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Abstract 

In this paper, we deal with and prove some uniqueness theorems on the Cauchy problem 

for the first-order initial value problem.  

1. Introduction 

Chang and Zadeh [3] introduced the concept of fuzzy differentiable 

equations in 1972, Dubois and Prade [4], who apply the extension principle of 

Chang and Zadeh [3] concept in their work. The derivatives of fuzzy 

differential equations with the initial condition are presented by S. Seikkala 

[12] and also S. Seikkala [12] used the Hukuhara derivative and the fuzzy 

integral in the study. Most of the researchers have studied fuzzy differential 

and integral equations for getting unique solutions to fuzzy initial value 

problems. This paper deals with and proves some uniqueness theorems on the 

Cauchy problem for the first-order fuzzy initial value problem.  

2. Preliminaries 

A nonempty set nRD   is said to be a convex set if and only if  
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  Dyx 1  for every Dyx ,  and .10    

Let  nRCoV  be the family of all nonempty compact convex subsets of 

,nR  and let   RbaC  ,  be a compact interval,   ,,0,, 00 PttT   

.CS   

Let  ,, nRCoVBA   the Hausdorff metric is defined by 

   .inf,infmax, basubbasubBAd AaBbBbAa    

The fuzzy set in nR  is    vRvF nn 1,0:   satisfies (i)-(iv) below},  

(i) v is normal, i.e., there exists an nRx 0   such that   10 xv   

(ii) v is fuzzy convex, i.e.,        yvxvyxv ,min1    

(iii) v is upper semi continuous  

(iv)      0 xvRxv nc
 is compact  

For ,10   represent      .


xvRxv n  Then from (i)-(iv), the 

-level set     .10, 
 nRCoVv    

Let   ,0: nn FFD  defined by  

      yvxuvuD ,minsup,   

and         .,,,, nFvuvuDvuD 


   

For all 10,,  nFvu  and D is continuous.  

(i)       ,


 vuvu    

(ii)     ., Rkukku 


   

Definition 1. Let  0:  RFFD nn  defined by  

       ,,sup, 10


 vudvuD  
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where d is the Hausdorff metric for  .nRCoV    

Clearly  DFn,  is a complete metric space, and D satisfies the following  

(i)     nFwvuvuDwvwuD  ,,,,,   

(ii)     .,,,,, RcFvuvuDccvcuD n     

Definition 2. A function nFCE :  is differentiable at Ct 0  if there 

exists   nFtE  0  such that the limits, 
   







00

0

lim
tEtE

 and 

   






00

0

lim
tEtE

 exists and equal to  .0tE   

If a function nFCE :  is differentiable at Ct 0  then for any 

 ,1,0  the set valued function       tEtE  is Hukuhara differentiable 

at point 0t  with      .


  tEtDE   

If nFCE :  is differentiable at Ct 0  then  0tE  is the fuzzy 

derivative of E at the point .0t   

Theorem 3. If nFCE :  is differentiable then E is continuous.  

Proof. Let tt,  in C and .0   

         0,, tEtEDtEtED   

    
     00,, 






 



 tEDtE

tEtE
D  as  0  

where  is very small and    tEtE   exists.  

Hence E is right continuous, and also we can prove the E is left 

continuity.  

3. Initial Value Problem 

Let 0,: 1  nRRf nn  be a function and the ordinary differential 
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equation  

       ,,, 00 ytytytfty   (1) 

where 0t  is a given constant, ,0
nRy   is said to be an initial value problem. 

Then the function  ,ty  which satisfies the equation (1) is the solution of the 

differential equation (1).  

Theorem 4. A mapping 
nFSy :  is a solution of the initial value 

problem     ,, tytfty   satisfying the initial condition   00 yty   if and 

only if it is continuous and satisfies the following integral equation 

     
t

t
Ptdssysfyty

0

.,,0  

Proof. Let 
nFSy :  be the solution of (1)  

y  satisfying the initial condition   .00 yty   

By integrating on both sides of the equation     tytfty ,  from 0t  to t,  

     
t

t

t

t
dssysfdsty

0 0

,  

      
t

t
dssysftyty

0

,0  

     
t

t
Ptdssysfyty

0

,,0   (2)  

Conversely, let 
nFSy :  be a function and satisfies (2), and by setting 

0tt   yields   ,00 yty   i.e., y satisfies the initial condition. Thus, the 

integral,  ty  are continuous. it follows that the integrand   sysf ,  is 

continuous. Hence, by fundamental theorem of calculus y is differentiable and 

    ., tytfty    

By the method of successive approximation, let us consider the sequence 

  tyn  such that        .,,2,1,, 0010
0

ytyndssysfyty
t

t
nn       
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4. Fuzzy Cauchy Problem 

Let 
nn FFCf :  be a continuous function and the fuzzy Cauchy 

problem is defined by  

       00,, yytytfty    (3) 

Let   nFCy ,0:  be a solution of (3), if y is a primitive of  yf  starting 

at .0y   

Define the function   nFCEy ,0:  by      tyftEy   and denote by 

Gy  the unique continuous primitive of Ey  starting at .0y   

A function   nFTCy ,,0  is a solution of the initial value problem (3) 

if and only if y coincides with .Gy   

Lemma 5. Let nFSyy :, 21  with primitives ., 21 xx   

Suppose the function     sysydS 21 ,  is integrable on S. Then  

              
t

t
dssysydxxdtxtxd

0
212121 ,0,0,  

Proof. Assume        ,,, 21 Tttxtxdty    

          tytxtxdtyty 111 ,   

        tytxtytxd 1211 ,    

        tytxtytxd 2212 ,   

           txtxdtxtytxd 21222 ,,   

           txtxdtytxtxd 21111 ,,   

            tytytxdtytyd 22221 ,,,  

    ., 21 txtxd  

Hence,  
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      txtxtxd

tyty
111 ,

1








 

             tytydtytxtytxd 211211 ,,
1




  

      .,
1

222 


 txtytxd  

Therefore,        ,;, 21 TttytydtyD   and  

        
t

t
dssysydyty

0

.,0 21  

Theorem 6. Suppose that 
nn FFf :  is such that there exists 0  

with  

    
 

.,;
,

, nFyx
yxd

yfxfd
  

Then the fuzzy initial value problem (2) has a unique solution.  

Proof.   ,,,0 nFTC  is a complete metric space with  

        tytxdeyxD t
Tt ,sup, ,0


  

By lemma 5, for any .Tt    

                 
t

dssFysFxdtGytGxd
0

,,  

            
t t

dssysxddssyfsxfd
0 0

,,  

       
 

t t
sss dsyxdedssysxdee

0 0
,,  

   yxDe t ,1   

     ,,1, yxDeGyGxD T  

By the Banach contraction principle, G has a unique solution for the 
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initial value problem (2).  

Theorem 7. Suppose that 
nn FFf :  is such that there exists ,0,   

with  

         .1,,,,,,  nFyxfyxdyfxdyfxfd  

Then the initial value problem (2) has a unique solution.  

Proof. Let   nFTC ,,0  be a complete metric space with  

   
      tytxdeyxD t

Tt ,sup, ,0


  

By lemma 5, for any .Tt   

                 
t

dssFysFxdtGytGxd
0

,,  

      
t

dssyfsxfd
0

,  

             
t

dssyfsxdsysxfd
0

,,  

            
t t

dssyfsxddssysxfd
0 0

,,  

          
t t

dssysxddssysxd
0 0

,,  

      
t

dssysxd
0

,  

          


t
slkslk dssysxdee

0
,  

     


t
slk dsyxDe

0
,  

     yxDe llk ,1   
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       .,1, yxDeGyGxD T  

By the Banach contraction principle, G has a unique solution for the 

initial value problem (2).  

Theorem 8. Let 
nn FFCf :  be a continuous function and assume 

that there exists  2,0,0   such that  

                 2222 ,,,,


 txtydtxtftytfd  for all .20   

Then the initial value problem        00,, ytytytfty   has a unique 

solution.  

Proof. Let 
nn FFCf :  be a continuous function,  

                 22 ,,,,,,


 txtftytfdSubtxtftytfD  

        22 ,


 txtydSub  

     TttxtyD  ,,  and ., nFyx   

Thus, the initial value problem        00,, ytytytfty   has a unique 

solution.  

Corollary 9. Let 
nn FFCf :  be a continuous function and assume 

that there exists 0  such that  

           .,,,, txtydtxtftytfd   

Then the initial value problem        00,, ytytytfty   has a unique 

solution on C.  

Proof. The corollary is follows from the above theorem by taking by 

taking .1   

Example 10. Let   nFTy  :,  be continuous maps and .0k  

Then the initial value problem           Tttyttkyty  010 ,,  has 

a unique solution.  
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Let 
nn FFTf :  be such that           0,, tyttkytytf   

Tt  01 ,  and   .nFty   Clearly, the map f is continuous and  

         22 ,,,


txtftytfd  

               22 ,


 ttkxttkyd  

                 2222 ,


 ttkxttkyd  

               2222 ,,


 txtykdtkxtkyd  

for all ,,, nFyxTt   and  .2,0   

Hence           Tttyttkyty  010 ,,  has a unique solution.  

Theorem 11. Let 
nn FFCf :  be a continuous function and assume 

that there exists 0,   and 1  such that  

                   ,,,,, TttxftyDtxtyfDtxftyfD   

.:, nFCyx   Then the initial value problem        ,,, 00 ytytytfty   

has a unique solution.  

Proof. Let  nFCS ,  be set of all continuous mappings from C to 

., RCFn    

 nFCS ,  is a metric space by setting  

          .,,,:,sup, nFCSyxCttytxDyxH   

Clearly    HFCS n ,,  is a complete metric space.  

Let      nFCtxtx 21 ,  be arbitrary, and let 0n  be such that 

  .12  n     

Now, our claim is to show following initial value problem  
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       Ttytytytfty  111 ,,,  has a unique solution on T.  

For  ,, nFCSy   define Gy  on by  

     
t

t
ydssysftyGy

1

., 01  

Then  ., nFCSGy   Furthermore, by Lipchitz condition on f,  

       TttGxtGyDGxGyH  :,sup,  

     
















   TtdssxsfdssysfD

t

t

t

t
:,,,sup

1 1

 

      



nt

t
dssxsfsysfD

1

1

,,,  

            



nt

t
dstxftyDtxtyfD

1

1

,,  

      



nt

t
dstxtyD

1

1

,  

   ,,2 yxHn  for all  .,, nFCSyx   

Thus, by Banach’s contraction principle,  

G  has a unique solution for the initial value problem.  

Corollary 12. Let 
nn FFCf :  be a continuous function and 

assume that there exists 0k  such that  

                    ,,,,, TttxftyDtxtyfDktxftyfD   

.:, nFCyx   Then the initial value problem        ,,, 00 ytytytfty   

has a unique solution.  

Proof. The corollary is follows from the above theorem by taking 

.k   

Theorem 13. Let 
nn FFCf :  be a continuous function and assume 
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that there exists 0  such that  

           txtyDyxftyfD ,,   for all .:,, nFCyxCt   

Then        ,,, 00 ytytytfty   has a unique solution on C.  

Proof. Let  nFCS ,  be set of all continuous mappings from C to 

., RCFn    

 nFCS ,  is a metric space by setting  

       CttytxDxyH  :,sup,  for all  .,, nFCSyx    

   HFCS n ,,  is a complete metric space.  

Now, let      nFCtxtx 21 ,  be arbitrary and let 0n  be such that 

.12 n  For  ,, nFCSy   define Gy  on T by the equation  

     
t

t
ydssysftyGy

1
01 ,  

Then  ., nFCSGy   Furthermore, by Lipschitz condition on f,  

       TttGxtGyDGxGyH  :,sup,  

     
















   TtdssxsfdssysfD

t

t

t

t
:,,,sup

1 1

 

      



nt

t
dssxsfsysfD

1

1

,,,  

    



nt

t
dstxtyD

1

1

,  

   yxHyxHn ,,2   for all  .,, nFCSyx   

Hence, by Banach’s contraction mapping theorem, G has a unique 

solution of the initial value problem.  
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Corollary 14. Let 
nn FFCf :  be a continuous function and 

assume that there exists 2,0 k  such that  

             txtyDtxftyfD ,2,   for all .:,, nFCyxCt    

Then        ,,, 00 ytytytfty   has a unique solution on C.  

Proof. The corollary follows from above theorem by taking k  and 

.1   
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