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Abstract

The present work provides explicit representation of Half-Neumann boundary value
problem on the upper half plane. The solution of inhomogeneous polyanalytic equation arising

from the combination of (n —1) Dirichlet and 1-Half Neumann boundary conditions is also

determined on the upper half plane H.
1. Introduction

In this article, we introduce the concept of Half-Neumann boundary value
problem on the upper half plane and provide its solution. In case of Neumann
boundary value condition the derivative is obtained via outer normal

derivative which is defined as 9, = i(0, — 03) for the upper half plane [1, 2].
In case of Half Neumann it is taken as 0,, which makes it different from

Neumann boundary problems. In the last section, we will also provide the
solution of inhomogeneous polyanalytic equation on H arising from the
combination of Dirichlet and Half-Neumann boundary conditions. These type
of problems for polyanalytic functions are also studied on regular domains see
[7, 8,9, 10, 11, 12, 13, 14]. The complex form of Cauchy-Pompeiu formula and
Gauss theorem on H were deduced by taking limiting case of their

corresponding representation formulas on regular domain see [4, 5]. The area
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integral given in the Cauchy-Pompeiu formula is known as the Pompeiu
operator, was studied by Vekua [6]. For a regular domain D, if

feLp(D, C), p >1, then the Pompeiu operator 7f possesses weak

derivatives and
0 0
g(Tf) =f, E(Tf) =11

where TIf (in the principal value sense) is a singular integral. In case of

Upper half plane if w: H — C satisfies | w(x)| < C| x| for | x| >k and
w5 € L{(H; C), then the Cauchy-Pompeiu formula is given by

_ 1 ¢” dt 1 d&dn
wz) = o9 —oow .‘-0<1 m¢ Q(Q)
w@) = g [ w) L g &,

t-z mdocime © £z

where z € H upper half plane, the Pompeiu operator T has the following

form:

1

77 = -3 [ Q&4

T satisfies the properties 6z(Tf) = f, 0z(Tf) = T1f where

d&dn
(e

Here the derivatives are taken in distributional sense. Higher order

) = -3 [ 0=

operators are well studied by Hile [3].
2. Half-Neumann Boundary Value Problem

For analytic functions, solution of the Half-Neumann boundary value
problem on H may be written as:

Theorem 2.1. w; =0 in H, o,w =y on R, w(i) = ¢ is uniquely solvable

for y € Ly(R; C)N C(R; C), ¢ € C if and only for z € H
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1 [~ dt
), Wiz =0 @D
solution then is given as
1
w(e) = ¢+ o j () log( )dt 2.2)

The solution of inhomogeneous Half-Neumann boundary value problem is

given as follows:

Theorem 2.2. The Half Neumann problem wsz = f in H, 6,w =y on
R, w(i) = ¢ is uniquely solvable for f e L, o(H;C)N C(H; C) N Ly(R; C),
y e Ly(R; C)N C(R; C), ¢ € C if and only for z € H

%mj'z vt OF L 2.3
solution then is given as
we) = c+ 5 [ @)+ fO)log (=L a
1
j £(©) W dedn. (2.4)

Proof. Representing w = ¢ + Tf with analytic ¢, where ¢ satisfies
¢ =0,w—-0,(Tf) = 0,w —nf in H

where

@) =1 [ 1050

Representing,

_1 (- ds 1 dédn
@) =g [ 10551 £OF
we see for t € R,

& 1 OF

I

dédn

()" ) = lim /() = 5 f(6) = 50 [ f(6)+ 2.5)

ze]HI
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Thus, the boundary values of ¢" on R are

dédn

0=t f) vy lege | 0S| RO ED

Now, applying the result of Dirichlet theorem on H see [4], then the

solution to this Dirichlet problem is
6= [ [0+ 210+ [T 2 L 9B déd’“} 2.6)

if and only if

o i[y(t”%f@“%fif(s)sdft+§ jHQ@%L{; 0 @7

27

because for z € H

L
2ni J o, T

o | a0 Ea) 2 -

2mi ) _ o Tl
1 (” l J’
omi )

o | 2] @ EN) A L] @ - 1re)

2mL J _o T t—z T

T 2m e 2 S-—2Z

J dt 1 [* f(s) ds_

t—z 2niJ_o 2 s—2Z

)L

then

¥'(2) = ZLmJ‘_ [y(t) += f(t)} 21:; f(28) Sfi_sz

l.e.

¥E) = o [ 00+ 1012 2.8)
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if and only if

o | [0+ 0] ;2 - [T LB @) -0

z 2m
l.e.

e dt 1 dadn
o _Oo“/t o fg(C) =0

which is (2.3).

Integrating (2.8) leads to

o) = 000) + 5 [ (0)+ 7 tog

t_i)dt
t—z
t_ijdt
t—z

1 z—1
—;IH f(C)mdédﬂ

so that

we) = c+ 5 [ o)+ fo)log

which is (2.4).

1969

2.9

It can be easily verified at z = i that w(i) = c. Taking derivative of (2.4)

w.r.t. we will get
0.10(2) = oo [ )+ FO1; % 4w (2),

Subtracting (2.3) from (2.10), we have

we) =+ 02 Yo | ro;

— 2 | 2mi

Now, letting ztend to £ € R

w010+ O T+ im) L[ o |

zeH
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Using Plemelj-Sokhotzki formula [4], we have

lim 1 J.
zt| 2mi

zeH

1 ® ds
|0 o,

=—(nf)" )+ Tf(t) [using (2.5)]
therefore w (t) = y(t).

3. Dirichlet-Half Neumann mix Problem on the Upper Half Plane

We require complex form of Cauchy-Pompeiu formula and Gauss theorem

on H. In order to solve boundary value problems for higher orders. Let F;, be
the space of functions w in W*!(H, C) for which limp ., R'M(6%w, R)=0,

0<v<k-1 where M(0Zw,R)=max _g|0sw(z)| and zF20kw e L}H, C).

0<Imz

Using (Theorem 4 from [4]), it follows that for each weF;, it may be written

as

k-1

wie) =y 2" e ruga

R—1
- 1 T 1 ; (Z(Q o =) akw(g)de_,dn =0 (3.1)

for z € H. Moreover

n n—-1
ot £ ey Pheeiden

—

n—

- _K %%J‘w (E )) ofw(t)dt. (3.2)

Il
o

Theorem 3.1. For the inhomogeneous polyanalytic equation having
(n — 1) Dirichlet-Half Neumann boundary conditions on the upper half plane

H,
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lw=finH tw=y, on R,1<r<n-2
9,02 w(z)) = v,1 on R, on RoZ1w() = ¢, (3.3)

is uniquely solvable for felLy o(H;C)N C(H;C), p > 2, t"y;,

e IP(R;C)NC(R;C),0 <A <n-1ifandonlyfor 0 <v<n-2,

n-v n-v-1 n—-v—
1), f(c){(‘; L —Z(g_l;}d&dn

n—v-1 n-2
—(<n }>v_1), sles Y L <(;}) > j r(0) - 2) 0 2
A=v

b e [ @+ FO1 A 2)- 2" Do e - e = 0 (3
Where
{hy(t, 2) = (t —2)" " log (t - Z)
n-2
+ Z(_ D n-v-1), .., (n-v—p-1)( -2, 4 2),
A=v
_ )M _ !
L, 2) = % [log (t-2)- ;%J (3.5)
and
s ] 075 -1 O E -0 (36)

Then, the solution is given by

n—1
o T [ @+ )27 og - 2)at
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n—1
o e @+ FOMole, 2) -2 ogle-

n-1 n-1 —n—
R+ LARL

Proof. Applying Cauchy-Pompeiu formula and (3.1) representation
formula, we have

n— n-1 —n-
CUL] f(c:){@ o é_;}dadn

n—-2 n—-1
H%v—f nOC 2 vue)- S e,
n—1
((—nl) 3 sy, (3.8)
where
_ =t n1, o (E = Z)n 1
L A 1)»] g wlt)y == —
and
1 ooan_lLU(t)
2_2m t—1 dt.

)n—l

Let hy(t, z) be as in (3.5) so that % hy(t, z) = % Integrating by

6”71

parts and using regularity conditions of 7w we have

n—-1 0
1=y [ e ut + o eyt )t

2m

n—1
- (_211‘ (n - : 1)! _[ (F(&) + vn_1 @) Ao (2, Z)dt

and

I = =5 | (O + 11 @) og ¢ - a.
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Substituting these values in (3.8), we obtain (3.7). For 0 < v < n -2, using

(3.2) and Cauchy- Pompeiu formula, we have

(—l)n_v 1 (z'_>z)n—1 ~ Zn—v—l
m-v-1)nn Hf(C){ €-2) (Q_i)}dédn

-2 A—v A—v
ZzL - v)!j_ k(t)(t Z) dt
A=v

(gz 1)’; j_:)v 21u.'. % ) - Z)n — !

(;5 li V)l 2111_008’5 1“’(t)—dt+6” @) (3.9

n-1-v
Again integrating by parts and considering that %hv(t, z) = (Und) i tz) z
-z

we have

n—-1-v .
5o j_wan 1 (t)(t 2) dt = 2; _w(f(t)+Yn—1(t))hv(t’ z)dt

and

ﬁdt — o[ (FO+ ua@)log ¢ - i)

2 2nt) _

Substituting above values in (3.9), we have (3.4). Now, making use of Gauss

theorem, we get

S fg(C)dF’dn | %0

z 2mi

—C Z dC=% _Oan—l

Hence the solvability condition (3.6).
Let Ty , be higher order Cauchy Pompeiu operators on H [3, 5] Since

05Ty, pw = Ty p-qw, it follows that (3.7) indeed satisfy 0Zw = f. For any
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fixed k, 0 < k < n -2, note that 6§ho(t, Z) = hy(t, z). Subtracting (3.4) (for

v=F) from o%w, we have

n—k-1
6kw(z) (( )k 1)' [Zn—k—l _Zn—k—l]
n—2 Ak Ak r—k
" Liomi (}\.)k)YI valt )((t 2 (t_ti)é jdt
A=k

n—k-1 0
O [ B @+ £ 2 g

( 1)n k 1 (g:)n—k—l ~ ank—l ~ (z_z)n—k—l
RCRSYE: ff@{ (G R ) N (G

En—l

+ () i)}d&,dn =0. (3.10)

Since, lim,_,, — - Jl yk() 5 dt = 71,(to) so o%w(z) = v, on R.

Also, it can be verified at z = i that 82 \w(i) = c.

Now, taking derivative of (3.10) w.r.t z, we get

0:02 () = o [ L@+ 012+ (@) (3.11)

subtracting (3.6) from (3.11), we have

0.0t w@) =1 G ydztl ro | 0,2+ w(o)- T 2).

Now, letting ztend to £ e R

040 ) () = 1000+ 60 TF )+t oL [

zeH
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Using Plemelj-Sokhotzki formula [4], we have

tinf ot [ 0,2 = o [T o2
zeH

S

= —(nf) (t) + Tfc(¢). [using 2.5]

Therefore, 6,02 w)" (t) = v,_1(t).
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