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Abstract

In this paper, a Fibonacci sequence based infinite array is introduced and the concepts of
Circulant infinite array, Secondary Symmetric, Bi-Symmetric, N-Symmetric, SN-Symmetric,
BN-Symmetric of an array are also introduced. The definition of primary diagonal, Secondary
diagonal and Secondary Pascal Symmetric of an array is defined. And also classified the
properties of the Circulant infinite array based on their rotation. The properties of the Fibonacci
array over the four-letter alphabet and binary alphabet are compared.

1. Introduction

Combinatorics on words are widespread topics in automata theory in the
field of theoretical computer science [3, 6-8]. Two dimensional words and
their combinatorial properties are used in the field of number theory, fractal
geometry and pattern matching. The study of two dimensional (2D)
languages play an important role in the theory of image analysis which have
numerous applications [1]. N. Jansirani and Rajkumar Dare introduced the
Fibonacci 2D structure and studied it in the two dimensional direction [4]. N.
Jansirani, V. Subharani and V. R Dare introduced and studied the
combinatorial properties of Fibonacci array based on dimension [5]. Toeplitz
introduced the concepts of Symmetric matrices and Anna Lee introduced
Secondary Symmetric and Secondary orthogonal matrices [2]. In signal
processing, image processing, digital image disposal, linear forecast and
error-correcting code theory the Circulant matrices have a wide range of

2020 Mathematics Subject Classification: 68R15.
Keywords: Fibonacci Array, Infinite Array, Symmetric Array.
Received June 20, 2020; Accepted January 17, 2021



156 N. JANSIRANIA and V. SUBHARANI

applications. In this paper, a new kind of 2D rectangular infinite array called
Fibonacci Sequence Based Infinite Array (FSA) and Circulant array are
constructed and Secondary Symmetric of an array is introduced. In general, a
Symmetric array need not be a Secondary Symmetric array, for that the Bi-
Symmetric array concept is introduced. Based on the rotation the Circulant
arrays are discussed. The complexity of an array is investigated. Also, the
combinatorial properties and algebraic properties of Circulant array are
studied. All the concepts are discussed with examples. Also, the properties of
the Fibonacci array over the four-letter alphabet and binary alphabet are
studied.

2. Basic Definitions and Preliminaries

Let X be a finite alphabet over {a, b}. The set of all empty and nonempty

word over ¥ is denoted as =*. =¥ = 3" — {1} - A is denoted as an empty word.
An infinite word w over an alphabet X is a mapping from a positive integer

into . The set of all infinite words over T is denoted by X®. An array

W = (wij) over an alphabet ¥ is a rectangular arrangement of symbols of T in
r rows and s columns. The dimension of the array W is the ordered pair (r, s).

The set of all arrays over T is denoted by £**. We adopt the convention that

for an array W = (wj; )(rxs), the bottom-most row is the first row and the left-

most column is the first column. =" = =" — {A}. A factor of the subarray of

an array W is also an array which is a part of W. The complexity function
counts the number of distinct subarrays of a given array. An infinite array W

has an infinite number of rows and an infinite number of columns, the

collection of all infinite arrays over ¥ is denoted by Z®® [4].

If a suffix and a prefix of an array are equal then the array is said to be

bordered. Column and row concatenation of arrays in X** are partial
operations. The Row concatenation of two arrays A and B exists only if the
number of columns of A and B should be equal and it is denoted by Alb B.

The Column concatenation of A and B exists only if the number of rows of A
and B should be equal and it is denoted by A @ B [4].
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3. Combinatorial Properties of FSA

In this section, Fibonacci Sequence Based Infinite Array is constructed.
Circulant array and Secondary Symmetric, Bi-Symmetric, N-Symmetric, SN-
Symmetric, BN-Symmetric, Secondary Pascal Symmetric of an array are
introduced. And also the definition of Primary diagonal and Secondary
diagonal of an array are defined. Further, the combinatorial properties of

such arrays are discussed.

Definition 3.1. Fibonacci Sequence Based Infinite Array (FSA) W is

constructed as follows:

aif f is odd}

bif f, 1is even

W = (W) j»1 = {

where {f},51, # =i+ j—1 is the famous Fibonacci sequence defined by the

recurrence relation f,, 1 = f, +fu_1, fo =1=fH,n =1

Structure of FSA

a a b a
W=lb a a b
a b a a
a a b a
Definition 3.2. Let w = {qa9, ..., a,_1a,}, where a; € £ be an ordered

alphabet. The Circulant vector of a word w e X* is defined as

Cir(w) = (ag, as, ..., a,, a7).
Let w = abaab, then €ir(w)= baaba. The Right Circulant vector of a

word weX® is defined as Reir(w)=(a,, a, ..., @9, @,_1) Let

w = abaab then R<ir(w) = babaa.

Definition 3.3. A Circulant array is a special kind of an array, where
each row vector is rotated one element to the left relative to the preceding

row vector.
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a, a cee a,_9 a,_1
Q-1 % .. A3 Qp2
Cir(W) = : ' : :
(62) as cee a,, (041
a (02)) . an_1 a,

Each row vector is rotated one element to the right relative to the preceding

row vector 1s called a Right Circulant array.

Qs ag e a, (o7}
as ay v [e2] Qg
weir(W)=| @ : :
a, (o2} .. a,_9 Q-1
[e2] Qo . a1 a,

Definition 3.4. Let A = (@;;) be an array of dimension (m, n) over an
alphabet X. The Primary diagonal of A = (a;;) is defined as i = j and the

Secondary diagonal of A is defined as i = m — j + 1. The Secondary transpose
of A is defined as AS = (aij)s = Q(p—js1, m-js1), for all i<m, j<n Ais

said to be Secondary Symmetric if a;; = (aij)S, forall i <m, j < n. Aissaid

to be Bi-Symmetric then A is both Symmetric and Secondary Symmetric
array. A is said to be Secondary Pascal Symmetric then the elements in the
Secondary diagonal of A are the same. Every Symmetric array need not be a

Secondary Symmetric array and vice versa.

Definition 3.5. Let A = (a;;) be an array of dimension (n, n) over an

alphabet 2. Then A is said to be
(1) N-Symmetric, if AAT - ATA(AT is the transpose of an array A).
(i) SN-Symmetric, if AAS = ASA.
(ili) BN-Symmetric, if A(AT)% = (AT)S4 or A(45)T = (A5) A

Theorem 3.1. Let A = (a;;) be an array of dimension (n, n) over an

alphabet 3. Then A is a Palindrome array iff A is a Bi-Symmetric array.
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Proof. If part: The given array A is a Palindrome array then the left
boundary and the right boundary are equal and Palindrome. Then the

elements in A satisfy the condition aq;; = (ag S or a;; = (aS)T where

1<i<m,1<j<n. Hence every Palindrome array is a Bi-Symmetric array
and vice versa.
Theorem 3.2. Let A be a Circulant array over an alphabet X. Then Ak
(rowl/column concatenation), AT and AS are Circulant array, where k > 2.
Proof. The proof of this theorem is by the Method of Mathematical
ag @ Qg
Induction. Let us prove the theorem for k =2. A=|ay9 a3 a;| then
ap Gz Qg
ag a4 ay az @ Ay
A2 - AQA-= ag a3 @ a9 ag o | Hence, this theorem is true

a a a3 a Qg Qag

for £ = 2. Assume that, it is true for m. We have to prove for m + 1.

Qs (4] (02) . as a (%))
Am (%) A= (e5)] as (07} vee Qo as [e41
(e2] (02)) as cee a (02} as (3’ m+1)

Hence, this theorem is true for all £ > 2.

a, A ... Qu_9 QAu_q
An-1 an an-3 Ap-2
A= = AT
as as a, a
ay Qg ... Qp_3 a,

and
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a, ap-1 Qu_9 ... Qg Qg o2
ay a, an_1 - Qg as as
Qg a a, ... aj ay as
AS =
an-3 Ap—4 An-5 an an-1 ap-2
an-2 an-3 Ap—4g aQ an Ap-1
an-1  Qp-2 Qap-3 ag & an

are satisfied the definition of Circulant array.

Theorem 3.3. Let A be a Circulant array over an alphabet . Then A is a
Pascal Symmetric and N-Symmetric array.

Proof. Let
Qn a1 Qg e Qpo3 Ap-2 Qp-1
an-1 an Q@ e Qpyg an-3 an-2
an-2 an-1 an An-5 An—4 an-3
A=
as ay as ... an a ay
ag as ay ... Q1 a, ay
ay (%)) asg v a,_9 Ay a,

The primary diagonal elements of A are the same. Hence, it is a Pascal

Symmetric array. Furthermore, A and AT are the same. In general every

Symmetric array is N-Symmetric array. Hence the theorem.

Theorem 3.4. Let A be a Circulant array over an alphabet . Then every
sub array of A of dimension (i, i) is a Pascal Symmetric array.
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a4 al a2 a3
a3 614 al Gz
Proof. Let A = , then the sub arrays are
ay a3 a4 O
a A az3 Q4

a a4 o ay a4 Qg a  ag ag
ag as az Q4
Gy QA3 Qa4 |,|Q3 Q4 a1 |,|Qg @1 Q2| ) )
a Qg ag Qg
@ az ag Qg A3z Q4 az a4 O

Ay Q1 |(q1 Qg

az  a4)\qqg q
From this we can prove that the sub arrays of A of dimension (i, i) are
satisfied the property of Pascal Symmetric array.

Theorem 3.5. Let A be a Right Circulant array over an alphabet X. Then

@) AR (rowl/column concatenation), AT and AS are a Right Circulant

array, where k > 2.
(1) A is a Secondary Pascal Symmetric and SN-Symmetric array.

(i) Every sub arrays of A of dimension (i, 1) are in Secondary Pascal

Symmetric array.

Theorem 3.6. Let A be a FSA over an alphabet X. Then A has the

following properties
(1) A is a Circulant array.
(11) A is a Pascal Symmetric array.

(iti) Every sub-array of A of dimension (i, 1) is a Symmetric array and

Pascal Symmetric array.

Proof. The proof of the theorem follows from the construction and
definition of the array itself.
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Lemma 3.1. Let A be a FSA over an alphabet X and the dimension of A is
in multiple of three. Then

(1) A is a Bi-Symmetric array.

(11) AT and AS arealsoa Bi-Symmetric array.
(111) A is a BN-Symmetric array.

(iv) Tandem of type A, type B occurred for A.

(v) A is a Boundary Palindrome array.

Proof. The proof of this is by the contrapositive method. Let us assume
that this theorem is true for all values. Let m, n = 4 then the array is

a a b a
b a a b

. From this, the array is not a Circulant and Secondary
a b a a

a a b a
Symmetric but it is Symmetric, the right boundary and the left boundary are
the same but not a Palindrome. This contradicts our assumption. Hence the
theorem is true only if, the dimension of an array is divisible by 3.

Theorem 3.7. Let A be a FSA of dimension (m, n) over an alphabet X.
Then the complexity function of A is bounded by three, where m, n > 2.

Proof. Let consider the arbitrary array A of dimension is (m, n). Then
the extension of Ais (m +1, n) or (m, n+1) or (m +1, n+1). FSA is a Pascal
Symmetric array. By the definition of Pascal Symmetric the extension of A of
any case will be decided by the single element a1 | @y 11 |@pi1, 41 But
the possibility of the right boundaries of FSA are aab...ab, aab...ba,
aab...aa. Hence the complexity function of FSA is bounded by 3.

4. Comparision of Fibonacci Array over four Letters Alphabet and
Binary Alphabet

In this section, the properties of the Fibonacci array over the four-letter
alphabet and the two-letter alphabet are compared. Further, a formula for
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finding the number of occurrences of the tandem of type A and type B are
computed [4].

Observation 4.1. For the Fibonacci array with four letters the following
observations are noted

(1) Construction is based on Concatenation.
(11) All types of tandems are existed.

(1i1) Bordered properties of an array are satisfied with respect to the Row
and Column of same width.

Observation 4.2. For the Fibonacci array with two letters the following
observations are noted

(1) Construction 1s based on the Fibonacci sequence (FSA).

(11) It has various types of array property such as Circulant array,
Palindrome array, Pascal Symmetric array, Bi-Symmetric array, boundary

Palindrome array.
(i) Tandems of type A, type B and bordered are occurred.

Theorem 4.3. Let A be a FSA of dimension (m, n) over an alphabet X.

Then the number of occurrences of the tandem of type B is 22<i<m [%—l or

Z 2<i<n [%—l

Proof. Consider an array of dimension (4, 4). Let A =
a b a a

a a b a

By the definition of tandem the number of occurrences of the tandem of type

B is [%—l + [%—‘ =4+ 2 = 6. Since the theorem is true for A. Without loss of

generality the theorem can be proved for any (m, n), where m, n € N.

Theorem 4.4. Let A be a FSA of dimension (m, n) over an alphabet X.
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Then the number of occurrences of the tandem of type A is {%—‘ [%—l

Proof. Consider the array of dimension (6, 6). Let
b a a b a a

a b a a b a
A = . By definition, the number of occurrences of

a b a a b a

a a b a a b

the tandem of type A is {g [g—l =2x 2 = 4. By the above discussion the

theorem is true for A. The result can be generalized for all FSA of dimension

(m, n), where m, n € N.

5. Conclusion

A new kind of infinite array FSA is introduced and several properties
based on Symmetric properties are established. The comparison between an
array based on two types of alphabets is done. Future work focuses on
structural and combinatorial properties of Pattern matching and DNA-

computing.
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