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Abstract 

We explore a modern class of generalization of closed sets called nano -generalized star 

semi-closed (briefly. -sgN  closed) sets in nano topological spaces in this paper and also its 

basic properties are analysed. Besides the view for -sgN  continuous functions and 

-sgN  irresolute functions are also initiated and their properties are examined. Also, distinct 

illustrations are rendered to interpret the behavior of new sets. 

1. Introduction 

Earlier in 1968, Velicko [19] raised the thought of -closed sets and 

Levine [7] instigated the idea of generalized closed sets as a generalization of 

closed sets in topological spaces. Recently Sathishmohan et al [16] have 

initiated the concept of -sg closed sets in topological spaces. The notation of 

nano topology was commenced by Lellis Thivagar [5]. Sathishmohan et al [17] 

explored the idea of nano - closed set and Rajendran [13] raised the new 

class of nano set called -sg closed set. Besides we initiate a new class of sets 

called -sgN  closed set in nano topological spaces and also, further we 

analyse the basic properties and characterizations in this paper. 
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2. Preliminaries 

In this segment, we recall some known definitions which has initiated by 

various research persons, i.e., Definitions of Apprximationa space [11], nano 

topology [5], some open sets [5, 15], generalized nano closed sets, nano 

- closed sets, [1, 2, 4, 8, 13, 14, 17] and their continuous functions [2, 3, 6, 9, 

10, 12, 14, 18] and -sg closed set [16]. Further, we denote the closed as cld 

and open as open. 

3. Nano -sg closed Sets 

In this segment, we initiate and analyse the thought of -sg closed sets 

via nano topological spaces and brought its basic properties. 

Definition 3.1. A point x of a space   XRU ,  is called nano semi         

-cluster point of A if   ,6 VNsclA   for every nano semi-open V 

containing x. 

The set of all nano semi -cluster points of A is called nano semi -closure 

of A and is denoted by  .ANscl   Hence, a subset A is called nano semi -cld 

if   .AANscl   The complement of a nano semi -cld is called nano semi   

-open. 

Definition 3.2. A subset G of a nano topological space   XRU ,   is 

called nano -generalized star semi-cld (briefly -sgN   cld) if   DGNscl   

whenever DG   and D is nano g-open. The complement of -sgN  cld is 

called -sgN  open. 

Example 3.3. Let  ponmU ,,,  with       0,,, npnRU   and 

 ., pmX   Then         ompompUXR ,,,,,,,   which are nano 

opens. 

The nano       .,,,,,,, pnonmnUcld   

The nano               .,,,,,,,,,,,,,,,,- ponpnmonmpnonnmnUcldg   

The nano  .,-  Ucld  
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The nano semi           .,,,,,,,,,,- onmpnompnUcld   The nano 

                ,,,,,,,,,,,,,,,,,,- pnmonmpnonomnmpnUcldsg    

 .,, pon  

Theorem 3.4. If a nano cld set G in   ,, XRU   then G is -sgN  cld set.  

Proof. Let a nano cld set G of U and DDG ,  is Ng-open in U. Since G 

is nano cld,   .DGGNcl   In addition,     DGNclGNscl   where D 

is Ng-open in U. Consequently G is a nano -sg cld. 

Theorem 3.5. If a nano generalized cld set G in   ,, XRU   then G is 

-sgN  cld set. 

Proof: Let G be Ng-cld set, then   DANcl   whenever DDG ,  is 

nano open in U. As every nano open is Ng-open and    GNclGNscl   

which indicate that   DDGDGNscl ,,   is Ng-open in U. Hence G is 

-sgN  cld set. 

Theorem 3.6. If a nano regular cld set G in   ,, XRU   then G is 

-sgN  cld set. 

Proof. Let G be nano regular cld set, then  .ANrclA   As every Nropn 

is Ng-opn. Therefore     DGNrclGNscl   then   ,DGNscl   whenever 

D is nano g-open. Thus every nano r-cld set is -sgN  cld set. 

Remark 3.7. Reverse part of the above theorems is not true from the 

below illustrations. 

Example 3.8. Let  ponmU ,,,  with       ompnRU ,,,  and 

 ., pmX   Then         .,,,,,,, ompompUXR   Let    pomDpA ,,,   

whenever DDA ,  is Ng-open. Now     .DpGNscl   

Hence  pA   is -sgN  cld set. But     ., DpnANcl


  However the 

subset  pA   is not a nano cld set. Thus every -sgN  cld set need not to be 

a nano cld set. 
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Example 3.9. Let  ponmU ,,,  with       ompnRU ,,,  and 

 ., poX   Then         .,,,,,,, pnponoUXR   Let  ,oA   

 ponD ,,  whenever DDA ,  is Ng-open. Now     .DoANscl   

Hence  oA   is -sgN  cld set. But      ., DomANcl


  However the 

subset  oA   is not Ng-cld set. Thus every -sgN  cld set need not to be a 

Ng-cld set. 

Example 3.10. Let  ponmU ,,,  with       pmonRU ,,,  and 

 ., pnX   Then         .,,,,,,, onponpUXR   Let  ,pA   

 poD ,  whenever DDA ,  is Ng-open. Now     .DpANscl   Hence 

 pA   is -sgN  cld. But     ., DpmANrcl


  Hence the subset  pA   is 

not Nr-cld. Hence every -sgN  cld set need not to be a Nr-cld set. 

Theorem 3.11. In a space   ,, XRU   the following holds, 

(1) Every nano semi--cld set is -sgN  cld set. 

(2) Every -Ng cld set is -sgN  cld set. 

(3) Every Ng-cld set is -sgN  cld set. 

(4) Every Ng-cld set is -sgN  cld set. 

Reverse of the implications need not be true as seen from the following 

examples. 

Example 3.12. Let  ponmU ,,,  with       onpmRU ,,,  and 

 ., omX   Then         .,,,,,,, pmpomoUXR   Let  ., nmC   

Then C is -sgN  cld but not nano semi--cld. 

Example 3.13. Let  ponmU ,,,  with       ompnRU ,,,  and 

 ., pmX   Then         .,,,,,,, pnpnmmUXR   Let  pnC ,  

Then C is -sgN  cld but not Ng-cld, Ng-cld and Ng-cld. 

Theorem 3.14. If a -sgN  cld set G in   ,, XRU   then G is nano 

generalized semi cld set. 
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Proof. Let G be -sg cld set. Let DG   and D be nano open in U. Then 

    .DGNsclGNscl   Hence G is a Ngs-cld set. 

Example 3.15. Let  ponmU ,,,  with       pnomRU ,,,  and 

 ., omX   Then         .,,,,,,, omonmnUXR   Let  .oC   Then C 

is Ngs-cld set but not -sgN  cld set. 

Theorem 3.16. In a space   ,, XRU   the following hold 

(1) Every -sgN  cld set is N-cld set. 

(2) Every -sgN  cld set is Nsg-cld set. 

(3) Every -sgN  cld set is -pgN  cld set. 

Reverse of the implications need not be true as seen from the following 

example. 

Example 3.17. Let  ponmU ,,,  with       pnomRU ,,, U/R = 

      pnom ,,,  and  ., omX   Then         .,,,,,,, omonmnUXR   

Let  .mC   Then C is N-cld set, Nsg-cld set and -pgN  cld set but not 

-sgN  cld set. 

Theorem 3.18. The union of any two -sgN  clds in   ,, XRU   is also a 

-sgN  clds in   ., XRU   

Proof. Let P and Q be any two -sgN  cld sets in   ., XRU   Let D be a 

Ng-open in U such that DP   and .DQ   Then we have .DQP   P 

and Q are -sgN  cld sets in      DPNsclXRU  ,,  and   .DQNscl   

Now       .DQNsclPNsclQPNscl    Thus we have 

  DQPNscl    whenever   DDQP ,  is Ng-opn in U. This implies 

 QP   is a -sgN  cld set in   ., XRU   

Remark 3.19. In general intersection of two -sgN  clds need not be 

-sgN  cld in general from the below illustrations. 
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Example 3.20. Let  ponmU ,,,  with       ponmRU ,,,  and 

 ., pmX   Then         .,,,,,,, nmpnmpUXR   The subsets  nm,  

and  om,  are -sgN  cld but their intersection      momnm ,,   is not 

-sgN  cld in U. 

Theorem 3.21. Let P be a -sgN  cld subset if   ., XRU   If 

 ,PNsclQP   then Q is also a -sgN  cld subset of   ., XRU   

Proof. Let D be a Ng-open of a -sgN  cld subset of  XR  such that 

.DQ   As ,QP   we have .DP   As P is a -sgN  cld,   .DPNscl   

Given  ,PNsclQ   we have    .PNsclQNscl   As    PNsclQNscl   

and   ,DPNscl   we have   DQNscl   whenever DQ   and D is Ng-

open. Hence Q is also a -sgN  cld subset of  .XR  

Theorem 3.22. A subset P is -sgN  cld if and only if   PPNscl   

contains no non-empty Ng-cld. 

Proof. Necessity: Let F be a Ng-cld subset of   .PPNscl   Then 

FUP   where P is -sgN  cld and FU   is Ng-open. Since P is 

 ,PNscl  then   FUPNscl   that is  .PNsclUF   Since by 

assumption  PNsclF   then       . PNsclPNsclUF   This 

proves that F is empty. 

Sufficiency: Suppose that DP   and D is Ng-open. If   ,DPNscl   

then      DUPNclDUPNscl    is non-empty Ng-cld subset of 

  .PPNscl   

Remark 3.23. For a subset G of a nano topological space   XRU ,   

(1)    GUNsclGtSN  sin  

(2)    .sin GUtNGSNscl    

Theorem 3.24. A subset UG   is -sgN  open iff  GtNF  sin  

whenever F is a Ng-cld and .GF   
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Proof. Necessity: Let G be a -sgN  open and suppose ,GF   where F 

is Ng-cld. Then GU   is -sgN  cld contained in Ng-opn of .FU   Hence 

   FUGUNscl   and   .sin FUGtNU    Thus 

 .sin GtNF   Sufficiency: If F is Ng-cld with  GtNF  sin  and 

.GF   Then   .sin FUGtNU    Thus   .FIGUNscl   Hence 

GU   is a -sgN  cld and G is -sgN  open. 

Theorem 3.25. If   PQPtN sin  and if P is -sgN  open, then Q 

is -sgN  open. 

Proof. Let   ,sin PQPtN   then  ,ccc PNsclQP   where cP  

is -sgN  cld and hence cQ  is -sgN  cld by Remark 3.20. Therefore Q is 

-sgN  open. 

4. -sgN  Continuous Functions and -sgN  Irresolute Functions 

In this segment, we establish the idea of -sgN  continuous functions and 

-sgN  irresolute functions in nano topological spaces and also its revised 

properties are given. 

Definition 4.1. Let   XRU ,  and   YV R0,   be a nano topological 

spaces. Then the function      YVXRUk R0,,:   is said to be 

-sgN  continuous function (denoted by -sgN  cnts) on U, if the inverse 

image of every nano cld in V is -sgN  cld in U. 

Example 4.2. Let  ponmVU ,,,  with       ponmRU ,,,  and 

 ., pmX  Then         .,,,,,,, nmpnmpUXR  Let       pnomRV ,,,0   

and  ., pmY   Then     ,,,0 pUY
R

     .,,,, ompom  Define 

     YXUk RR 0,:   as         kppknokonkmmk  ,,,  is 

-sgN  cnts. 
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Theorem 4.3. A function      ,0,: YXUk RR   then the following 

holds 

(1) If k is nano cnts then it is -sgN  cnts. 

(2) If k is Ng-cnts then it is -sgN  cnts. 

(3) If k is Nr-cnts then it is -sgN  cnts. 

(4) If k is Ng-cnts then it is -sgN  cnts. 

(5) If k is Ng-cnts then it is -sgN  cnts. 

(6) If k is -gN cnts then it is -sgN  cnts. 

Proof. (1) Let      YXUk RR 0,:   be nano cnts and B be a nano 

cld in V. Then  Bk 1  is nano cld in U. Since every nano cld is -sgN  cld. 

Therefore  Bk 1  is -sgN  cld. 

The proof of (2) to (6) is as follows from (1). 

Examples given below shows that the converse part for the above 

theorem need not be true in general. 

Example 4.4. Let  ponmVU ,,,  with       onpmRU ,,,  

and  ., omX   Then         .,,,,,,, pmpomoUXR   Let 

      pmonRV ,,,0   and  ., pnY   Then     ,,,0 pUY
R

  

   .,,,, onpon  Define      YXUk RR 0,:   as     ,, mnknmk   

    ., ppkook   Then k is -sgN  cnts. But    pnpmk ,,1   is not nano 

cld. So k is not nano-cnts. 

Example 4.5. Let  ponmVU ,,,  with       popmRU ,,,  

and  ., pmX   Then         .,,,,,,, nmpnmpUXR   Let 

      pnomRV ,,,0   and  ., pmY   Then     ,,,0 pUY
R

  

   .,,,, ompom  Define      YXUk RR 0,:   as     ,0,  nkmmk  
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    .,0 ppknk   Then k is -sgN  cnts. But    nmomk ,,1   is not Ng-

cld. So k is not Ng-cnts. 

Example 4.6. Let  ponmVU ,,,  with       nmpoRU ,,,  

and  ., pmX   Then         .,,,,,,, popommUXR   Let 

      ompnRV ,,,0   and  ., pmY   Then    .,,,, pnpnm  

    ,,,0 mUY
R

  Define      YXUk RR 0,:   as     ,, onknmk   

    ., ppkmok   Then k is -sgN  cnts. But    onomk ,,1   is not Nr-cld. 

So k is not Nr-cnts. 

Theorem 4.7. A function      ,0,: YXUk RR   then the following 

holds 

(1) Every -sgN  cnts function is Ngs-cnts. 

(2) Every -sgN  cnts function is N-cnts. 

(3) Every -sgN  cnts function is Nsg-cnts. 

(4) Every -sgN  cnts function is -sgN  cnts. 

Example 4.8. Let  ponmVU ,,,  with       pmonRU ,,,  

and  ., pnX   Then         .,,,,,,, onponpUXR   Let 

      ponmRV ,,,0   and  ., pmY   Then     ,,,0 pUY
R

  

   .,,,, nmpnm  Define      YXUk RR 0,:   as     ,, pnkmmk   

    ., npkook   Then k is Ngs-cnts N-cnts, Nsg-cnts and -pgN   cnts. But 

   ook 1 k−1{o} = {o} is not -sgN  cld. So k is not -sgN  cnts. 

Remark 4.9. The composition of two -sgN  cnts functions is again a 

-sgN  cnts as shown in the below illustration. 

Example 4.10. Let         nmpoRUponmWVU ,,,,,,,   

and  ., onX   Then         .,,,,,,, poponnUXR   Let 

      pnomRV ,,,0   and  ., omY   Then     ,,,0 nUY
R

  
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   .,,,, omonm  Let       ompnRW ,,,00   and  ., poZ   Then 

        .,,,,,,,00 pnponoUZ
R

  Define      YXUk RR 0,:   as 

        .,,, mpkooknnkpmk  Defin      ZWYVq RR 00,0,:   

as         .,,, mpqooqnnqpmq   Since  pnm ,,  is cld in 

  .00, ZW R  Since           pnmkpnmqkpnmkq ,,,,,, 11110 
  

 pnm ,,  which is -sgN  cld in U. Hence qk   is -sgN  cnts. 

Theorem 4.11. A function      YXUk RR 0,:   is -sgN  cnts if 

and only if the inverse image of every nano cld in V in -sgN  cld in U. 

Proof. Let k be -sgN  cnts and H be nano cld in V. That is GV   is 

nano opn in V. Since k is -sgN  cnts,  HVk 1  is -sgN  open in U. That 

is      HVkUHkVk   111  is -sgN  opn in U. Hence  Hk 1  is 

-sgN  cld in U, if k is -sgN  cnts on U. 

Conversely, Let the inverse image of every nano cld in V is -sgN  cld in 

U. Let G be a nano opn in V. Then GV   is nano cld is V. Then  GVk 1  is 

-sgN  cld in U. Therefore,  Gk 1  is -sgN  opn in U. Thus the inverse 

image of every nano opn in V in -sgN  opn in U. That is, k is -sgN  cnts in 

U. 

Theorem 4.12. A function      YXUk RR 0,:   is -sgN  cnts if 

and only if      GkNclGsclgNk    for every subset G of U. 

Proof. Let k be -sgN  cnts and .UG   Then   .VAk   Since k is 

-sgN  cnts and   GkNcl  is nano cld in    GkNclkV 1,  is -sgN  cld 

in U. Since            ., 11 GkNclkGkkGkNclGk    Thus 

     .1 GkNclkGsclgN    Therefore,      GkNclGsclgN    for 

every subset G of U. 
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Conversely, Let      GkNclGsclgNf    for every subset G of U. If H 

is nano cld in V, since        HksclgNkUHk 11 ,  

    .1 HNclHkNcl    That is,     .11 HkHksclgN    But 

    .11 HksclgNHk    Thus     .11 HkHksclgN    Therefore 

 Hk 1  is -sgN  cld in U for every nano cld H in V. That is, k in 

-sgN  cnts. 

Definition 4.13. Let   XU R,  and   YV R0,   be a nano topological 

spaces. Then the function      YXUk RR 0,:   is said to be -sgN  ires 

on U, if the inverse image of every -sgN  cld in V is -sgN  cld in U. 

Theorem 4.14. If a function   YV R0,   is -sgN  ires, then it is 

-sgN  nts but not conversely. 

Proof. Let      YXUk RR 0,:   is -sgN  ires function. Then the 

inverse image  Gk 1  of every -sgN  cld G in V is -sgN  cld in U. Since 

every nano cld is -sgN  cld, the inverse image of every nano cld in V is 

-sgN  cld in U whenever the inverse image of every -sgN  cld is 

-sgN  cld. Hence -sgN  ires function is -sgN  cnts. 

The inverse part need not be true from the below illustration. 

Example 4.15. Let  ponmVU ,,,  with       onpmRU ,,,  

and  ., omX   Then         .,,,,,,, pmpomoUXR   Let 

      pmonRV ,,,0   and  ., pnY   Then     ,,,0 pUYR   

   .,,,, pnpon  Define      YXUk RR 0,:   as     ,, mnknmk   

    ., ppkook   Then k is -sgN  cnts since the inverse image of every nano 

cld in V is -sgN  cld in U. But k is not -sgN  ires since    omonk ,,1   

is not -sgN  cld in U even though  on,  is -sgN  cld in V. Hence a 

-sgN  cnts function in not -sgN  ires. 



P. SATHISHMOHAN, V. RAJENDRAN and L. CHINNAPPARAJ 

Advances and Applications in Mathematical Sciences, Volume 18, Issue 11, September 2019 

1554 

Theorem 4.16. Let      YXU RR 0,   and   ZW R 00,   be nano 

topological spaces. If the functions      YXUk RR 0,:   and 

     ZWYVq RR 00,,:   are both -sgN  ires. 

Proof. As the function      ZWYVq RR 00,,:   is -sgN  ires, the 

inverse image  Gq 1  of every -sgN  open G in W is -sgN  open in V. 

Hence  Gq 1  is a -sgN  open in V and      YXUk RR 0,:   being 

-sgN  sires implies that   Gqk 11   is -sgN  opn in U. Thus 

      GqkGkq 111 
  is -sgN  open in U for every -sgN  open  Gq 1  

in V. Hence      ZWXUkq RR 00,,:   is -sgN  ires. 

Theorem 4.17. Let      YVXU RR 0,,,   and   ZW R 00,    be nano 

topological spaces. For any -sgN  ires function      YVXUk RR 0,,,:   

and any -sgN  cnts function      ,00,,,: ZWYVq RR   the composition 

     ZWXUkq RR 00,,,:   is -sgN  cnts. 

Proof. Let G be a nano cld in W. Since the function 

     ZWXVq RR 00,,:   is -sgN  cnts, the inverse image  Gq 1  is 

-sgN  cld in V. Since the function      YVXUk RR 0,,,:   is Nθg∗s-ires, 

the inverse image   Gqk 11   of -sgN  cld  Gq 1  in V is -sgN  cld in U. 

Thus the inverse image    Gkq
1  is -sgN  cld in U for every -sgN  cld 

G in W. Hence the composition      ZWXUkq RR 00,,:   is 

-sgN  cnts. 
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