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Abstract

In this paper we establish the relation between strong arc domination number and global
domination number (new approach) of some standard graphs using strong arcs. Global edge
domination number using strong arc is defined and Global edge domination number of some
standard graphs are discussed. Also various new kinds of global edge domination number using

strong arc is introduced and some results are discussed.

1. Introduction

Fuzzy graph is the generalization of the ordinary graph. Therefore it is
natural that though fuzzy graph inherits many properties similar to those of
ordinary graph, it deviates at many places. The earliest idea of dominating
sets date back to the origin of game of chess in India over 400 years ago in
which placing the minimum number of chess piece (such as Queen, Knight

etc.,) over chess board so as to dominate all the squares of chess board was
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investigated. The formal mathematical definition of domination was given by
Ore. O in 1962. In 1975 A. Rosenfeld introduced the notion of fuzzy graph and
several analogs of theoretic concepts such path, cycle and connected.

A. Somasundaram and S. Somasundaram discussed the domination in
fuzzy graph using effective arc. C. Y. Ponnappan and V. Senthil Kumar
discussed the domination in fuzzy graph using strong arc. C. Y. Ponnappan,
S. Basheer Ahamed and P. Surulinathan discussed about edge domination
number using effective edges. Also C. Y. Ponnappan and S. Basheer Ahamed
dicussed about various new kinds of edge domination number using effective
edges. Here Global edge domination number using strong arc is discussed.
Also various kinds of Global edge domination number using strong arcs are
discussed. Before introducing global edge domination in fuzzy graphs using
strong arcs, we are placed few preliminary definitions and results for new
one.

2. Preliminaries

Domination in Fuzzy Graph Using Strong Arc
Definition 2.1. An arc (u, v) of the fuzzy graph G(o, p) is called a strong

arc if w(w, v) = p®(u, v) else arc (u,v) is called non strong. Strong

neighborhood of u € V is Ns(u) = {v € V : arc (u, v) is strong}.

Ns[u] = Ns(u)U{u} is the closed neighborhood of w. The minimum
cardinality of strong neighborhood 8s(G) = min{ Ns(v)|: u € V(G)}.
Maximum cardinality of strong neighborhood As(G) = max{| Ns(u)|
tu e V(G)}.

Definition 2.2. Let G(o, p) be a fuzzy graph. Let u, v be two nodes of
G(o, n). We say that u dominates v if edge (u, v) is a strong arc. A subset D
of Vis called a dominating set of G(c, n) if for every v € V — D, there exists

u € D such that u dominates v. A dominating set D is called a minimal
dominating set if no proper subset of D is a dominating set. The minimum
fuzzy cardinality taken over all dominating sets of a graph G is called the
strong arc dominating number and is denoted by 7y,(G) and the
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corresponding set is called minimum strong arc dominating set. The number

of elements in the minimum strong arc dominating set is denoted by

nly4(G)].

3. Global Domination in Fuzzy Graph Using Strong Arc

Definition 3.1. Let G(o, p) be a fuzzy graph. Let u, v be two nodes of
G(o, n). We say that u dominates v if edge (u, v) is a strong arc. A subset D
of Vis called a dominating set of G(c, n) if for every v € V — D, there exists

u € D such that u dominates v. A dominating set D is called a minimal
dominating set if no proper subset of D is a dominating set. The minimum
fuzzy cardinality taken over all dominating sets of a graph G is called the

strong arc dominating number and is denoted by y,(G) and the

corresponding set is called minimum strong arc dominating set. The number
of elements in the minimum strong arc dominating set is denoted by

n[y4(G)]. The minimum fuzzy cardinality taken over all dominating sets of a
graph G, where G is the complement of the fuzzy graph G, is called the
strong arc dominating number of G and is denoted by y,(G) and the

corresponding set is called the minimum strong arc dominating set of G. The
number of elements in the minimum strong arc dominating set is denoted by

n[y4(G)]. Fuzzy Global Dominating set using strong arc is the set which is

the corresponding dominating set of min{y,(G), vs(G)} and is denoted by

Y gS(G). The number of elements of fuzzy global dominating set using strong

is denoted by n[y4(G)].
Note. Here we consider the fuzzy graphs with non effective edges.

Definition 3.2. If n[y4(G)] = n[ys(G)] and G and G have different

dominating sets then the domination is called Semi Perfect Fuzzy Global
Domination using strong arc and the cardinality of the corresponding

dominating set is denoted by v, gdG).

Definition 3.3. If the minimum dominating set D of G which is the

dominating set of both G and G using strong arc is called Fuzzy Perfect
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Global Dominating Set of G using strong arc and the cardinality of D is
denoted by v, 45(G).

4. Global Edge Domination in Fuzzy Graph using Strong Arc

Definition 4.1. Let G be a fuzzy graph. A subset D,'(G) of E (E is edge

set of G) is said to be an edge dominating set of G using strong arc if for every
edge in E — D,'(G) is adjacent to at least one strong arc in D,'(G). The

minimum fuzzy cardinality of an edge dominating set of G is called the edge

domination umber of G using strong arc and is denoted by y,'(G). Similarly

vs' (G) is the edge domination number of G using strong arc. Then the global

edge domination of G using strong arc y4s'(G) is the minimum of v4'(G) and
'Ys'(G)- (ie.) Ygs' (G) = min{YS' (G), Ys' (G)}

Example 4.2. Consider the graph G with vertices uy, ug, us, uy such
that  o(yy) = 0.3, o(uy) = 0.4, o(ug), 0.5, o(uy) = 0.4 and the edges
e,i=1234 such that p(e)=p(w, ug)= 0.1, plex) = p(ug, uz) = 0.2,
wes) = w(ug, uy) = 0.2, pey) = n(iy, ug) = 0.1. Here D,'(G) = {e;, ¢4} and
vs'(G) = 0.2.

Then G is the graph having the same vertices with the edges
,1=1234,56 such that p(e)=p(u, ug)= 02 uley) = p(ug, us)
= 0.2, p(eg) = nluz, ug) = 0.2, pey) = p(uy, ug) = 0.2, ules) = n(uy, ug) = 0.3,
u(eg) = n(ug, uy) = 0.4.

In G all arcs are strong arcs, D,'(G)={e;, e;} and y,'(G)= 0.4,
Ygs' (G) = min{0.2, 0.4} = 0.2.

Theorem 4.3. If G is a strong complete fuzzy graph K,, then

nlygs' (G)] = L%J’ where n is the number of vertices.

Theorem 4.4. If G is a fuzzy path FB,, then n[yz'(G)] = [nz—lJ’ where

n is the number of vertices.
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Theorem 4.5. Let G be a fuzzy cycle C, with strong arcs, then

nlygs' (G)] = {%—l, where n is the number of vertices.

Proof. Let G = C, be a fuzzy cycle, then n[yg'(G)]= {%—‘ G is a
complete fuzzy graph not necessarily all arcs as strong arcs.

sonfygs (G)] = L%J, where n is the number of vertices. Therefore

n[vs' (G)] < nlygs' (G)]. - 75" (G) < 15" (G), Ygs' (G) = min{y,' (G), v¢' (G)}

= 1/ (G). (i) 1 (G) = 7' (G). Therefore nfy,, (G)] = nl1,' (@) =| 5 |
Theorem 4.6. For any fuzzy graph with strong arcs without isolated

edges, v¢'(G) < %, where q = Zu(ei).

Proof. Let G be a fuzzy graph with strong arcs with ‘n’ number of
vertices. - G has at most ncy edges. Then D,'(G) be the edge dominating set

of G using strong arcs and D,'(G) has at most L%J edges. ~ The fuzzy edge

domination number of G using strong arc is at most % L v6'(G) € %

Corollary 4.7. Let G be a fuzzy graph such that G and G have no
isolated edges. Then v,'(G)+v4' (G) < q, q = Zu(ei), e; € G.

Theorem 4.8. Let G = K; ,, be a fuzzy graph with strong arcs. Then
Yes' (G) = v5'(G) and nlygs' (G)] = 1.

Proof. Let G = K; ,, be a fuzzy graph with all arcs as strong arcs. Then
vs'(G) = min{u(e;), i =1, 2,3, ..., m. . nly,' (G)] =1. For G = Ky ,,, G will

be a fuzzy complete graph with (m +1) vertices, not necessarily all arcs are

strong arcs. .. n[y,' (G)] = {m; 1J. 27" (G) > v4' (G).

Therefore 74 (G) = min{y,' (@), 74 (G)} = v,'(G) and nly,, (@) = 1.
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Results 4.9. Let G be a fuzzy graph with all edges as strong arcs.

Result 4.9.1. G = P, x Py n[y,'(G)] = 2; nfys' (G)] = 2, nyg (G)] = 2
Result 4.9.2. G = P, x Py nfv'(G)] = 2 nly' (G)] = 4, ny,' (G)] = 2
Result 4.9.3. G = P, x Py nfy,'(G)] = 3; nlys' (G)] = 4, nlygs' (G)] = 3
Result 4.9.4. G = Dg nly'(G)] = 2; n[v,'(G)] = 2, nlyg' (G)] = 2
Result 4.9.5. G = Dy ny,'(G)] = 3; n[vs' (G)] =3, n[yg'(G)] =3
Result 4.9.6. G = D 3 nly,'(G)] = 4; n[y,'(G)] = 4, nlyg'(G)] = 4
Result 4.9.7. G = D 3 n[y,' (G)] = n; n[ys' (G)] = n, nlyg'(G)] = n
Result 4.9.8. G = W3 n[v,'(G)] = 2 nlys' (G)] = 2, nlyg' (G)] = 2
Result 4.9.9. G = W, n[y,' (G)] = 2 nlys' (G)] = 2, nlvg' (G)] = 2
Result 4.9.10. G = W; n[y,' (G)] = 2; nlvs'(G)] = 3, [y, (G)] = 2
Result 4.9.11. G = W n[y,'(G)] = 3; n[vs' (G)] = 3, nfv4' (G)] = 2
Result 4.9.12. G = W; ny,' (G)] = 3; n[y'(G)] = 4, nly, (G)] = 3

Result 4.9.13. G = Shy n[y,'(G)] = 1; n[y,' (G)] = 2, nlygs' (G)] can’t be
predicted.

Result 4.9.14. G = Shy n[y,'(G)] = 2 n[ys'(G)] = 2, n[vgs' (G)] can’t be
predicted.

Result 4.9.15. G = Shg n[y,' (G)] = 2 nlys'(G)] = 3, n[ygs' (G)] can’t be
predicted.

5. Fuzzy Global Non Split Edge Domination Number by Strong Arc

Definition 5.1. An edge dominating set D, ' (G) of a fuzzy graph G is a
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fuzzy non split dominating set of G using strong arc if the induced subgraph
(E — D, (G)) is connected. The non split edge domination number v,,.' (G)

is the minimum fuzzy cardinality of a non split edge dominating set of G.

Similarly 7, (G) is the minimum fuzzy cardinality of a non split edge

dominating set of G using strong arcs. Then fuzzy global nonsplit edge

domination number g5 (G) of G is the minimum of v, (G) and Ynss' (G)
(ie.) anss' (G) = min{Ynssl (G)7 Ynss' (5)}

Example 5.2. Consider the graph G with vertices u;, ug, us, uy such
that o) = 0.5, o(ug) = 0.3, o(ug), 0.4, o(uy) = 0.3 and the edges e¢;, i =1,
2,3,4 such that p(e) =y, ug)=0.2 (e = Wy, uy) = 0.2, p(es)
= Wug, uz) = 0.1, pley) = Wug, ug) = 0.1.

Here D' (G) = {637 e4}’ Ynss (G) = 0.2, <E = Dyss’ (G)> = {el’ 62} is
connected.

Then G is the graph having the same vertices with the edges
¢,1=1234,56 such that p(e)=p(, uy)=0.1 uley) =, u)

= 0.1, p(es) = p(ug, ug) = 0.2, pley) = W(ug, uy) = 0.2, p(es) = Wug, ug) = 0.3
and p(eg) = Wy, ug) = 0.4; ¢, ey are non strong arcs.

Here Dnss'(G) = {63’ 64}, Ynss'(a) = 0.4, <E - Dnss’(a» = {6‘1, €2, €5, 66}
is connected. Therefore yg,s (G) = min{y,' (G), Ynss (G)} = 0.2, And
n['anssv (G)] =2.

Result 5.3. Fuzzy global non split edge domination number using strong
arc does not exist for FP,, (n > 5).

Result 5.4. For any fuzzy graph G, yg,s (G) < q(q = Zu(u, v)).

Result 5.5. For complete fuzzy graph K3 with all arcs as strong arcs,
n[anss' G)] =1
For complete fuzzy graphs Kj, K5 with all arcs as strong arcs,

n['anss’ (G)] =2.
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Result 5.6. For fuzzy cycles FC,(n > 4), fuzzy global non split edge
dominating set using strong arc does not exist.

Proof. Case (i) Let G = FC,, (n > 4) be a fuzzy cycle with all arcs as

strong arcs. G has at least five edges. With one edge, two edges are incident.
In the remaining two edges if we select one of the edge, then we get the edge

dominating set D.

But (E — D) will not be connected. Therefore non split edge dominating

set does not exists.

Case (i1) If we select two consecutive edges first, then two edges will be
dominated by those edges. Remaining one edge also be taken in the
dominating set. But (E — D) will be disconnected. Hence the result.

Result 5.7. For G=D s, nYnss' (G)] = 15 nfy,s' (G)] = n,
n[anss' (G)] = n.
Proof. Let G = D 5. Then Avnss (G)] = n. G is a graph with (2n +1)

vertices and G will be a complete graph not necessarily all the arcs as strong

ares. Then  nlygy (G)] = | 255 =l (G = nltneg (@) = .

Therefore n[y,. (G)] = n.

Result 5.8. For W, with all arcs as strong arcs, n[y,ss (G)]
= n[Ynss' ((_;)] = n[anss' (G)] =2.

6. Fuzzy Global Connected Edge Domination Number Using Strong
Arc

Definition 6.1. Let G be a fuzzy graph. An edge dominating set D,.'(G)

of a fuzzy graph G using strong arc is a connected edge dominating set with

(D' (G)) is connected. The connected edge domination number v.'(G) of G
is the minimum fuzzy cardinality of connected edge dominating set using

strong arc of G. Similarly D,'(G) is a connected edge dominating set of G
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using strong arc. The connected edge domination number y.'(G) of G is the
minimum fuzzy cardinality of connected edge dominating set using strong arc
of G. Then fuzzy global connected edge domination number using strong
arc  Yges' (G) of G is the minimum of y.'(G) and yg'(G)
= min{ye'(G), ves' (G}

Result 6.2. For a strong complete fuzzy graph K,(n > 4), a connected
edge dominating set using strong arcs may exist but it need not be the
minimal dominating set.

Example 6.3. Consider the graph G with vertices g, ug, us, uy such
that o(y;) = 0.5, o(ug) = 0.2, o(ug), 0.4, o(uy) = 0.2 and the edges e;, i =1,
2,3,4 such that p(e)=p(y, uy)=0.1, u(ey) = W(ug, ug) = 0.1, p(es)
= w(ug, uy) = 0.1, pleg) = Wy, ug) = 0.3. Here D.'(G) ={ex} and v.'(G)
=0.1.

Then G is the graph having the same vertices with the edges
e, i =1,2 3 4,5, 6 such that that u(e)) = Wy, uy) = 0.2, u(ey) = n(ug, ug)
= 0.2, u(ez) = p(uz, ug) = 0.1, pey) = uay, ug) = 0.2, ples) = u(y, uz) = 0.1,
n(eg) = plug, ug) = 0.2.

In (G) the arcs (u,us) and (us, uy) are non strong arcs.

D'(G) = {ey, ey} and v, (G) = 0.4. .~ Yges (G) = 0.1 and n[yg.' (G)] = 1.

Result 6.4. v.'(G) + 7o' (G) < ¢ + ¢ where g = Zuueé w(wv)

7. Fuzzy Global Inverse Edge Domination Number Using Strong Arc

Definition 7.1. Let G be a fuzzy graph. A subset D,' of E is a minimal
edge dominating set of G using strong arc if E — D,' contains an edge
dominatingset D' using strong arc, then D' is called an inverse edge
dominating set of G with respect to D,'. The minimum fuzzy cardinality
taken over all inverse edge dominating set of G is called the Fuzzy inverse

edge domination number of G and is denoted by y;¢' (G). Similarly y;5'(G) is
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the fuzzy inverse edge domination number of G. Then the fuzzy global

inverse edge domination number using strong arc y,;s' (G) is defined as the
minimum of 'Yis' (G) and y;' ((_;) ygis' (G) = min{Yis' (G)a Yis'(é)}'

Example 7.2. Consider the graph G with vertices w4, ug, us such that
o(iy) = 0.3, o(ug) = 0.4, o(ug), 0.5 and the edges e, i=1,2 3 such that
uer) = W, ug) = 0.2, pleg) = w(ug, uz) = 0.2, peg) = W(ug, ug) = 0.3

Here  Dy'(G) = {ei}, E - D;'(G) = {eg, e3}, D;s' (G) = {ea}, 15'(G) = 0.2,
n[Yis' (G)] =1

Then G is the graph having the same vertices with the edges
€i» 1 =1, 2, 3 such that H(e1) = l”l(ub u2) =0.1, M(QZ) = u(u2, u3) =0.1, lvl(e3)
= W(ug, ug) = 0.1

Here Dy (G) = {ei}, E - Dy (G) = {ey, e3}, Di'(G) = {ea}. - 15" (G)
= 0.1 1y (G)] =1, Ygis (G) = min{0.2, 0.1} = 0.1 and n[y;s(G)] = 1.

Result 7.3. If G is a strong complete fuzzy graph K, then

nlyqis (G)] = L%J, where n is the number of vertices.

Result 7.4. For any fuzzy graph, v,'(G) < v;,'(G).
Result 7.5. For any fuzzy graph G, n[y,'(G)] = n[y;s' (G)].

Theorem 7.6. Let G = K ,, be a fuzzy graph with all arcs as strong
arcs. Then v45' (G) = v;5'(G) and n[y g (G)] = 1.

Proof. Let G = K; ,, be a fuzzy graph with all arcs as strong arcs.

Then v'(G) = min{u(e;)}, i =1, 2, 3, ..., m {sayp(e;)}. - n[ys'(G)] = 1
Now v;4(G) = min{p(e;)}, i =1,2,8,..., j—1L j+1,..., m

Therefore v;,'(G) > y4'(G) and n[y;,' (G)] = 1.

Now G will be a fuzzy complete graph with (m +1) vertices, not
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necessarily all arcs as strong arcs. .. n[ys'(ﬁ)]={m2+ 1J. = onfyis (G

m+1
1"

Also Yis' (G) 2 v (G) Therefore "/gis' (G) = Yis (G) And n[Ygis’ (G)]
= nly;s' (G)] = 1.

Theorem 7.7. Let G be a fuzzy path FP, with strong arcs. Then

nlygis (G)] = Ln ; lJ, where n is the number of vertices.

Proof. Let G be a fuzzy path FP, with strong arcs. Then
n[ys' (G)] = nly;s (G)] = [nT—lJ and G will be a strong complete fuzzy graph

with n vertices.

Therefore nfy,'(G)] = L%J = nfys (G)] = L%J And Ln 2_ 1J < L%J

by @)= | "5t
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