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Abstract

Power Dominator Chromatic (PDC) number was recently introduced concept by combining
the notions of power domination and coloring of graphs. A power dominator chromatic number

for a simple connected graph G = (V, E) is a proper coloring of G in which every vertex in V
power “dominates every vertex of some color class in G. ypq(G) is used to represent the power
dominator chromatic number of a graph. y,q(G) is the least number of colors needed for a

power dominator coloring of G. In this paper, we attain the power dominator chromatic number
for Jahangir graph” and middle, line and total graph of Jahangir graph.
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1. Introduction

Domination [9] in graphs is a well-investigated area of research in graph
theory. A set S < V in a graph G is a dominating set of a vertex set V, if
each vertex in V — S 1is adjacent to some vertex in S. The cardinality of a
minimum dominating set in G is the dominating number of G and is denoted
by v(G). Coloring graphs is another major research area in graph theory.

Coloring of a graph G is a proper coloring [1] of a graph G, is an assignment
of colors to the vertices of the graph in which no two adjacent vertices have
the same color. The chromatic number y(G) of the graph G is the least

number of colors needed in a proper coloring of G. For a graph G, dominator
coloring [7] is a proper coloring of a graph in which every vertex of G
dominates all the vertices of at least one color class. The concept of power
domination [10] in a graph was introduced by Haynes et al. for observing the
state of an electric power system with the following monitoring rules.

1. Each vertex that is incident to an observed edge is observed.
2. Each edge joining two observed vertices is observed.

3. If a vertex is incident to a total of n >1 edges and if n —1 of these

edges are observed, then all of these edges are observed.

The concept of power dominator chromatic number [[4], [5], [6], [7]] was
recently introduced by combining the notions of power domination and
coloring concepts in graphs. For a simple connected graph G = (V, E), power

dominator coloring is a proper coloring of G in which each vertex of V power
dominates every vertex of some color class in G. The power dominator
chromatic number y,4(G) is the least number of colors needed for a power

dominator coloring” of G. Here we obtain y pd(G) for Jahangir graph and its

derived graphs like middle, line and total graphs.
2. Basic Definitions

(1) Jahangir graph [2] denoted by ¢/, , for n > 3, is a graph with mn +1
vertices containing of a cycle C,,,, with one extra vertex which is adjacent to
n vertices of C,,,, and having a distance m to each other on C,,, - Jy ,, is a n-

Gear graph.
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(ii) The middle graph [8] for a connected graph G represented by M(G) is
the graph whose vertex set is union of V(G) and E(G). Two vertices in
M(G) are adjacent if

e The vertices are adjacent edges of G or

e One is a vertex of G and other is an edge incident with it.

(ii1) The line graph [8] of a connected graph G is denoted by L(G) is a
graph in which

e All the vertex of L(G) represents the edges of G

o Two vertices in L(G) are adjacent if and only if their corresponding

edges share a common end point.

(iv) The total graph [8] of a graph G is a graph represented by T(G) in
which the vertex set of T corresponds to the vertices and edges of G and two
vertices in T(G) are adjacent if and only if their corresponding elements are
either adjacent or incident in G. Generalization of total graphs are known as

line graph.

Theorem 3.1. Let J,, ,, m > 2, n > 3 be the Jahangir graph, then

n .
3 + 2, niseven
Xpd("]m,n) = n .
’75—‘ +2, nisodd
Proof. In J,, , the vertex set is {vy, vy, Ug, U3, U4, ..+, Upn_1> Umn J- The
vertex vy is of degree n, the vertices {vy, Up11, Ugm1s U3msls -+-s Um(n—1)+1}

are of degree 3 and the remaining vertices are of degree 2. The vertices
U1, Ums1s V2ms1s U3ma1s o> Um(n-1)+1) Which is having degree 3 will power
dominate all the remaining vertices in the graph. But the vertices which are
of degree 2 will power dominate only the end vertices of the path of length
m —1 in each petals of the graph. So either one of the end vertices of the path
must have different color.
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To power dominating the vertices of degree 2, assign {%-l colors

alternatively in the vertex set {vj, Up,11, Ugm1s Usimsis --os Un(n=1)+1) When n

is odd or assign % colors alternatively in the vertex set

U1, Upms1s Vam1s Usmi1s s Um(n—1)+1) When n is even. Assign color Cj to the
vertex vy and remaining vertices in the graph can be colored by the color

class C; and Cy. By this assignment of colors all the vertices of o/, , will
power dominate at least one color.

Example 3.1.1. The power dominator coloring of Jy4 5 is presented below

Apd(Ja,5) = 5.

Corollary 3.1.2. If m = 2, Jy ,, n > 3 be the n-Gear graph denoted by
G,,, then

n .
=+ 2, nis even

2
xpd(Gn) =
P " {%-‘ +2, nisodd.

Proof. In Jahangir graph, the vertices which are adjacent to middle
vertex are connected by a path. But the PDC number of a path is 2. So

theorem 3.1 remains same.
Theorem 3.2. Let J,, ,, m >2,n >3 be the Jahangir graph, the PDC

number of middle graph of Jp, ,,
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nm .
— +n+1, mis even

Xpd(M(Jm,n)) = n(rng— 1)

5 +n+3, mis odd

Proof. Let V(J,, ,) = mn+1 and E(J,, ,) = n(m +1). From the middle
graph definition V(M(J,, ) = V(. n) U E(J,y, ),  two vertices are
adjacent if they are adjacent edges of JJ,, , or one is a vertex of Jm,n and
other is an edge incident with it. So the middle graph of /,, , contains a

clique of order n +1, whereas the n vertices which are connected to the

middle vertex in o/, ,, and the middle vertex forms a clique.

Notice that M(J,, ,) contains a clique (e})U{vg},i=1,23,...,n of
order n +1 and assign color C; (1 <i < n+1) to the clique. The color C; can
be assigned to the vertex vy which is a middle vertex in «/,, ,. The vertex v,
is adjacent only with vertices in the clique. The color C; also assigned to the
vertices v;j (1 < j < mn). Except the vertices vy, Up1, Vamits s Um(n-1)+1 D
the vertex set v;(1 < j<mn) will power dominate only the two vertices
{ej, ej11}. Any one of the vertices of {e;, ej,1} must have a different color.
Further assignment of colors based on following cases.

Case (i). When n is even

There is odd number of vertices in v; (1 < j < mn) except the vertices
Uls Umsls U2m4ls -+ Um(n—1)+1 Will power dominate only the two vertices
{ej_1, ej}. We have to assign % different colors for each side of M(J,, ). So

nm

5 different colors should assign.

to power dominate v; (1 < j < mn),

Case (ii). When n is odd

There is an even number of vertices in v; (1 < j < mn) except the vertices

Ul Untls U2m+1s > Um(n-1)+1 Will power dominates only the two vertices

different color class for each side of

{ej_1, ej}. We have to assign m2—
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M(J . ). So to power dominate v; (1 < j < mn), w

+ 2 different colors
should assign.
Example 3.2.1. The middle graph for Jahangir graph J3 ¢ is presented

below

The color classes of M(J3 ¢) are as follows

Cy = {vo, v1, Vg, V3, ..., vig), Co = {et}, C3 = {eb}, Cy = {es}, C5 = ey},
Co = le5), Cr = {eg}, Cg = {ea}, Co = {es}, Cro = {es}, Ci1 = {en1}, Gz = lers)s
Ci3 = {e17}, Ciy = {en, ey, €7, ey, €13, ej6}, Ci5 = {e3, €g, g, €12, €15, e}
Corollary 3.2.2. The PDC number of Gear graph G,,n =3 is
Xpd(Gn) =2n + 1.

Proof. Gear graph is special case of Jahangir graph. While m takes the

value two in o/,, ,, which gives result for Gear graph G,,.

Theorem 3.3. For any m > 2, n > 3, the PDC number of line graph of
Jahangir graph J,, ., % pa (I, n)) = 2.

Proof. Let V(J,, ,)=mn+1 and E(J, ,)=n(m+1). From the line
graph definition V(L(J,, ,)) = E(J,, ,) and two vertices in L(J,, ,) are

adjacent if and only if their corresponding edges share a common end point. So

line graph of <, , contains a clique in the middle, which is of order n,

whereas the n vertices corresponding to the edges having end point as vy in
Jm.n- Note that L(<J,, ,) contains a clique (e}) where (1 <i < n). Assign

colors C;(1 <i < n) to the clique. We have to assign colors to the remaining
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nm vertices which is in the circumstances of L(J,, ,). Among those nm

vertices there are n(m — 2) vertices which will power dominates only the two

vertices which are end vertices of the path formed by m — 2 vertices n times.

To power dominate nm vertices in the circumstances of L(<J,, ,), we have to
assign another n colors for those vertices.

Example 3.3.1. The line graph of Jahangir graph J3 g is presented below

e, )

Corollary 3.3.2. For m = 2 and n > 3, the PDC number of line graph of
Jahangir graph Jp, ,, Xpd(L(Jm,n)) = n.

Proof. The value of m =2 gives there are only n vertices in the

circumstances of L(<J,, ,) which are adjacent with the clique which is

mentioned in the theorem 3.3. So n different colors are enough to power
dominate L(J,, ,).

Theorem 3.4. For any m > 2, n > 3, the PDC number of total graph of
Jahangir graph J, ,,

n .
— + 2, niseven

1pd(T (T n)) = {3,1% 9

-l+ 2, nisodd.

Proof. Let V(J,, ,) =mn+1 and E(J,, ,)=n(m +1). From the total
graph definition V(T(J, ,)) = E(J,, ,) and two vertices in T(J,, ,) are
adjacent if and only if corresponding elements in 7'(<J mn) are either adjacent
or incident in J,, ,. In T(Jp, ), vy be the middle vertex. The vertices

e, eg, €3, ..., €, and vy are adjacent to each other and the vertices
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Ul Umtls U2ms1s -5 Um(n-1)+1 are also adjacent with wvy. Assign colors
C;(1<i<n+1) to the vertices e, ey, €3, ..., e, and v, which will power
dominate each other and power dominate the vertices
UL Umtls U2mals oo Um(n—1)+1 also.

The outer layer of the total graph of J,, ,, contains n sides having 2nm

number of vertices. Every vertex between each pair of U1 Uma1s

U2m+1s -5 Um(n—1)+1 Will power dominates at least one of the vertex in the
. . n
pair. So we have to assign another ) colors for vy, Vo415 Vamtts -+ Um(n—2)

when n 1is even. Otherwise we have to assign [5—‘ colors for
Ul U2m+1> Udm+1s -++» Um(n—2) When n is odd.

Example 3.4.1. The Total graph of Jahangir graph /5 5 is presented

below

The color classes of T'(Jg 5) is

Gy = (e}, e3, vg, vg}, Co = ey, e, Uy, €, eg}, C3 = {5, vy, V7, ey},
Cy = ey, e, V1g}, C5 = {5, U3, €5, €7, ejp}, Cg = v}, C7 = {v1}, Cg = {vs},
Cy = {vg}.

Conclusion

In this paper, we obtained the power dominator chromatic number of
Jahangir graph and power dominator chromatic numbers of middle, line and
total graph of Jahangir graph. This paper can be extended to identify the
graph families for which dominator and power dominator chromatic numbers
are equal.
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