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Abstract 

Dunnett procedure is the most used method to construct simultaneous confidence lower 

bounds to compare several treatment means with a control mean. It is common to assume that 

the treatment means are monotone in many dose-response studies. A simple procedure that 

modifies Dunnett’s procedure is proposed to construct simultaneous lower bounds for 

comparisons of each dose group with the control by utilizing the ordering of the means. The 

expected gains of the new procedure over Dunnett’s procedure are studied and two real data 

examples for illustration are given. 

1. Introduction 

In dose-response studies, subjects are randomly allocated to groups 

receiving different dose levels kdddd  210  of the compound, 

where dose 0d  group is the control group which serves as a standard against 

which the dose groups are to be compared with. Let ijY  be the dose response 

for subject j at dose level .id  Assume that all observations ijY  are mutually 

independent with   kiNY iij ,,0,,~ 2   and .,,2,1 inj   The 

statistic    


k

i

n

j iij
i vYYS

0 1

22  is the estimator for ,2  and it is 

independent of the sample means  ,,,0 kYYY   where 
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.01  A primary 

objective is to determine whether the mean response for any of the non-zero 

treatment groups is significantly different from that of the control group. This 

can be achieved by constructing simultaneous confidence intervals for the 

mean difference between dose level id  and the control .0d  Dunnett [3] is the 

most used method for constructing such simultaneous confidence intervals.  

It is not unusual that increasing dose levels are frequently expected to 

produce stronger or at least equal treatment effects. It is commonly assumed 

that the dose response effect is monotone as .10 k   In Table 2 of 

Bretz et al. [2], 6 out of 8 dose response models are monotone. However, 

sometimes there may be a negative response at low dose levels, as evidenced 

by Example 2 in Section 4. In that example, the dose response effect at dose 1 

dips compared with that at the control. Peng et al. [10] assumed that the dose 

response effects among k treatments are monotone as k 1  and 

proposed a max-min technique to compare the mean dose response difference 

between dose id  and the control .0d  Their procedure is a modification of two-

sided Dunnett’s confidence intervals by utilizing the prior knowledge of 

monotonicity. However, in dose-response studies with monotonicity, 

confidence lower bounds between treatments and the control are more useful 

as dose-response studies want to show treatments are more effective than the 

control. Lee et al. [8] and Peng et al. [9] proposed confidence lower bound 

between treatments and the control but it is a little bit complicated to 

comprehend for our clinician colleagues who are not familiar with order 

restricted inference. In this article, we use the method in Peng et al. [10] to 

propose a new simple but effective simultaneous confidence lower bounds to 

compare the mean dose response difference between dose id  and the control 

0d  by incorporating the monotonicity .1 k    

The article is organized as follows. In Section 2 we modify one-sided 

Dunnett simultaneous confidence lower bounds by utilizing the prior 

knowledge of monotonicity and its expected gains are studied in Section 3. In 

Section 4 two examples are given to compare the new procedure and 

Dunnett’s procedure. A brief discussion is presented in Section 5.  
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2. A New Procedure to Construct Simultaneous Confidence Lower 

Bounds 

If a larger response is desired, one-sided Dunnett [3] procedure gives the 

following  %1100   simultaneous confidence lower bounds for the mean 

differences   :,,10 kii    

,
11

0
0

,0  
i

i
vki nn
SdYY  (1) 

where 
vk

d
,

 is the upper 100 percentage point of the Dunnett procedure.  

Under the assumption that ,21 k   then 01   

.002  k  Therefore, 0i  will be bounded from below by 

the lower confidence bound for  .10 ill   When the assumption that 

k 21  holds, the following improved simultaneous confidence 

lower bounds are proposed: 

.
11

max 0
0

,0
1









 


i

l
vkl

il nn
SdYY  (2) 

These simultaneous confidence intervals are not derived from the 

estimated isotonic regression. They are derived from the sample means by 

utilizing the order restriction of treatments. We have just shown that any 

nondecreasing sequence  kii ,,1   satisfying (1) will satisfy (2). On the 

other hand, it is obvious that the nondecreasing sequence  kii ,,1   

satisfying (2) will automatically satisfy (1). Thus, the simultaneous confidence 

lower bounds (2) for the mean difference between dose id  and the control 

have an exact  %1100   coverage probability.  

The simultaneous lower bounds in (2) by the max procedure are 

monotone but not the case by Dunnett’s procedure. This can be easily applied 

to identify or estimate the minimum effective dose or categorize dose effects. 

If the lower bound at dose id  exceeds the threshold of what is clinically 

meaningful, then doses kii ddd ,,, 1   are clinically effective.  
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3. Expected Gains of Max Confidence Lower Bounds 

In this section, we consider the expected gains of max confidence lower 

bounds over Dunnett’s method. We shall consider the equal sample size case 

for easy presentation. The results for unequal sample size case follow 

similarly. The  %1100   Dunnett’s simultaneous confidence lower bounds 

for ,1,0 kii   are  

.,
2

,0 







 

n
SdYY

vki  

The expected lower bounds are  

  .
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SEd
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be the max lower bound for (2). The expected max lower bound is  

      
n

SEdYYELE
vkl

il
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max
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


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The expected gain, denoted by  ,Lgi  of iL  over Dunnett’s lower bound 

n
SdYY

vki
2

,0
  is  

    .max
1

il
il

i YELg 


 (3) 

The distributions of  ilil Y 1max  can be obtained in a straightforward 

manner, but the computation of its expected values is very complicated. Since 

the gain is nonnegative, the expected gain is always nonnegative.  

The gains  Lgi  can be illustrated by the step dose response relationship 

as  t1  and ,1   kt   where .0  We restrict 

our study on the comparison between the mean dose effect i  at dose level id  
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and that of 0  at the control with .ti   Without loss of generality, we may 

assume that .1


n
 The exact expected gain  Lgi  is difficult to compute. 

However, its bound can be obtained as follows. We have that  

       .maxmax :
11

titiil
il

il
il

ZEYEYE 


  

Therefore,  

   ,: titii ZELg   (4) 

where niZ :  is the ith smallest order statistic in a random sample of size n 

from standard normal distribution  .1,0N  

The lower bounds of the expected gain  Lgi  are given in Table 1 for the 

case of .3,8  tk  They can be computed using the mean of normal order 

statistics on page 91 of Arnold et al. [1]. The largest lower bound for  Lgi  is 

08   with 1.16 and the smallest lower bound for  Lgi  is zero, located at 

 .4 Lg  The larger the index i is from the mean change point t, the larger the 

gain. The simulated gains with 1 million repetition are given in parentheses.  

4. Numerical Examples 

Example 1. The data is given in Table 2, from a binding inhibition assay 

which was described fully by Kanowith-klein et al. [6], except that one 

influential observation is removed in this study. In this study, there are 

8k  different dilutions of one antiserum as treatments of different doses. 

The variance estimates with and without this influential observation are 

86.48 and 60.46, respectively. The percentage inhibitions can be taken to be 

statistically independent (see Korn [7]).  

For the 23 observations in Table 2, the pooled estimate of the variance, 

,2S  is 60.46 with 14 degrees of freedom. Since the sample sizes are different, 

we use R package mvtnorm to compute the one-sided critical value 

607.205.0
14,8 d  with function ,qmvt  where the correlation matrix is computed 

by the expression in Chapter 3 of Hsu [4]. The 95% Dunnett’s simultaneous 
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lower confidence intervals and the 95% max simultaneous lower confidence 

intervals of 81,0  ii  are provided in Table 3.  

In general, by utilizing the prior knowledge of order relationship on ,i  

Dunnett’s simultaneous lower bound can be improved by the new method. 

For example, the 95% max simultaneous confidence lower bound of 05   

is 29.99; however, the corresponding Dunnett’s lower bound 13.23. 

Comparing the max confidence lower bounds with Dunnett’s confidence lower 

bounds (Table 3), 3 of the 8 lower bounds have considerable improvement.  

The simultaneous lower bounds by the max procedure are monotone but 

not the case by Dunnett’s procedure. The max confidence lower bounds in 

Table 3 indicate that the dose levels can be classified into three dose 

categories: a non-effective dose (dose 1), an effective dose (dose 2), and very 

effective doses (dose 3 to dose 8) since their lower bounds by the max 

procedure are at least 28.0.  

Example 2. Consider the data in Table 4, taken from Ruberg [12]. The 

data has been used in Hsu and Berger [4] and Bretz et al. [2]. There are nine 

active dose groups and a zero dose control group with six animals/group in 

the experiment. According to Figure 7 in Ruberg [12], we are not sure 

whether the dose-response curve is monotone from dose zero to dose 9 or not, 

but we may assume that the dose response is monotone from dose 1 to dose 9. 

The critical value 607.205.0
14,8 d  from Table E.2 on page 248 of Hsu [4]. Table 

5 shows the 95% simultaneous confidence lower bounds for the mean 

differences on  9,,10  ii  given by Dunnett’s procedure and the max 

procedure. 2 of the 9 lower bounds have improved.  

5. Discussion 

The proposed modification of Dunnett’s procedure is a simple and 

effective method to construct simultaneous confidence lower bounds for 

differences between dose id  and the zero dose control 0d  in monotone dose 

response curves. The simultaneous lower bounds by the new procedure are 

nondecreasing. The gain of the new method over Dunnett’s procedure is 

studied.  
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The proposed maximum lower bounds procedure relies on the monotonic 

assumption of the treatment means. However, non-monotonic dose-response 

curves often exist in clinical trials. For example, some dose-responses may be 

inverted-U or umbrella shaped, as stated in the International Conference on 

Harmonization (ICH) guideline E4. A brief simulation is conducted to see how 

violations of the monotone assumption affect the coverage probabilities of the 

new procedure. In the simulation, we assume 1,0 2
0   and consider 

eight/seven treatments whose means are mild violation of the monotone 

assumption. We use R to generate normal random variables 

 8or7,,1,0,
2













 
 i

n
N

i
i  and the nominal confidence level is 95%. We 

repeat 10,000 times and the proportion of the lower confidence intervals 

containing the true means is the coverage probability in the table. The critical 

value for the given sample size is obtained by R package mvtnorm with 

function qmvnorm and is given in the table. From the table, the new 

procedure has 90.96% for    7,6,5,4,3,2,0,5.0,, 81    for sample 

sizes (2, 2, 4, 2, 3, 2, 2, 4, 2) and has 80.08% for 

   6,5,4,3,2,0,5.0,, 71    with sample sizes (10, 4, 10, 8, 6, 12, 3, 8). 

If treatment means are monotone, both the new procedure and the Dunnett 

procedure have the same coverage probability without surprise as showed in 

Section 2. From the simulation, we see that the coverage probability depends 

on sample sizes and treatment means. We should not use the new procedure 

if the monotone assumption is not satisfied.  

Sample size i  Dunnett 

procedure 

Proposed 

procedure 

2, 2, 4, 2, 3, 2, 2, 4, 

2 

(0.5, 1, 2, 3, 3, 3, 3, 3) 0.9486 0.9299 

(with critical value 

= 2.357) 

(0.5, 1, 2, 3, 4, 5, 6, 7) 0.9486 0.9486 

 (0.5, 0, 2, 3, 4, 5, 6, 7) 0.9486 0.9096 

10, 4, 10, 8, 6, 12, 3, 

8 

(0.5, 0, 2, 3, 4, 5, 6) 0.9508 0.8008 

(with critical value 

= 2.375) 

(0.5, 1, 2, 3, 4, 5, 6) 0.9508 0.9508 

 (0.5, 1, 2, 3, 3, 3, 3) 0.9508 0.9081 
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Table 1. Expected gains of new procedure over Dunnett’s lower bounds for 

step dose-response studies when 8,3  kt  

i 

 1 2 3 4 5 6 7 8 

0.0 0.00 0.56 0.85 1.03 1.16 1.27 1.35 1.42 

0.5 0.00 0.56 0.85 (0.69) (0.91) (1.06) (1.18) (1.28) 

3.5 0.00 0.56 0.85 (0.01) (0.56) (0.85) (1.03) (1.16) 

Table 2. Inhibition of rosette formation. 

Dose Level   1310


 dilution  Percentage inhibition 

0 0 -12, 5 

1 1 12, 27 

2 2 14, 18, 25, 36 

3 4 44, 46 

4 10 44, 45, 46 

5 40 27, 33 

6 100 38, 40 

7 200 32, 43, 50, 54 

8 500 43, 47 
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Table 3. 95% simultaneous confidence intervals for 0i  in Example 1.  

Mean Difference Dunnett LB Max LB 

01   2.73 2.73 

02   9.9 9.19 

03   28.23 28.23 

04   29.99 29.99 

05   13.23 29.99 

06   22.23 29.99 

07   30.69 30.69 

08   28.23 30.69 

Table 4. Sample dose-response data in Example 2. 

Dosage Sample Mean SD 

(mg/kg) size response response 

0 6 25.5 2.6 

0.5 6 23.9 4.0 

1.0 6 27.7 3.3 

1.5 6 33.4 2.3 

2.0 6 40.5 10.5 

2.5 6 57.9 9.9 

3.0 6 74.4 14.6 

3.5 6 73.4 7.6 

4.0 6 73.5 4.5 

4.5 6 76.2 7.9 
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Table 5. 95% simultaneous confidence lower bounds 0i  in Example 2.  

Mean Difference Dunnett LB Max LB 

01   -12.56 -12.56 

02   -8.76 -8.76 

03   -3.06 -3.06 

04   4.04 4.04 

05   21.44 21.44 

06   37.94 37.94 

07   36.94 37.94 

08   37.04 37.94 

09   39.74 39.74 

 


