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Abstract

In this paper we intend to aim at calculating fractional derivative of sine and cosine
hyperbolic functions with Caputo approach. Hyperbolic functions have many applications in
various sciences and in the field of engineering they are used to express the form of the loop
established between two towers by high power lines. They may also be used to find distance in

non-Euclidean geometry.

1. Introduction

Fractional calculus is generalized idea of derivative and integral of
integer order [2]. Fractional order derivates discussed preliminarily in 1695
in a correspondence of Leibniz to L'Hospital explaining about the derivative
of arbitrary order. After that many mathematicians laid base for fractional
derivatives. Abel, Liouville, Riemann, Euler, and Caputo are supposed to be
pioneer in the theory of fractional calculus [3, 4]. Consequently, the fractional
calculus finds immense applications various sciences mathematics, and
engineering. See [5] for deterministic fractional order models which occur in

the field bioengineering and branch of nanotechnology.
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Further, the derivatives of fractional order have significantly found
applications in defining the physical and chemical behavior of plenty of real
materials such as polymer, rocks, and other different form of matter [6]. The
fractional-order models were found more robust tool in divulging the
properties lying between the given two integers there are several definitions
of fractional derivative and fractional integrals, see. [7, 8]. Some of the

definitions of fractional derivatives are enlisted below.

1.1. Some Special Functions and definition of Fractional

derivatives.

In this section, we discuss some elementary definitions of some special
functions and fractional derivates [8, 5].

1.1.1 Gamma Function.

Gamma function is one of the basic functions which is frequently used in
fractional calculus. It is basically generalization of factorial!m.it allows m to
take real and even complex values. The formula for gamma function is given

below:

o0

I(m) = J.efy - y™tdy
0

The gamma function can also be defined by the limit representation as:

1 mY
[(m) = lim mm

n—ow y(y+1)(y + 2)...(y + m)’ re(y) > 0.

some basic properties of gamma function are defined as:
Im+1)=ml(m)=m-(m-1)=m!
Gamma function has simple pole at the points y =m, m =0, 1, 2, ...,

1.1.2 Beta Function.

Beta function is expressed in terms of a definite integral and given by

1
B(r, s) = Imr_l(l —m)*tdm, r, s e Rt
0
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Relation between Beta function and Gamma function is defined as:

B(r, s) = II:E:)I(:;, r,seR*

1.1.3 Mitta Leffler Function.

Mittag-Leffler function has found a significant place in the field of
fractional order differential equations. one-parameter Mittag-Leffler

Function is generalization of exponential function, which is given as:

Eol) = Z::o r(o;cc )

Mittag-Leffler function (MLF) for two parameters is defined as:
n

Eq plx) = Z::Om, a>0,p>0

One of the most important form of the MLF which is used widely in the
theory of fractional order systems is given as:

E (v, a)=t Z ) = t"Ey 41 (ax)

n=0Tw+n+1)

Where v is representing a fraction and a be any constant.

Let f(¢) be a given real valued function. Then for a given rational number

p, the Grunwald-Letnikov approach of the p-th order fractional derivative of
f(¢) is defined as:

1.1.4 Grunwald-Letnikov Fractional Derivative.

For a real valued function g(s). Then for a given rational number ¢, the
Grunwald-Letnikov approach of the g-th order fractional derivative of g(s) is

defined as:
oDig(s) = lim & qZ( 1)1( jg(s—lk)
mk s a

where k 1s size of the step and a be any fixed number belongs to the set of real

number.

Advances and Applications in Mathematical Sciences, Volume 21, Issue 10, August 2022



5782 RAJBIR SINGH, DIMPLE SINGH and REKHA

1.1.5 Riemann-Liouville approach of Fractional Derivative.
The Riemann-Liouville order fractional derivative of the g-th with respect
to the variable ‘¢’ for a real valued function f(¢) is described by formula given

below:

r+ i
«DIf(t) = (%) 1J.(t 1) Yf()dr, r<qg<r+1

a

1.1.6 Euler’s Fractional Derivative.

The Euler’s fractional derivative of f(¢) = t? is be expressed in the
following formula:
oC
4 py = pefh = LBHD _pea o g
dt™ r@+1-a)
Where I'(r) is standard Gamma function for a given r € R and a is the order
of the derivative.
In this sub-section, we discuss on Euler’s definition of fractional order
derivatives. It is found that that arbitrary order derivatives satisfy nearly all
the properties that are carried by the derivatives with integral orders. Some

of the general properties [5] of the fractional-order derivatives are given as

under below. If f, g be the pair of real-valued functions, then:

¢ DIfERO) = 7| | DDt where
(OC] _ [(oc +1)
j) TG +D0(ec +1-)°
. DH]= Y7, m D if(s)DIH] = DZ[f(s)H] where H is an

arbitrary constant

o« D[h(s)+ g ="

ol s itnte) + o)

= DY [h(s)] + DS glh(s)]
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o DJ[n(bs)] = b DS [h(y)] under the scaling y = bs.

e DI[s7"]=(-1)" %s_(”“) for a given r € R.

o DE™V[f(s)] = DYDY (f(s))] = Dy[D(f(s))] under the composition of Dy
and DY on f(s).

e DifsP) - LB ST

BN CESES)) 1)8 = h, where B € R corresponding to a

negative order derivative.
2.1.7 Caputo Fractional-Order Derivative Operator.

Another approach for evaluating fractional derivative is given by Caputo
in one of his articles which was introduced in 1967. Contrary to the R-L
approach of fractional derivative, while solving fractional differential
equation using Caputo approach, fractional order initial condition are not

necessary required. Caputo’s definition is given as follows:

Suppose that o > 0, ¢ > a;a, a, t € R, and then the fractional derivative

operator 1s

1 t fm(‘t) B _
D f(t) = {T(m - o) J.a (t - T)0t+1—m di, m-l<a<m,m N’
80 a=m

where ¢D%f(¢) is called the Caputo fractional derivative of order o.

2. Caputo Fractional Derivative of Hyperbolic Functions

The hyperbolic function appears in several problems of mathematics and
mathematical physics. For example, series of hyperbolic sine occurs in the
gravitational potential of a cylinder, and they are used in the calculation of
the Roche limit [1]. The hyperbolic cosine function describes the shape of
suspended cable. Hyperbolic functions also occur in hyperbolic spaces to study
the theory of triangles. The process of decay of physical entity such as light,
velocity, and electricity is expressed in terms of hyperbolic functions.
Hyperbolic functions are also used to study the ocean waves.
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In this part of the paper, we have calculated Caputo Fractional
Derivatives of Sine and cosine hyperbolic functions.

2.1 Caputo Fractional Derivative of sine hyperbolic function.

We know that Caputo fractional derivative is given by

(m)
DXf(t) = 1 I f di m-1l<a<m,meN
r'(m - a) . (t - T)a+1—m

where a >0 >a,a, a € R.

We define here Sine hyperbolic function in terms of exponential function

e —e™*

as Caputo Fractional derivative of Sinhx is given by: Sinhx = 5

X —X
D&(Sinhx) = DS[%J

el &) pef e
o))

_ 1 am ©
" I'(m-o) ), d™ Z] =0 j! )(t )0L+m+1 dr

2F(m a)do dr 1 o J (t - T)OHrerl d

2r(m a)zj -0 j! Od m (Tj)(t ) K ldt

t dm w -1/ 1
2F(m a) ,[0 dc™ ] o j! ) (t _ 17)oc+m+1

= mzc;o%(j)(j -1 -2)...(J - m)jé rj_m(t _ T)m_a_ldr
2r(m q)zj -0 ]' (])(J 1)(]—2) (]—m)J -C] m(t T)m o— 1d’t
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2F(m a)z LDG=D(=2)...0-m(-m=-1)..321

j=0 j! (j—-m-1)...3.2.1

t
I tm—a—lum—a—l(l _ u)mfafldu _
0

T(m — a)Z -V ()G -D(-2)...0-m)(i-m-1)..3.2.1

j=0 Jj! (j-m-1)...32.1

t
J. tm—(x—lum—oc—l(l _ u)mfcxfldu
0

1] F(]+1) Jj— ajl j-m@ _ . yn—o-1 _ 1
QF(m (x)zjo ;! r(]—m)t Ou 1-u) du —ZF(m—a)

zw _1] r(] +1)) t] (xj'lujfm(l _u)m—a—ldu
0

j=0 ! T(j-

_ 1 TG +1) ,j—op 1
= S —a) o TG ) MLm= g

o —1U T(+1) ,jq
Zjo J TG - )] Bj-m-1,m-a)

_ 1 0 1 TG +1) j-q
_ijzo[l_(_l)]Jvlﬂ(J]—er)] Bj-m-1,m-a)

2.2 The Caputo fractional derivative of cosine hyperbolic
function.

e +e*

Here we have, Coshx = 5

X
Taking Fracional derivaive of Coshx we get, D{(Coshx) = D [ﬁj

2
x —x
_pe| <)y pefet
_D*(2J+D*[ ZJ

F(m OC) ad’c (Z] =0 ]‘ md’f
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(-1 )r’ 1
’ ZF( 0 d’C (Z] =0 J! T)o.+m+1 dr

2r(m a)zj -0 j! Od m (Tj)(t ) K lde

t dm _1] 1 4
ZF(m o) J.O di™ ] o j! ) _,C)Ot+m+1 T

= mz;%(j)(j -1 -2)...( "")_[;Tj_m(t el

+m2fzo%(j)(j ~1)(-2)...( - m)j;rf*m(t _gme-lgy

ZF(m (X)Z 1L(NG-D(=2)..0-m(-m-1)..321

=0 j! G-m-1)..821

t
0

(m - (x)z - WDG-D(G=2)..0-m(-m-1)...3.2.1

j=0 J! (j-m-1)...321

t
I tm—a—lum—a—l(l _ u)m—a—ldu
0

-1/ I(j+1) ,j-a 1 jompy o mea-1 )
2F(m OL)ZJO 7! F(J—m)t Iou 1-uw) du+m

T AT e
0

j=0 j! T(j-m)

1 F(]+1) o - 1
2F(m Q)Z, 01T —m) - B(]—m—l,m—a)+m

© — 1 T(+1) ,jcan
> T Ty B m Lm0

Advances and Applications in Mathematical Sciences, Volume 21, Issue 10, August 2022



CAPUTO FRACTIONAL DERIVATIVE OF SINE AND COSINE ... 5787

1 0 1 (i +1 o
:mzm[ﬂ(—l’)]ﬁr((f—fm))tf B -m~-1,m- o).

3. Conclusions

In this paper, we have calculated fractional derivative of Cosine and Sine

hyperbolic functions with Caputo approach. As a future scope, one may also

calculate the fractional derivative of Cosine and Sine hyperbolic functions

with other approaches such as extended Caputo fractional derivative, RL

approach of fractional derivatives and extended RL fractional derivative etc.

We leave to readers to calculate Caputo fractional derivative of Tanh, Sech

and

(1]
(2]

(3]

(4]

)

(6]

(7

(8]

cosech hyperbolic functions.
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