yx,  be a fuzzy bridge in G, then    yxyx ,,   (9) 

Now Let  yx,  is not a fuzzy bridge in G, then    yxyx ,,   (10) 

 If    yxyx ,,   

   yxyx ,,    {By (9)} 

     yxyxyx ,,,    {By (10)} 

   .,, yxyx    

Proposition 2.2.9. If  yx,  is a fuzzy bridge in ,G  but not in G and if 

   yxyx ,,   then    .,, yxyx    

Proof. Let  yx,  be a fuzzy bridge in ,G  then    yxyx ,,   (11) 

Now Let  yx,  is a fuzzy bridge in G, then    yxyx ,,   (12) 

If    yxyx ,,   

   yxyx ,,   {By (11)} 

   yxyx ,,    

     yxyxyx ,,,    {By (12)} 

   yxyx ,,    

Remarks 2.2.10. If  yx,  is a bridge in G, but not in ,G  and 

   yxyx ,,   then its connectedness need not follow the same inequality. 

Example 2.2.11. Let  ,:G  be with     14.0,,,  adcba  

      15.0,16.0,09.0  dcb  and     ,06.0,,05.0,  cbba  

      .02.0,,04.0,,07.0,  dbaddc  Then   ,G  be with 
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          .07.0,,10.0,,08.0,,03.0,,04.0,  dbaddccbba  

   ,,, cbcb    but     .07.0,06.0,   cbcb  

If  yx,  is a bridge in ,G  but not in G and    yxyx ,,   then its 

connectedness need not follow the same inequality. 

Example 2.2.12. Let  ,:G  be with     14.0,,,  adcba  

      15.0,16.0,11.0  dcb  and     ,08.0,,09.0,  cbba  

        .06.0,,03.0,,05.0,,04.0,  dbdbaddc   Then G  be with 

          .05.0,,07.0,,08.0,,06.0,,02.0,  dbcaaddccb  

Hence,    ,,, caca   but     .07.0,08.0,   caca  

If  yx,  is not a bridge in G and ,G  and    ,,, yxyx   or 

   yxyx ,,   then also its connectedness need not follow the same 

inequality. 

Example 2.2.13. Let  ,:G  be with     14.0,,,  adcba  

      12.0,13.0,09.0  dcb  and     ,06.0,,02.0,  cbba  

      .05.0,,04.0,,07.0,  dbaddc  Then    ,G  be with 

          .04.0,,08.0,,05.0,,03.0,,07.0,  dbaddccbba  

Then  db,  is not a bridge in G and ,G  and    dbdb ,,   but, 

    .07.0,06.0,   dbdb  

2.3 Self Complement in Fuzzy labeling graph. 

Definition 2.3.1. A Fuzzy labeling graph is itself complementary if 

.GG   

Remark 2.3.2. The following results were already proved for fuzzy 

graph. Therefore, the proofs of the following results are similar to fuzzy 

graph. So the results are omitted. 

Proposition 2.3.3. If   ,G  is a self complementary fuzzy labeling 

graph, then      .21,  


vu vu
vuvu  
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Proposition 2.3.4. If   ,G  is a fuzzy labeling graph, such that 

      vuvu  21,  for ,, Vvu   then G is a self complementary graph. 

Proposition 2.3.5. A fuzzy labeling graph G is self complementary, if G  

is a tree. 

Proof. Suppose G is self complementary, such that G  is not a tree. 

Then, there exist a cycle. 

Consider a cycle with three vertices (i.e.) 21, vv  and .3v  And assume that 

     .321 vvv   

Then by proposition 2.3.4, 

         221, 22121 vvvvv   

         221, 33232 vvvvv    

         221, 31313 vvvvv   

,GG   which is a contradiction to G. Hence, G  is a tree. 
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