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Abstract 

In this paper, a Fibonacci sequence based infinite array is introduced and the concepts of 

Circulant infinite array, Secondary Symmetric, Bi-Symmetric, N-Symmetric, SN-Symmetric, 

BN-Symmetric of an array are also introduced. The definition of primary diagonal, Secondary 

diagonal and Secondary Pascal Symmetric of an array is defined. And also classified the 

properties of the Circulant infinite array based on their rotation. The properties of the Fibonacci 

array over the four-letter alphabet and binary alphabet are compared. 

1. Introduction 

Combinatorics on words are widespread topics in automata theory in the 

field of theoretical computer science [3, 6-8]. Two dimensional words and 

their combinatorial properties are used in the field of number theory, fractal 

geometry and pattern matching. The study of two dimensional (2D) 

languages play an important role in the theory of image analysis which have 

numerous applications [1]. N. Jansirani and Rajkumar Dare introduced the 

Fibonacci 2D structure and studied it in the two dimensional direction [4]. N. 

Jansirani, V. Subharani and V. R Dare introduced and studied the 

combinatorial properties of Fibonacci array based on dimension [5]. Toeplitz 

introduced the concepts of Symmetric matrices and Anna Lee introduced 

Secondary Symmetric and Secondary orthogonal matrices [2]. In signal 

processing, image processing, digital image disposal, linear forecast and 

error-correcting code theory the Circulant matrices have a wide range of 
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applications. In this paper, a new kind of 2D rectangular infinite array called 

Fibonacci Sequence Based Infinite Array (FSA) and Circulant array are 

constructed and Secondary Symmetric of an array is introduced. In general, a 

Symmetric array need not be a Secondary Symmetric array, for that the Bi- 

Symmetric array concept is introduced. Based on the rotation the Circulant 

arrays are discussed. The complexity of an array is investigated. Also, the 

combinatorial properties and algebraic properties of Circulant array are 

studied. All the concepts are discussed with examples. Also, the properties of 

the Fibonacci array over the four-letter alphabet and binary alphabet are 

studied. 

2. Basic Definitions and Preliminaries 

Let  be a finite alphabet over  ., ba  The set of all empty and nonempty 

word over  is denoted as .       is denoted as an empty word. 

An infinite word w over an alphabet  is a mapping from a positive integer 

into . The set of all infinite words over  is denoted by .  An array 

 ijwW   over an alphabet  is a rectangular arrangement of symbols of  in 

r rows and s columns. The dimension of the array W is the ordered pair  ., sr  

The set of all arrays over  is denoted by .  We adopt the convention that 

for an array   ,srijwW   the bottom-most row is the first row and the left-

most column is the first column.  .   A factor of the subarray of 

an array W is also an array which is a part of W. The complexity function 

counts the number of distinct subarrays of a given array. An infinite array W 

has an infinite number of rows and an infinite number of columns, the 

collection of all infinite arrays over  is denoted by   [4]. 

If a suffix and a prefix of an array are equal then the array is said to be 

bordered. Column and row concatenation of arrays in   are partial 

operations. The Row concatenation of two arrays A and B exists only if the 

number of columns of A and B should be equal and it is denoted by .BA�  

The Column concatenation of A and B exists only if the number of rows of A 

and B should be equal and it is denoted by BA  [4]. 
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3. Combinatorial Properties of FSA 

In this section, Fibonacci Sequence Based Infinite Array is constructed. 

Circulant array and Secondary Symmetric, Bi-Symmetric, N-Symmetric, SN-

Symmetric, BN-Symmetric, Secondary Pascal Symmetric of an array are 

introduced. And also the definition of Primary diagonal and Secondary 

diagonal of an array are defined. Further, the combinatorial properties of 

such arrays are discussed. 

Definition 3.1. Fibonacci Sequence Based Infinite Array (FSA) W is 

constructed as follows: 

  ,
evenisif

oddisif
1,


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
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 
k

k
jiij
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fa
wW  

where   1,1  jikf kk  is the famous Fibonacci sequence defined by the 

recurrence relation .1,1, 1011   nfffff nnn  

Structure of FSA 
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Definition 3.2. Let  ,,, 121 nn aaaaw    where ia  be an ordered 

alphabet. The Circulant vector of a word w  is defined as 

   .,,,, 132 aaaawir nC  

Let ,abaabw   then   .baabawir C  The Right Circulant vector of a 

word w  is defined as    .,,,, 121  nnn aaaawir RC  Let 

abaabw   then   .babaawir RC  

Definition 3.3. A Circulant array is a special kind of an array, where 

each row vector is rotated one element to the left relative to the preceding 

row vector. 
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Each row vector is rotated one element to the right relative to the preceding 

row vector is called a Right Circulant array. 
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Definition 3.4. Let  ijaA   be an array of dimension  nm,  over an 

alphabet . The Primary diagonal of  ijaA   is defined as ji   and the 

Secondary diagonal of A is defined as .1 jmi  The Secondary transpose 

of A is defined as    ,1,1  jmjn
S

ij
S aaA  for all ., njmi   A is 

said to be Secondary Symmetric if   ,
S

ijij aa   for all ., njmi   A is said 

to be Bi-Symmetric then A is both Symmetric and Secondary Symmetric 

array. A is said to be Secondary Pascal Symmetric then the elements in the 

Secondary diagonal of A are the same. Every Symmetric array need not be a 

Secondary Symmetric array and vice versa. 

Definition 3.5. Let  ijaA   be an array of dimension  nn,  over an 

alphabet . Then A is said to be 

(i) N-Symmetric, if  TTT AAAAA   is the transpose of an array A). 

(ii) SN-Symmetric, if .AAAA SS   

(iii) BN-Symmetric, if     AAAA
STST   or     .AAAA

TSTS   

Theorem 3.1. Let  ijaA   be an array of dimension  nn,  over an 

alphabet . Then A is a Palindrome array iff A is a Bi-Symmetric array. 
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Proof. If part: The given array A is a Palindrome array then the left 

boundary and the right boundary are equal and Palindrome. Then the 

elements in A satisfy the condition  ST
ijij aa   or  TS

ijij aa   where 

.1,1 njmi   Hence every Palindrome array is a Bi-Symmetric array 

and vice versa. 

Theorem 3.2. Let A be a Circulant array over an alphabet . Then kA  

(row/column concatenation), TA  and SA  are Circulant array, where .2k  

Proof. The proof of this theorem is by the Method of Mathematical 

Induction. Let us prove the theorem for .2k  
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are satisfied the definition of Circulant array. 

Theorem 3.3. Let A be a Circulant array over an alphabet . Then A is a 

Pascal Symmetric and N-Symmetric array. 

Proof. Let  
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The primary diagonal elements of A are the same. Hence, it is a Pascal 

Symmetric array. Furthermore, A and TA  are the same. In general every 

Symmetric array is N-Symmetric array. Hence the theorem. 

Theorem 3.4. Let A be a Circulant array over an alphabet . Then every 

sub array of A of dimension  ii,  is a Pascal Symmetric array. 



COMBINATORIAL PROPERTIES OF CIRCULANT … 

Advances and Applications in Mathematical Sciences, Volume 21, Issue 1, November 2021 

161 

Proof. Let ,
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From this we can prove that the sub arrays of A of dimension  ii,  are 

satisfied the property of Pascal Symmetric array. 

Theorem 3.5. Let A be a Right Circulant array over an alphabet . Then 

(i) kA  (row/column concatenation), TA  and SA  are a Right Circulant 

array, where .2k  

(ii) A is a Secondary Pascal Symmetric and SN-Symmetric array. 

(iii) Every sub arrays of A of dimension  ii,  are in Secondary Pascal 

Symmetric array. 

Theorem 3.6. Let A be a FSA over an alphabet . Then A has the 

following properties 

(i) A is a Circulant array. 

(ii) A is a Pascal Symmetric array. 

(iii) Every sub-array of A of dimension  ii,  is a Symmetric array and 

Pascal Symmetric array. 

Proof. The proof of the theorem follows from the construction and 

definition of the array itself. 
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Lemma 3.1. Let A be a FSA over an alphabet  and the dimension of A is 

in multiple of three. Then 

(i) A is a Bi-Symmetric array. 

(ii) TA  and SA  are also a Bi-Symmetric array. 

(iii) A is a BN-Symmetric array. 

(iv) Tandem of type A, type B occurred for A. 

(v) A is a Boundary Palindrome array. 

Proof. The proof of this is by the contrapositive method. Let us assume 

that this theorem is true for all values. Let 4, nm  then the array is 
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 From this, the array is not a Circulant and Secondary 

Symmetric but it is Symmetric, the right boundary and the left boundary are 

the same but not a Palindrome. This contradicts our assumption. Hence the 

theorem is true only if, the dimension of an array is divisible by 3. 

Theorem 3.7. Let A be a FSA of dimension  nm,  over an alphabet . 

Then the complexity function of A is bounded by three, where .2, nm  

Proof. Let consider the arbitrary array A of dimension is  ., nm  Then 

the extension of A is  nm ,1  or  1, nm  or  .1,1  nm  FSA is a Pascal 

Symmetric array. By the definition of Pascal Symmetric the extension of A of 

any case will be decided by the single element .1,11,,1  nmnmnm aaa  But 

the possibility of the right boundaries of FSA are ,, baaababaab   

.aaaab  Hence the complexity function of FSA is bounded by 3. 

4. Comparision of Fibonacci Array over four Letters Alphabet and 

Binary Alphabet 

In this section, the properties of the Fibonacci array over the four-letter 

alphabet and the two-letter alphabet are compared. Further, a formula for 
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finding the number of occurrences of the tandem of type A and type B are 

computed [4]. 

Observation 4.1. For the Fibonacci array with four letters the following 

observations are noted 

(i) Construction is based on Concatenation. 

(ii) All types of tandems are existed. 

(iii) Bordered properties of an array are satisfied with respect to the Row 

and Column of same width. 

Observation 4.2. For the Fibonacci array with two letters the following 

observations are noted 

(i) Construction is based on the Fibonacci sequence (FSA). 

(ii) It has various types of array property such as Circulant array, 

Palindrome array, Pascal Symmetric array, Bi-Symmetric array, boundary 

Palindrome array. 

(iii) Tandems of type A, type B and bordered are occurred. 

Theorem 4.3. Let A be a FSA of dimension  nm,  over an alphabet . 

Then the number of occurrences of the tandem of type B is   





mi i

m
2

 or 

.
2  
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Proof. Consider an array of dimension (4, 4). Let .
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By the definition of tandem the number of occurrences of the tandem of type 

B is .624
2

4

1

4













  Since the theorem is true for A. Without loss of 

generality the theorem can be proved for any  ,, nm  where ., nm  

Theorem 4.4. Let A be a FSA of dimension  nm,  over an alphabet . 
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Then the number of occurrences of the tandem of type A is .
33 










 nm
 

Proof. Consider the array of dimension (6, 6). Let 
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the tandem of type A is .422
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
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
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  By the above discussion the 

theorem is true for A. The result can be generalized for all FSA of dimension 

 ,, nm  where ., nm  

5. Conclusion 

A new kind of infinite array FSA is introduced and several properties 

based on Symmetric properties are established. The comparison between an 

array based on two types of alphabets is done. Future work focuses on 

structural and combinatorial properties of Pattern matching and DNA- 

computing. 
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