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Abstract 

The present work provides explicit representation of Half-Neumann boundary value 

problem on the upper half plane. The solution of inhomogeneous polyanalytic equation arising 

from the combination of ( )1−n  Dirichlet and 1-Half Neumann boundary conditions is also 

determined on the upper half plane .  

1. Introduction 

In this article, we introduce the concept of Half-Neumann boundary value 

problem on the upper half plane and provide its solution. In case of Neumann 

boundary value condition the derivative is obtained via outer normal 

derivative which is defined as ( )zzy i −=  for the upper half plane [1, 2]. 

In case of Half Neumann it is taken as ,z  which makes it different from 

Neumann boundary problems. In the last section, we will also provide the 

solution of inhomogeneous polyanalytic equation on   arising from the 

combination of Dirichlet and Half-Neumann boundary conditions. These type 

of problems for polyanalytic functions are also studied on regular domains see 

[7, 8, 9, 10, 11, 12, 13, 14]. The complex form of Cauchy-Pompeiu formula and 

Gauss theorem on   were deduced by taking limiting case of their 

corresponding representation formulas on regular domain see [4, 5]. The area 
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integral given in the Cauchy-Pompeiu formula is known as the Pompeiu 

operator, was studied by Vekua [6]. For a regular domain D, if 

( ) ,1,,  pDLf p   then the Pompeiu operator Tf  possesses weak 

derivatives and 

( ) ( ) ,, fTf
z

fTf
z

=



=




 

where f  (in the principal value sense) is a singular integral. In case of 

Upper half plane if  →:w  satisfies ( ) −
 xCxw  for kx   and 

( ),;1 Lwz   then the Cauchy-Pompeiu formula is given by 

( ) ( ) ( ) 




− −





−

−
=

Im0

1

2

1

z

dd
w

zt

dt
tw

i
zw  

( ) ( ) ( ) ,
1

2

1

Im0 




− −





−

−
−=

z

dd
w

zt

dt
tw

i
zw  

where z  upper half plane, the Pompeiu operator T has the following 

form: 

( ) ( ) −





−=

 z

dd
fzTf

1
 

T satisfies the properties ( ) ( ) fTfzfTfz == ,  where 

( ) ( )
( )

.
1

2 −





−=

 z

dd
fzf  

Here the derivatives are taken in distributional sense. Higher order 

operators are well studied by Hile [3]. 

2. Half-Neumann Boundary Value Problem 

For analytic functions, solution of the Half-Neumann boundary value 

problem on   may be written as: 

Theorem 2.1. 0=zw  in = wz,  on ( ) ciw =,  is uniquely solvable 

for ( ) ( )   cCL ,;;2   if and only for z  
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( )


−
=

−



0

2

1

zt

dt
t

i
 (2.1) 

solution then is given as 

( ) ( )( )


−








−

−



+= .log

2

1
dt

zt

it
t

i
czw  (2.2) 

The solution of inhomogeneous Half-Neumann boundary value problem is 

given as follows: 

Theorem 2.2. The Half Neumann problem fwz =  in = wz,  on 

( ) ciw =,  is uniquely solvable for ( ) ( ) ( ),;;; 2
1

2,  LCLf p   

( ) ( )   cCL ,;;2   if and only for z   

( ) ( ) 


−
 =

−





−

−


 
0

1

2

1

z

dd
f

zt

dt
t

i


 (2.3) 

solution then is given as 

( ) ( ) ( )( )


−








−

−
+


+= dt

zt

it
tft

i
czw log

2

1
 

( )
( ) ( ) 

−−

−



−


.

1
dd

iz

iz
f  (2.4) 

Proof. Representing Tfw +=  with analytic , where  satisfies 

( ) fwTfw zzz −=−=  in   

where  

( ) ( )
( ) −





−=

 2

1

z

dd
fzf  

Representing, 

( ) ( ) ( ) 


−
 −





−

−
=

 z

dd
f

zs

ds
tf

i
zf

1

2

1
 

we see for ,t  

( ) ( ) ( ) ( ) ( ) ( ) .
1

2

1

2

1
lim  −





−

−
−−== 



−→

+





z

dd
f

ts

ds
sf

i
sfzftf

z
tz

 (2.5) 
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Thus, the boundary values of   on   are 

( ) ( ) ( ) .
1

2

1

2

1
 


−


+

−





+

−
++=−=

 z

dd
f

ts

ds
sf

i
ff  

Now, applying the result of Dirichlet theorem on ℍ see [4], then the 

solution to this Dirichlet problem is 

( ) ( ) ( ) ( ) ( )
zt

ds

t

dd
f

ts

ds
sf

i
tft

i
z

−




−





+

−
+



 +


=  







− 

1

2

1

2

1

2

1
 (2.6) 

if and only if 

( ) ( ) ( ) ( ) 0
1

2

1

2

1

2

1
=

−








−





+

−
++

   


−



−
 zt

ds

t

dd
f

ts

ds
sf

i
tft

i 
 (2.7) 

because for z  

( )
( )

 


−



−



− −
=

−








− zs

dssf

izt

dt

ts

ds
sf

ii 22

11

2

1
 

( ) 


−
 =

−









−





0

1

2

1

zt

dt

t

dd
f

ii 
 

( )
( )

 


−



−



− −
−=

−








− zs

dssf

izt

dt

ts

ds
sf

ii 22

11

2

1
 

( ) ( ) ( ).
11

2

1
  =

−





=

−









−




 



−



zTf

z

dd
f

zt
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t

dd
f

i
 

then 

( ) ( ) ( )
( )

 


−



− −
+

−




 +


=
zs

dssf

izt

ds
tft

i
z

22

1

2

1

2

1
 

i.e. 

( ) ( ) ( ) 


− −
+


=

zt

dt
tft

i
z

2

1
 (2.8) 
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if and only if 

( ) ( )
( )

( )


−




−
=+

−
−

−




 +


0
22

1

2

1

2

1
zTf

zs

dssf

izt

ds
tft

i
 

i.e. 

( ) ( ) =
−





−

−


 



− 
0

1

2

1

z

dd
f

zt

dt
t

i
 (2.9) 

which is (2.3). 

Integrating (2.8) leads to 

( ) ( ) ( ) ( )( )


−








−

−
+


+= dt

zt

it
tft

i
iz log

2

1
 

so that 

( ) ( ) ( )( )


−








−

−
+


+= dt

zt

it
tft

i
czw log

2

1
 

( )
( ) ( ) 

−−

−



−


dd

iz

iz
f

1
 

which is (2.4). 

It can be easily verified at iz =  that ( ) .ciw =  Taking derivative of (2.4) 

w.r.t. we will get 

( ) ( ) ( )  ( ).
2

1



−
+

−
+


= zf

zt

dt
tft

i
zwz  (2.10) 

Subtracting (2.3) from (2.10), we have 

( ) ( ) ( ) ( ) ( ).
2

11
2 



−



−
−+

−
+

−



= zTfzf

zt

dt
tf

izt

ydt
tzwz  

Now, letting z tend to t  

( ) ( ) ( ) ( ) ( ) ( ) .
2

1
lim 









−
+−+= 



−→


++



zt

dt
tf

i
tTftfttw

z
tz

z


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Using Plemelj-Sokhotzki formula [4], we have 

( ) ( ) ( )


−



−→ −
+=









−


ts

ds
sftf

zs

ds
sf

i
z

tz 2

1

2

1
lim



 

( ) ( ) ( )tTftf 
+

+−=   [using (2.5)] 

therefore ( ) ( ).ttwz =+  

3. Dirichlet-Half Neumann mix Problem on the Upper Half Plane 

We require complex form of Cauchy-Pompeiu formula and Gauss theorem 

on .  In order to solve boundary value problems for higher orders. Let k  be 

the space of functions w in ( ),1,kW  for which ( ) ,0,lim =→ RwMR v
z

v
R  

10 − kv  where ( ) ( )zwRwM v
zRz

v
z

z

=



=

Im0

max,  and ( ).,12 Lwz k
z

k −  

Using (Theorem 4 from [4]), it follows that for each kw  it may be written 

as 

( )
( )
( )

( )


− 

−

=


−

−


= dw

z

z

vi
zw v

vk

v

1

0
!

1

2

1
 

( )
( )
( )

( ) =
−

−

−
−



−


0

1

!1

1
1

ddw
z

z

k
k

k

 (3.1) 

for .z  Moreover 

( )
( )

( )
( )

( ) 
−

−

−

−


−


ddw

z

z

n
n

nn 1
1

!1

1
 

( )
( )

( ) .
!

1

2

1
1

0



−




−

=


−

−


−= dttw

zt

zt

i

n

 (3.2) 

Theorem 3.1. For the inhomogeneous polyanalytic equation having 

( )1−n  Dirichlet-Half Neumann boundary conditions on the upper half plane 

,  
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fwn
z =  in 

 = wz,  on ,21, − n  

( ( )) 1
1

−
− = n

n
zz zw  on ,  on ( ) ,1 ciwn

z = −  (3.3) 

is uniquely solvable for ( ) ( ) 
 tpCLf p ,2,;;2,     

( ) ( ) 10,;; − nCLp    if and only for ,20 − nv  

( )
( )

( )
( )

( ) ( ) 












−
−

−

−


−−

− −−−−−


dd

i

z

z

z
f

vn

vnvnvn 11
1

!1

1
 

( )
( )

( )
( )

( ) ( )


−

−
−

=

−
−−

−−

−
−

−

−


+

−−

−
+

zt

dt
ztt

vi
cz

vn
v

v

n

v

v
vn

vn 2
1

1
1

2

1

!1

1
 

( )
( )

 ( ) ( ) ( ) ( )


−

−−
−

−

=−−+
−−

−


+ 0log,

!1

1

2

1 1
1 dtitzzthtft

vni
vn

vn

vn

 (3.4) 

Where  

 ( ) ( ) ( )ztztzth
vn

v −−=
−−

log,
1

 

( ) ( ) ( ) ( ) ( )
−

=

−
−−−

−−−−−−−+

2

1
1

,,1,,11

n

v

vn
ztIztvnvn   

( )
( )

( )













−−



−
= 



=





1

1
log

!
,

r
r

zt
zt

ztI  (3.5) 

and 

( ) ( )
( )

.0
1

2

1
1  =

−





−

−


 



−
−

 z

dd
f

zt

dt
t

i n  (3.6) 

Then, the solution is given by 

( )
( )
( )

( ) ( )


−




−

=

−
−

−
−


+

−

−
=

zt

dt
tzt

i
cz

n
zw

n
n

n 2

0

1
1

!

1

2

1

!1

1
 

( )
( )

 ( ) ( )( ) ( )


−

−−
−

−

−−+
−

−


− dtztzttft

ni
vn

n

n

log
!1

1

2

1 1
1

1
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( )
( )

 ( ) ( ) ( ) ( )dtitzzthtftz
ni

n
n

n
n

−−+
−

−


− 



−

−
−

−
−

log,
!1

1

2

1 1
01

1
1

 

( )
( )

( )
( )
( ) ( )

.0
1

!1

1 111

=












−
−

−

−


−

−
+ 

−−−

dd
i

z

z

z
f

n

nnn


 (3.7) 

Proof. Applying Cauchy-Pompeiu formula and (3.1) representation 

formula, we have 

( )
( )

( )
( )
( ) ( ) 













−
−

−

−


−

− −−−


dd

i

z

z

z
f

n

nnn 111
1

!1

1
 

( )( ) ( )
( )
( )



−

−
−




−

=

−
−

−
−+

−
−


= 1

1
12

0
!1

1

!

1

2

1
Icz

n
zw

zt

dt
tzt

vi
n

nn

 

( )
( ) 2

1
1

!1

1
Iz

n
n

n
−

−

−

−
+  (3.8) 

where 

( )
( )

( )
( )




−

−
−



−

−

−


−

−
= dt

zt

zt
tw

ni
I

n
n

n 1
1

1

1 !1

1

2

1
 

and 

( )






−



−




= .

2

1
1

2 dt
it

tw

i
I

n

 

Let ( )zth ,0  be as in (3.5) so that ( )
( )

.,
1

zt

zt
zth

dt

d
n

o −

−
=

−

 Integrating by  

parts and using regularity conditions of ,1wn−


  we have 

( )
( )

( ( ) ( )) ( )


−

−



−



−

+
−

−
= dtzthtwtw

ni
I nn

n

,
!1

1

2

1
0

11
1

 

( )
( )

( ( ) ( )) ( )


−
−

−

+
−

−
= dtzthttf

ni n

n

,
!1

1

2

1
01

1

 

and 

( ( ) ( )) ( )


−
− −+


−= .log

2

1
12 dtitttf

i
I n  
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Substituting these values in (3.8), we obtain (3.7). For ,20 − nv  using 

(3.2) and Cauchy- Pompeiu formula, we have 
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
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−= dt
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−


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1

!1

1 11 iwdt
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 (3.9) 

Again integrating by parts and considering that ( )
( )

,,
1

zt
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zth

dt

d
vn

v −

−
=

−−

 

we have 
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( ( ) ( )) ( )
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Substituting above values in (3.9), we have (3.4). Now, making use of Gauss 

theorem, we get 
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
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i
d
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Hence the solvability condition (3.6). 

Let nT ,0  be higher order Cauchy Pompeiu operators on  .5,3  Since 

,1,0,0 wTwT nnz −=  it follows that (3.7) indeed satisfy .fwn
z =  For any 
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fixed ,20, − nkk  note that ( ) ( ).,,0 zthzth k
k
z =  Subtracting (3.4) (for 

)kv =  from ,wk
z  we have 
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 (3.10) 

Since, ( ) ( )


−
→ =

−


 02

1
lim

0
tdt

zt

y
ttz  so ( ) = zwk

z  on .  

Also, it can be verified at iz =  that ( ) .1 ciwn
z = −  

Now, taking derivative of (3.10) w.r.t z, we get 
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
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 (3.11) 

subtracting (3.6) from (3.11), we have 
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Now, letting z tend to t  
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Using Plemelj-Sokhotzki formula [4], we have 

( ) ( ) ( )






−→ −
+=









−


ts

ds
sftf
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dt
tf

i
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tz 2

1

2

1
lim  

( ) ( ) ( ).tTftf 
+

+−=    [using 2.5] 

Therefore, ( ) ( ) ( ).1
1 ttw n

n
zz −

+− =  
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