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Abstract 

A double divisor cordial labeling of a graph  ggg EVG ,  is a bijective function  from gV  

to  gV,,3,2,1   such that each edge „ ab ‟ is given label 1 if    ba  |2  or    ab  |2  

and 0 otherwise, then the number of edges given 0 and 1 differ by a maximum of 1. If gG  

admits a double divisor cordial labeling, then it is said to be a double divisor cordial graph. This 

paper is focused on deriving certain results of high interest on star, bistar, and their related 

graphs under some well-known graph operations for double divisor cordial labeling. 

1. Introduction 

For the last few decades, graph theory has developed at impressive pace. 

By graph  ,, EVG  we mean a relationship between set of nodes/vertices 

represented by V and edges/lines represented by E. Graph labeling means an 

allocation of labels (usually integers) to nodes or edges or both under some 

frame. Graph labeling is a beautiful interference of graph theory and number 

theory. By joining these two fields, it has become one of the powerful tools for 

researchers and software developers. Around 3000 research papers can be 

found in Gallian [4] where different graph labeling techniques are explored. 

We are referring to [5] and [2] for basic terminology of graph theory and 
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number theory, respectively. Before we move to main section, we recall that 

Cahit [3] came out with the idea of cordial labeling. After that new variants 

were introduced with a minor change in the cordial condition. Of all the 

variants, prime cordial [8] and divisor cordial [10] are famous. In the 

literature many variants of divisor cordial labeling can be found. Vishally et 

al. [7] defined double divisor cordial labeling and established the same for 

some well-known graphs. An in-depth look of divisor cordial labeling can be 

found in [6]. Throughout this article, we use DCL, DDCL, DCG and DDCG 

notations for divisor cordial labeling, double divisor cordial labeling, divisor 

cordial graph and double divisor cordial graph, respectively. 

Definition 1 [10]. A DCL of gG  is a bijective map 

 gg VV ,,3,2,1:   such that each edge „ ab ‟ is marked with label 1 

if    ba  |  or    ab  |  and 0 otherwise; then     ,110 


ee  where 

 0


e  and  1


e  represent the number of edges having labels 0 and 1, 

respectively. If gG  permits a DCL, then it is called a DCG. 

Definition 2 [7]. A DDCL of gG  is determined by a bijective map  from 

gV  to  gV,,3,2,1   so that each edge “ ab ” is marked 1 if    ba  |2  

or    ab  |2  and 0 otherwise, then the positive difference of lines having 1 

and 0 does not exceed 1, i.e.,     .110 


ee  A graph is named as DDCG 

if it allows a DDCL. 

2. Preliminaries 

In this section, a few star-related graphs for DDCL are investigated using 

various graph algorithms. 

Definition 3 [1]. Let rse   be an edge of .gG  A line e is known as 

subdivided if it is replaced by edges rwe   and .wse   The graph is 

termed barycentric subdivision of ,gG  denoted by  ,gGS  if each edge of gG  

is subdivided. 

Theorem 1.  nKS ,1  admits a DDCL .1 n  



ON DOUBLE DIVISOR CORDIAL LABELING OF STAR … 

Advances and Applications in Mathematical Sciences, Volume 21, Issue 8, June 2022 

4391 

Proof. Let    nixxKV in  1:,0,1  and   nKE ,1  

 .1:,0 nixx i   Let  nKS ,1  be the subdivision of nK ,1  with 

      niyKVKSV inn  1:,1,1   and     niyxKSE in  1:0,1  

 .1: nixy ii   Clearly,    12,1  nKSV n  and    .2,1 nKSE n   

Define a bijective function     12,,2,1: ,1  nKSV n   in the following 

way;         niyyyx ii   2;2,2,1 110  and     ;1 ii yx  

.1 ni   Evidently,     010   ee  which proves that  nKS ,1  is a 

DDCG. 

 

Figure 1. A DDCL of  .6,1KS   

Theorem 2.  nnBS ,  admits a DDCL .1n   

Proof. Let    niyxyxBV iinn  1:,,, 00,  and   nnBE ,  

     .1:1: 0000 yxniyynixx ii    Let  nnBS ,  be the 

subdivision of nnB ,  with         uniyxBVBSV iinnnn   1:,,,   

and           niyynixxnixxBSE iiiinn  1:1:1: 00,  

   .,1: 00 uyuxniyy ii   Clearly,    34,  nBSV nn  and 

   .24,  nBSE nn  Define a bijective function     nnBSV ,:   

 34,,2,1 n  by considering         ,6,2,4,1 100  xyux  

              ;1,2,4,5,8,3 1121   iiii xxnixxyyy  

    ,3;4,1 1 niyyni ii    and     .2;1 niyy ii   

Evidently,     110   ee  which proves that  nnBS ,  is a DDCG. 
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Theorem 3. Subdivision of path and cycle admits a DDCL. 

Proof. The proof follows from the reason that subdivision of path and 

cycle yields path and cycle again, which are DDCG, as proved in [7]. 

Definition 4 [9]. Splitting graph of ,gG  denoted by  gGS  is 

constructed by inserting a new node v  corresponding to every node v of gG  

such that    .vNvN   

Theorem 4.  nKS ,1  permits a DDCL for .2n  

Proof. Let    nixxKV in  1:,0,1  and    nixxKE in  1:0,1  

and let       niuuKVKSV inn  1:,0,1,1   and     nn KEKSE ,1,1   

   .1:1: 00 nixuniux ii    Clearly,    22,1  nKSV n  and 

   .3,1 nKSE n   Consider     22,,2,1: ,1  nKSV n   as follows; 

          nixxxux ii   2;2,4,2,1 1100  and allocate 

unutilized odd labels to .1; niui   Observe that when n is even, 

 
2

3

2
0

nn
ne   and   ,

2

3
1

n
e   and when n is odd,  






 2
0

n
ne  and 

  .
2

1






n

ne  Thus     .110   ee  

Theorem 5.  mnBS ,  permits a DDCL for .2, mn  

Proof. Let  mjniyxyx ji  1,1:,,, 00  and  nixx i 1:0  

   000 1: yxmiyy j   represent respectively the node set and edge set 

of .,mnB  Let  mnBS ,  with       :,,, 00,, jinnnn yxyxBVBSV    

mjni  1,1  and         nixxBEBSE innnn  1:0,,   

       .,1:1:1: 0000000 xyyxmjyymjyynixx jii    

Clearly,   mnBSV ,  422  mn  and    .333,  mnBSE mn  

Define a bijective function     422,,2,1: ,  mnBSV mn   under 

the below mentioned cases. 

Case (i). When .mn   
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Let             nixxxyxx ii   2;4,8,4,2,1 11000   

and   ,0 py   where p is the largest prime .44  n  Assign the unutilized 

even labels to nixi  1;  and odd labels to jy  and ,1; njyi   in any 

order. Observe that                00000 |2,|2,|2,|2 yxxxxxxx iii   

and    ,|2 00 yx   see that   231  ne  and   .130  ne  

Case (ii). When .mn   

Without loss of generality, suppose .mn   Let 21, pp  represents the 

first and second largest prime numbers such that .42212  mnpp  Fix 

              2;4,4,2,1,, 11002010   ixxxxxpypy ii  

such that   422  mnxk  for some .nk   Next allocate the unused even 

labels to 1;  ixi  so that   422  mnxt  for some ,nt   and, to 

unlabeled ,ix  if any. 

Next, assign the unconsumed labels to unlabeled nodes in any fashion. In 

both the cases,     .110   ee  

 

Figure 2. A DDCL of  .4,6BS  

Theorem 6.   nKSS ,1  permits a DDCL for all .1n   

Proof. Let iyx,  and nizi 1,  represent the nodes of  nKS ,1  and 

iyx ,  and nizi  1,  be the additional inserted nodes to construct 

  .,1 nKSS  Clearly,     24,1  nKSSV n  and     .6,1 nKSSE n   

Consider the function      24,,2,1: ,1  nKSSV n   defined by 

          ;14,1;24,1;4,2,1  izniiyniiyxx iii  
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  .1;14,1 niizni i   It follows that     nee 310    proving 

that   nKSS ,1  a DDCG. 

Definition 5 [11].      m
nnn KKK ,1

2
,1

1
,1 ,,,   denotes the graph formed by 

connecting the apex nodes of  1
,1
t
nK  and   ,,1

t
nK  to a newly inserted node 1tr  

where .2 mt   

Theorem 7.    2
,1

1
,1 , nng KKG   admits a DDCL. 

Proof. Let gG  represent the graph formed by joining the apex nodes, 

say, 0x  and 0y  respectively of  1
,1 nK  and   ,2

,1 nK  to a new node, say, w. The 

cardinality of node and edge set of gG  are respectively equal to 32 n  and 

.22 n  Consider a function    32,,2,1:  nGV g   defined as 

    2,10  wx  and   py  0  where p is the largest prime .32  n   

Now allocate all the unused even labels to the pendant nodes of  1
,1 nK  and the 

remaining labels to unlabeled nodes. Consequently,     ,110   ee  

establishing that gG  a DDCG. 

 

Figure 3. A DDCL of     ., 2
4,1

1
4,1 KK  

Theorem 8.      3
,1

2
,1

1
,1 ,, nnng KKKG   permits a DDCL. 

Proof. Let 
       i

n
iii xxxx ,,,, 210   represent the nodes of   ,,1

i
nK  where 

  31;0  ix i
 stands for apex nodes. Let 1r  and 2r  be the newly introduced 

nodes such that 
 1
0x  and 

 2
0x  are adjacent to ,1r  and 

 2
0x  and 

 3
0x  are 
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adjacent to .2r  The cardinality of node and edge set of ,gG  are respectively 

53 n  and .43 n  Consider a function    53,,2,1:  nGV g   

defined as         2,1,4 2
0

1
01  xxr  and    ,3

0 px   where p is the 

largest prime .53  n  Now allocate all unused even labels of the type 

nn;4  to the pendant nodes of  2
,1 nK  and remaining even labels to the 

unlabeled nodes of   .1
,1 nK  Now allocate the remaining labels simultaneously 

to the remaining unlabeled nodes. It is easy to see that gG  allows a DDCL. 

Definition 6. 
     m

nnnnnn BBB ,
2
,

1
, ,,,   denotes the graph constructed by 

connecting the apex nodes of 
 1
,
t
nnB  and 

  ,,
t

nnB  to new nodes 11,  tt sr  where 

.2 mt   

Theorem 9. 
   2

,
1
, , nnnng BBG   admits a DDCL. 

Proof. Let              njyxyxBV i
j

i
j

iii
nn  1:,,, 00,  and     i

nnBE ,  

             .1:,, 000 njyyxxyx i
j

ii
j

i
j

ii
  Let 

   2
,

1
, , nnnng BBG   and sr,  be 

newly introduced nodes such that r is adjacent to  1
0x  and 

 ,2
0x  and s is 

adjacent to 
 1
0y  and  .2

0y  Clearly the cardinality of node and edge set of gG  

are 64 n  and 64 n  respectively. Define a map    gGV:  

 64,,2,1 n  as follows; fix             ,3,6,2,1 2
0

1
0

2
0

1
0  yyxx  

    .9,4  sr  Assign even labels of the type tt;4  to   njx
j

1;2  

and the remaining even labels to   .1;1 njx
j

  Next, allocate the remaining 

unused labels to unlabeled nodes simultaneously. By following this pattern, it 

follows that gG  a DDCG. 

Definition 7 [1]. The corona product of H  of order r with ,K  denoted 

by  KH   is a graph formed by taking a copy of H  and r-copies of K  

thereby joining the rth vertex of H  by a line to each vertex in the rth  copy of 

.K  
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Theorem 10. 1,1 KK n   admits a DDCL. 

Proof. Let nkkkk ,,,, 210   denote the nodes of .,1 nK  Let 

1,1 KKG ng   with      nn kkkkkVGV  ,,,, 210,1   and   gGE  

   .1:,00,1 nikkkkKE iin   The cardinality of node and edge set of gG  

are respectively 22 n  and .12 n  Consider a map    gGV:   

 22,,2,1 n  defined by fixing       ;2,22,1 00 iknkk i   

ni 1  and     .1;1 nikk ii   It is noteworthy here that 

    110   ee  which establishes that gG  is a DDCG. 

Theorem 11. 1,2 KK n   admits a DDCL. 

Proof. Let VU,  denote the node sets of nK ,2  where  21, xxU   and 

 .,,, 21 nyyyV   Let 1,2 KKG ng   having     ng KVGV ,2  

 nyyyxx  ,,,,, 2121   and      .1:,, 2211,2 niyyxxxxKEGE iing    

The cardinality of node and edge sets of gG  are respectively 42 n  and 

.23 n  Consider a map    42,,2,1:  nGV g   defined by fixing 

          niiynxxnxx i  1;22,32,2,42,1 2211  

and     .1;1 niyy ii   Observe that     ,110   ee  which 

implies that gG  is a DDCG. 

Theorem 12. 1,3 KK n   admits a DDCL. 

Proof. Let VU,  denote the node sets of nK ,3  where  321 ,, xxxU   

and  .,,, 21 nyyyV   Let 1,3 KKG ng   with     ng KVGV ,3  

 nyyyxxx  ,,,,,, 21321   and      iing yyxxxxxxKEGE  ,,, 332211,2   

.1: ni   The cardinality of node and edge set of gG  are respectively 

62 n  and .34 n  Consider a map    62,,2,1:  nGV g   given by 

fixing             32,4,52,2,6,1 323211  nxxnxxxx  

and   .101  y  There arise two cases. 

Case (i). When n is odd. 
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Let           1
2

;4,8,
2

2;4 1

2

1 











 






n

yyy
n

iyy iinii  

 
 

.
2

1;
2

,









n

i
y

yni i
i  Assign the remaining unused labels 

simultaneously to unlabeled nodes. 

Case (ii). When n is even. 

Let           2
2

;4,8,
2

2;4 1
1

2

1  



n

yyy
n

iyy iinii   

 
 

.
2

1;
2

,
n

i
y

yni i
i 


  Assign the unconsumed labels 

simultaneously to unlabeled nodes. In both the cases, note that 

    .110   ee  Hence gG  is a DDCG. 

 

Figure 4. A DDCL of .16,3 KK   

Conclusion 

In this article, we explored further results on DDCL. Various star related 

graphs are discussed for DDCL under numerous graph operations viz; 

splitting graph, barycentric subdivision and corona product. DDCL of other 

graph families under various graph operations is still an open area of 

research. 
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