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Abstract

In this paper, a new class of fuzzy topological spaces, namely fuzzy quasi-Oz-spaces, is

introduced in terms of fuzzy regular closed sets and fuzzy Gg-sets. It is obtained that fuzzy

extremally disconnected spaces are fuzzy quasi-Oz-spaces and fuzzy quasi-Oz-spaces are not
fuzzy hyperconnected spaces. A condition under which fuzzy submaximal spaces become fuzzy
quasi-Oz-spaces is obtained in terms of fuzzy residual sets.

1. Introduction

In order to deal with uncertainties, the idea of fuzzy sets, fuzzy set
operations was introduced by L. A. Zadeh [20] in 1965. The potential of fuzzy
notion was realized by the researchers and has successfully been applied in
all branches of Mathematics. In 1968, C. L. Chang [5] introduced the concept
of fuzzy topological spaces and his work paved the way for the subsequent
tremendous growth of the numerous fuzzy topological concepts. R. L. Blair
[4], V. E. Scepin [10] and T. Terada [11] independently introduced the concept
of Oz-spaces, also known as perfectly k-normal spaces which is analogous to
that of normality in classical topology. R. L. Blair studied the class of Oz-
topological spaces in which every open set is z-embedded. A. Chigogidze [6]
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investigated weak Oz-spaces under the name of almost Scepin spaces. The
notion of quasi-Oz-spaces was introduced by Chang II Kim [8] which

generalizes the concept of Oz-spaces.

In recent years, there has been a growing trend among many fuzzy
topologists to introduce and study various types of fuzzy topological spaces.
The notion of fuzzy Oz-spaces was introduced and studied in [19]. The
purpose of this paper is to introduce the concept of fuzzy quasi-Oz-spaces and

study its properties and applications.
2. Preliminaries

In order to make the exposition self-contained, some basic notions and

results used in the sequel, are given. In this work by (X, 7T') or simply by X,

we will denote a fuzzy topological space due to Chang [5]. Let X be a non-
empty set and I, the unit interval [0, 1] A fuzzy set A in X is a mapping from

X into I. The fuzzy set Ox is defined as Ox(x) =0, for all x € X and the

fuzzy set 1y is defined as 1x(x) =1, for all x € X.

Definition 2.1[5]. Let (X, T') be a fuzzy topological space and A be any
fuzzy set in (X, T'). The interior, the closure and the complement of A are

defined respectively as follows:
@ int(h) = vip/w <A, pe T}
) cdr) = Afw/r <p1-peT}
(i) A(x) =1-Mx), for all x € X.

Note that for a family {;/i € I} of fuzzy sets in (X, T'), the union

¥ = v;(;) and the intersection & = A;(};), are defined respectively as
(iv) y(x) = sup;{;(x)/x € X}
(v) 8(x) = inf; {1;(x)/x € X].
Lemma 2.1[1]. For a fuzzy set A of a fuzzy topological space X,
(1) 1—int(X) = ¢l(1 — 1) and (i) 1 - cl(r) = int(1 — 1).
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Definition 2.2. A fuzzy set A in a fuzzy topological space (X, T') is called

(1) fuzzy regular-open if A =intcl(A) and fuzzy regular-closed if
A = clint(p) [1].

(2) fuzzy Gg-setif A = AjZ;(X;), where &; € T for i e I [2].

(3) fuzzy Fg-setif A = vie;(X;), where 1-%; e T for i e I [2].

(4) fuzzy semi-open if A < clint()) and fuzzy semi-closed if intcl(A) < A
[1].
(5) fuzzy pre-open if A < int cl(A) and fuzzy pre-closed if c/int(A) < A [3].

Definition 2.3. A fuzzy set A in a fuzzy topological space (X, T), is called

(1) fuzzy dense set if there exists no fuzzy closed set puin (X, T') such that
L <p<1 Thatis, cl(A)=1, in (X, T) [12].

(11) fuzzy nowhere dense set if there exists no non-zero fuzzy open set u in
(X, T) such that u < cl()). Thatis, intcl(X) =0, in (X, T) [12].

(i) fuzzy first category set if A =vj_(;), where (;)’s are fuzzy
nowhere dense sets in (X, 7'). Any other fuzzy set in (X, T') is said to be of
fuzzy second category [12].

(iv) fuzzy residual set if 1 — A is a fuzzy first category set in (X, T') [14].

(v) fuzzy somewhere dense set if there exists a non-zero fuzzy open set u
in (X, T') such that p < cl(}). That is, intcl(A) = 0, in (X, T) [13].

Definition 2.4. A fuzzy topological space (X, T') is called a

(1) fuzzy hyperconnected space if every non-null fuzzy open subset of
(X, T) is fuzzy dense in (X, T') [9].

(i1) fuzzy perfectly disconnected space if for any two non-zero fuzzy sets A
and p defined on X with A <1-p, ¢l(A) <1-cl(n), in (X, T) [16].
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(11) fuzzy fraction dense space if for each fuzzy open set A in
(X, T), cl(r) = cl(n), where pis a fuzzy Fg-setin (X, T') [18].

(iv) fuzzy Oz-space if each fuzzy regular closed set is a fuzzy Gg-set in

(X, T) [19].

(v) fuzzy extremally disconnected space if the closure of every fuzzy open
set of (X, T') is fuzzy open in (X, T') [7].

Theorem 2.1[15]. If A is a fuzzy somewhere dense set in a fuzzy
topological space (X, T), then there exists a fuzzy regular closed set m in

(X, T) such that n < cl()L).

Theorem 2.2[18]. If A is a fuzzy regular open set in a fuzzy fraction dense
space (X, T), then there exists a fuzzy Ggs-set 0 in (X, T) such that

int(0) < A

Theorem 2.3[17]. If A is a fuzzy pre-closed set in a fuzzy perfectly
disconnected space (X, T), then int()) is a fuzzy regular closed set in (X, T).

Theorem 2.4[1]. In a fuzzy topological space,

(a) the closure of a fuzzy open set is a fuzzy regular closed set,

(b) the interior of a fuzzy closed set is a fuzzy regular open set.

Theorem 2.5[16]. If (X, T') is a fuzzy perfectly disconnected space, then

(X, T) is a fuzzy extremally disconnected space.

Theorem 2.6[19]. If (X, T) is a fuzzy extremally disconnected space, then
(X, T) is a fuzzy Oz-space.

3. Fuzzy Quasi-Oz-Spaces
Motivated by the works of Chang Il Kim [8] on quasi-Oz-spaces, the
notion of quasi-Oz-space in fuzzy setting is defined as follows:

Definition 3.1. A fuzzy topological space (X,7T) is called a fuzzy
quasi-Oz-space if for a fuzzy regular closed set A in (X, T'), there exists a

fuzzy Gg-set pin (X, T') such that A = clint(p).
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Example 3.1. Let X = {a, b, ¢}. Let a, B and y be fuzzy sets in X defined

as follows:
a: X — [0, 1] is defined by a(a) = 0.4, a(b) = 0.5, a(c) = 0.6,
B: X — [0, 1] is defined by B(a) = 0.5, B(b) = 0.7, B(c) = 0.4,
y: X — [0, 1] is defined by y(a) = 0.6, y(b) = 0.4, y(c) = 0.5,
A : X — [0, 1] is defined by Ma) = 0.5, Mb) = 0.5, A(c) = 0.5.

Then, T ={0,0,B,v,avB avy,Bvy,anB, ary,BAy, av[BAy]
BvilonvlyvienBloaaBvylBafavylyalavplanpay,
avBvy,1} is a fuzzy topology on X. By computation one can find that
cla)=1-PBrfavy)=av[Baylclp)=Lcly)=1-(anBvy])
=yv(aaB)cllavB)=Lclavy)=1-(aaB)=avycBvy) =1claB)
=l-(avy)=anrBcloany)=1-(yv[aaB)=an[Bvy)cPnry)
=l-(avBay)=BalavifclavBay)=1-@alavy)=avBnary]
cdBviony)=LellyvioaB)=1-(anBvy))=vvienBlclanpvy])
=1-(yvieaB)=anBvykcdBarlovy)=1-(av[BAv)=BAlovy)
clly nflovB)=1-(yAlavB]);cllavBvy) =LclarBAary)=1-(avy)
=oa AP

Also intl-a)=BAfavylint(l —B)=0;intl —y)=a A [B vy}
int(1 —[o v B]) = 0;int(1 — o v y]) = o A B;int(1 — [B v y]) = O;int(1 — [a A B])
=ovyintl —[oAy]) = (y v aAB)int@ —[BAy]) = (v [BAv])
int(1 — (v [BAy])) =B Alovy]int@ - (B v [oAv]) =0;int1 - (v v [o A B])
=(aABvy]int@—(aABvyD) = vloABlint@ - (@ Alevy])
= (v B Aylrint@ —(y AlovB]) = (v Ao v Bl int( — (o0 v B v y))
=0;intl — (@ ABAY)=a VY.

The fuzzy regular closed sets in (X,7) are 1-[avy]1-[anB]
1-(avBay)1-(rvieap)l-(aaPBvyD 1-@Alavy) and
1-(y AfavB).
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Now for the fuzzy regular closed set 1 —(y v [o A B]), there exists a fuzzy
Gs-set A = ((a v B) A (v y)A(Bvy)) such that 1—(y v [a A B]) = clint(X) [A
is not fuzzy open in (X, T)].

For the fuzzy regular closed set 1—(yAfavp]), there exists a
fuzzy Gs-set yAlavBl=((avB)ABVvy)Aay) such that 1-(y Ao v B])
= clint(y A [a v B]).

For the fuzzy regular closed set 1—(a A[B Vv y]), there exists a fuzzy
Gs-set yvoaBl=((avBvy)ABvy) a(avy) in (X,T) such that
1—(aA[BVvy])=clint(y v [a A B)).

For the fuzzy regular closed set 1—(B Ao v y]), there exists a fuzzy

Gs-set av[BAyl=(avB)ABA(aVv[BAYy]) such that 1-(B Afavy])
= clint(a v [B A ¥]).

For the fuzzy vregular closed set 1-(av|[BAvy]), there exists
a fuzzy Gs-set Bafavyl=BAPBv[oary)Aa(av[BAay]) such that
1-(av[BAay]) =clint(B Ao v y)).

For the fuzzy regular closed set 1 —[a v y], there exists a fuzzy Gj-set
arB=(@ArBArfavy)a(@aa[Bvy]) in (X,T) such that 1-[avy]
= clint(a A B).

For the fuzzy regular closed set 1 —[a A B], there exists a fuzzy Gj-set
avy=((avBvy)a(avy)al) in (X,T) such that 1-[aAB]
= clint(a v y). Hence (X, T') is a fuzzy quasi-Oz-space.

Example 3.2. Let X = {q, b, ¢}. Let a, B and y be fuzzy sets in X defined

as follows:
a: X — [0, 1] is defined by a(a) = 0.3; a(b) = 0.4; a(c) = 0.5,
B: X — [0, 1] is defined by B(a) = 0.4;B(b) = 0.5;B(c) = 0.6,

y: X — [0, 1] is defined by y(a) = 0.6;y(b) = 0.7; y(c) = 0.4.
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Then, T ={0,0,B, 7, avy,Bvy,arny,BAay,av[Bay,l} is a fuzzy
topology on X. By computation, one can find that cl(a)=1- (o v [B A 7])
) =1-@B Ay)clly) =Lecllavy)=LelBvy) =Lclany)=1-BclB Ay)
=1-Bicllav[pay])=1-(av[BAy]. Also intl-o)=av[BAy]
int(1 - B) =B A y;int(1 —y) = 0;int(1 — [o v 7]) = 0; int(1 - [B v v]) = O;
int(l [ Ay]) = Bint —[BAy]) = Biintd ~[av (B AY)) = v B A7)

The fuzzy regular closed sets in (X,7T) are 1-B,1-(BAy) and
1-[av (B A7)l By computation, one can find that a Ay, y, B Ay are fuzzy
Gs-sets in (X, T). Now, for the fuzzy regular closed set 1 —[B A y] in (X, T'),
there exists no fuzzy Gg-set 8 in (X, 7T) such that 1—[B A y]= clint(3).

Hence (X, T') is not a fuzzy quasi-Oz-space.

Proposition 3.1. If y is a fuzzy regular open set in a fuzzy quasi-Oz-space
(X, T), then there exists a fuzzy Fg-setdin (X, T') such that y = int cl(3).

Proof. Let y be a fuzzy regular open set in (X, T'). Then, 1 v is a fuzzy
regular closed set in (X, 7T'). Since (X, T) is a fuzzy quasi-Oz-space, there
exists a fuzzy Gg-set p in (X, 7T) such that 1-1v=clint(n). Then,
y=1-clint(n) = intcl(l — p), in (X, T'). Let 8 =1 —p and then § is a fuzzy
F,-setin (X, T'). Hence, for the fuzzy regular open set v, there exists a fuzzy
F,-set 8in (X, T) such that y = int ¢/(3).

Proposition 3.2. If vy is a fuzzy regular open set in a fuzzy quasi-Oz-space
(X, T), then there exists a fuzzy Fs-set§in (X, T') such that y < cl(3).

Proof. Let y be a fuzzy regular open set in (X, 7). Since (X, T) is a
fuzzy quasi-Oz-space, by Proposition 3.1, there exists a fuzzy Fj-set & in
(X, T) such that y = intcl(8). Now intcl(8) < cl(§) in (X, T). Hence for a
fuzzy regular open set y, there exists a fuzzy F;-set § in (X, T') such that
y < cl(8).

Proposition 3.3. If A is a fuzzy regular closed set in a fuzzy quasi-Oz-
space (X, T), then there exists a fuzzy Gg-set n in (X, T) such that
int(n) < A.
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Proof. Let A be a fuzzy regular closed set in (X, T'). Since (X, T) is a
fuzzy quasi-Oz-space, there exists a fuzzy Gg-set p in (X, 7T') such that
A = clint(n). Now int(u) < clint(n), in (X, 7). Hence, for the fuzzy regular
closed set A, there exists a fuzzy Gg-set pin (X, T') such that int(n) < A.

Proposition 3.4. If \ is a fuzzy regular closed set in a fuzzy quasi-Oz-
space (X, T), then there exists a fuzzy open set 0 in (X, T) such that 6 < A.

Proof. By Proposition 3.3, for the fuzzy regular closed set A, there exists a
fuzzy Gg-set pin (X, T') such that int(u) < A. Let 6 = int(u). Thus, for the

fuzzy regular closed set A, there exists a fuzzy open set 0 in (X, 7") such that
0 <A

Corollary 3.1. If y is a fuzzy regular open set in a fuzzy quasi-Oz-space
(X, T), then there exists a fuzzy closed set  in (X, T) such that y < n.

Proof. By Proposition 3.2, for the fuzzy regular open set v, there exists a
fuzzy F,-set §in (X, T') such that y < cl(8). Let n = cl(§). Then, n is a fuzzy
closed set in (X, T). Thus, for the fuzzy regular open set y, there exists a

fuzzy closed set n in (X, T') such that y < n.

In a fuzzy topological space (X, T), if A is a fuzzy somewhere dense set,
then intcl(A) # 0, in (X, T'). This implies that there exists a fuzzy open set n
in (X, T') such that n < cl(L). The following proposition shows that in a fuzzy

quasi-Oz-space that open set 1 is the interior of some fuzzy Gg-setin (X, 7).

Proposition 3.5. If A is a fuzzy somewhere dense set in a fuzzy quasi-Oz-
space (X, T), then there exists a fuzzy Gg-set pin (X, T) such that int(n)

< cl(n).

Proof. Let L. be a fuzzy somewhere dense set in (X, 7). Then, by
Theorem 2.1, there exists a fuzzy regular closed set n in (X, T') such that
n < cl()). By Proposition 3.3, for the fuzzy regular closed set n, there exists a
fuzzy Gs-set p in (X, T) such that int(u) <mn. Thus, int(u) <cl(}), in
(X, T).
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Proposition 3.6. If A is a fuzzy regular closed set in a fuzzy quasi-Oz-
space (X, T), then there exists a fuzzy Ggs-set & in (X,T) such that

cl(n) < cl(d).

Proof. Let A be a fuzzy regular closed set in (X, 7'). Then, clint(A) = A,
in (X, T). Now cl[clint(L)] = cl(A) and then clint(A) = cl(A) ... (A). Since
int(A) is a fuzzy open set in (X, T'), by Theorem 2.4, clint(A) is a fuzzy
regular closed set in (X, 7). From (A), cl(A) is a fuzzy regular closed set in
(X, T). Since (X, T) is a fuzzy quasi-Oz-space, there exists a fuzzy Gg-set p
in (X,T) such that cl(A) = clint(n) and then cl(A)= clint(n) < cl(n) and
hence cl(r) < cl(3).

Corollary 3.2. If A is a fuzzy regular closed set in a fuzzy quasi-Oz-space
(X, T), then there exist fuzzy Ggs-sets n and ng in (X, T) such that
clint(yy) < clint(uy).

Proof. Let A be a fuzzy regular closed set in (X, T'). Then, as in the proof
of Proposition 3.6, cl(A) is a fuzzy regular closed set in (X, 7). Since A and
cl()) are fuzzy regular closed sets in the fuzzy quasi-Oz-space (X, T'), there
exist fuzzy Gg-sets p; and pg in (X, 7) such that A =clint(y;) and
cl()) = clint(uy). Since A < cl()), clint(y,) < clint(uy), in (X, T).

Corollary 3.3. If ) is a fuzzy regular open set in a fuzzy quasi-Oz-space
(X, T), then there exist fuzzy Fs-sets &; and 89 in (X,T) such that
int ¢l(89) < int cl(5;).

Proposition 3.7. If X is a fuzzy regular closed set in a fuzzy quasi-Oz-
space (X, T), then there exist fuzzy Gg-sets p and & in (X, T) such that
int(p) < A < cl(S).

Proof. The proof follows from Propositions 3.3 and 3.6.

Corollary 3.4. If v is a fuzzy regular open set in a fuzzy quasi-Oz-space
(X, T), then there exist fuzzy Fg-sets n and 0 in (X,T) such that

int(n) <y < cl(0).
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Proof. Let y be a fuzzy regular open set in (X, T'). Then, 1 -y is a fuzzy
regular closed set in the fuzzy quasi-Oz-space (X, T). By Proposition 3.7,
there exist fuzzy Gg-sets p and 8 in (X, T') such that int(n) <1 -y < cl(3).
Then, 1—-int(u)>1-(1-vy)>1-cld). Then, cl(l-p)>7vy>int(l-35). Let
0 =1-p and n =1-23. Then, 6 and n are fuzzy F,-setsin (X, T'). Thus, for
the regular open set y in (X, T'), there exist fuzzy F,-setsm and 0 in (X, T)
such that int(n) <y < cl(0).

Proposition 3.8. If A is a fuzzy semi-open set in a fuzzy quasi-Oz-space
(X, T'), then there exists a fuzzy Gg-set win (X, T) such that cl()) = clint(p).

Proof. Let A be a fuzzy semi-open set in (X, T'). Then, A < clint()), in
(X, T). This implies that cl(}) < ¢l[clint(1)] = clint(r) < clint cl(}) < ¢l cl())
= cl(A) and thus cl(}) < clint cl(L) < cl(L). Then, cl(r) = clint cl(A) and thus
cl(r) is a fuzzy regular closed set in (X, 7). Since (X, T') is a fuzzy quasi-Oz-
space, there exists a fuzzy Gg-set pin (X, T) such that cl(}) = clint(n).

Proposition 3.9. If X is a fuzzy regular closed set in a fuzzy quasi-Oz-
space (X, T), then there exists a fuzzy somewhere dense set & in (X, T) such

that A < cl(8).

Proof. Let A be a fuzzy regular closed set in (X, 7'). Then, clint(A) = A,
in (X, T). This implies that int(A) # 0. Since (X, T) is a fuzzy quasi-Oz-
space, by Proposition 3.6, there exists a fuzzy Gg-set § in (X, T') such that
cl()) < cl(8). Then, int(A)<cl(r)<cl(§), in (X,T) and intcl(§) =0, in
(X, T). Hence & is a fuzzy somewhere dense set in (X, 7) such that
A < cl(d).

Proposition 3.10. If A is a fuzzy open set in a fuzzy quasi-Oz-space
X, T), then there exists a fuzzy Gg-set pwin (X, T') such that A < clint(u).
)

Proof. Let A be a fuzzy open set in (X, T'). Then, by Theorem 2.4, cl(}) is
a fuzzy regular closed set in (X, T'). Since (X, T') is a fuzzy quasi-Oz-space,
there exists a fuzzy Ggz-set p in (X, 7T) such that cl(r) = clint(n). Now
A < cl()) implies that A < clint(p), in (X, 7).
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Proposition 3.11. If 6 is a fuzzy closed set in a fuzzy quasi-Oz-space
(X, T), then there exists a fuzzy F;-setnin (X, T') such that intcl(}) < 8.

Proof. Let & be a fuzzy closed set in (X, T'). Then, 1 -3 is a fuzzy open
set in (X, 7). Since (X, T) is a fuzzy quasi-Oz-space, by Proposition 3.9,
there exists a fuzzy Gg-set p in (X, T) such that 1-8 <clint(n). This
implies that 1-clint(u) <8 and then intcl(l-p)<§, in (X,7T) Let
N =1-p and then n is a fuzzy F,-set in (X, T'). Thus, for the fuzzy closed
set 3, there exists a fuzzy F-setnin (X, T') such that int cl(}) < 8.

4. Fuzzy Quasi-Oz-Spaces and Other Fuzzy Topological Spaces

In this section we discuss some relationships among fuzzy quasi-Oz-
spaces and other fuzzy spaces.

Proposition 4.1. If a fuzzy topological space (X, T) is a fuzzy Oz-space,
then (X, T) is a fuzzy quasi-Oz-space.

Proof. Let A be a fuzzy regular closed set in (X, T'). Then, A = clint(}),
in (X, T). Since (X, T) is a fuzzy Oz-space, A is a fuzzy Gj-set in (X, T).
Thus, for the fuzzy regular closed set A in (X, T'), A = clint(A), where X is a
fuzzy Gg-setin (X, T), implies that (X, T') is a fuzzy quasi-Oz-space.

Remark. The converse of the above proposition need not be true. That is,
a fuzzy quasi-Oz-space need not be a fuzzy Oz-space. For, consider the

following example.

Example 4.1. Let X = {a, b, ¢}. Let a, B and y be fuzzy sets in X defined

as follows:
a: X — [0, 1] is defined by a(a) = 0.4; a(b) = 0.6; afc) = 0.5,
B: X — [0, 1] is defined by B(a) = 0.6;B(b) = 0.7; B(c) = 0.8,
y: X — [0, 1] is defined by y(a) = 0.5;v(b) = 0.4;y(c) = 0.7.

Then, 7 ={0, 0, B,y,aVvy,aAny,1} is a fuzzy topology on X. By
computation, one can find that clla)=1-(aAy)clB)=1cly)=1;

Advances and Applications in Mathematical Sciences, Volume 22, Issue 5, March 2023



950 G. THANGARAJ and M. PONNUSAMY

clavy)=Lclany)=1-aintl—a)=a Avy;int(l —B) = O;int(1 — y) = 0;

intl-[avy])=0;int(l —[a Ay])=a.  Also eclintl-a)=1-a  and
clintl —[aoAy]) =1—[a Ay] The fuzzy regular closed sets in (X, 7) are
1-a and 1-[aAy] The fuzzy Gg-sets in (X,7T) are o and a Ay. By
computation, one can find that 1-a=clintfary) and 1-[o Y]
= clint(a), in (X, T). Hence (X, T) is a fuzzy quasi-Oz-space. But (X, T') is
not a fuzzy Oz-space, since the fuzzy regular closed sets 1 — o and 1 — [a A v]

are not fuzzy Gg-setsin (X, T).

The following proposition gives a condition for fuzzy quasi-Oz-spaces to
become fuzzy Oz-spaces.
Proposition 4.2. If each fuzzy Gg-set is a fuzzy regular closed set in a

fuzzy quasi-Oz-space (X, T), then (X, T) is a fuzzy Oz-space.

Proof. Let A be a fuzzy regular closed set in (X, 7). Since (X, T) is a
fuzzy quasi-Oz-space, there exists a fuzzy Gg-set p in (X, T) such that
A = clint(n). By hypothesis, the fuzzy Gj-set p is a fuzzy regular closed set
in (X, T) and then clint(un) = p. This implies that A =, in (X, T'). This
implies that the fuzzy regular closed set A is a fuzzy Gg-set in (X, 7). Hence
(X, T) is a fuzzy quasi-Oz-space.

Proposition 4.3. If A is a fuzzy regular open set in a fuzzy fraction dense
and fuzzy quasi-Oz-space (X, T), then there exists a fuzzy Gg-set 0 and a
fuzzy Fg-set§in (X, T) such that int(0) < A < cl(3).

Proof. Let A be a fuzzy regular open set in (X, T). Since (X, T) is a
fuzzy fraction dense space, by Theorem 2.2, there exists a fuzzy Gg-set 6 in
(X, T) such that int(0) < A. Also since (X, 7T) is a fuzzy quasi-Oz-space
(X, T'), by Proposition 3.2, for the fuzzy regular open set A in (X, T'), there
exists a fuzzy F-set 8 in (X, T') such that A < ¢l(8). Then, int(0) < A < cl(3),
in (X, T).

Corollary 4.1. If \ is a fuzzy regular open set in a fuzzy fraction dense
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and fuzzy quasi-Oz-space (X, T'), then there exists a fuzzy open set o and a

fuzzy closed set B in (X, T') such that a. <\ < B.

Proof. Let A be a fuzzy regular open set in (X, 7). Since (X,T) is a

fuzzy fraction dense and fuzzy quasi-Oz-space, by Proposition 4.3, there exists
a fuzzy Gg-set 0 and a fuzzy Fj-set §in (X, T') such that int(0) < A < cl(3).

Let o = int(0) and B = cl(§). Then a and B are respectively fuzzy open and
fuzzy closed sets in (X, T'). Thus, there exists a fuzzy open set a and a fuzzy
closed set B in (X, T') such that o < A <.

Proposition 4.4. If (X, T) is a fuzzy perfectly disconnected space, then
(X, T) is a fuzzy quasi-Oz-space.

Proof. Let (X,T) be a fuzzy perfectly disconnected space. Then, by
Theorem 2.5, (X, T) is a fuzzy extremally disconnected space. By Theorem
2.6 (X, T) is a fuzzy Oz-space and then, by Proposition 4.1, (X, T) is a fuzzy
quasi-Oz-space.

Corollary 4.2. If A is a fuzzy pre-closed set in a fuzzy perfectly
disconnected space, (X, T) then there exists a fuzzy Gg-set pin (X, T) such
that int(n) < A.

Proof. Let A be a fuzzy pre-closed set in (X, T'). Since (X, T) is a fuzzy
perfectly disconnected space, by Theorem 2.3, int(A) is a fuzzy regular closed
set in (X, T'). By Proposition 4.4, (X, T') is a fuzzy quasi-Oz-space and thus
for the fuzzy regular closed set int(A) in (X, 7T'), there exists a fuzzy Gg-set p
in (X,T) such that int(A)=clint(u) and then cl[int(L)] = cl[clint(u)]
= clint(n), in (X, T). By the pre-closedness of 2, cl/int(A) <A and thus
clint(u) < A Now int(u) < clint(n) < A implies that int(u) < A, in (X, 7).

Corollary 4.3. If y is a fuzzy pre-open set in a fuzzy quasi-Oz- and fuzzy
perfectly disconnected space (X, T), then there exists a fuzzy Fs-set 0 in
(X, T) such that y < cl(0).

Proof. Let y be a fuzzy pre-open set in (X, T). Then, 1 -7y is a fuzzy
pre-closed set in (X, T'). Since (X, T) is a fuzzy perfectly disconnected space,
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by Corollary 4.3, there exists a fuzzy Gg-set p in (X,7) such that
int(u) <1—7v. Then, y <1-int(u) and y < cl(1 —pn). Let 6 =1 — . Then, 0 is
a fuzzy Fg-setin (X, T') and y < ¢l(0), in (X, T).

Remark. It is to be noted that a fuzzy quasi-Oz-space need not be a fuzzy
extremally disconnected space. For, in example 3.1, (X,7) is a fuzzy
quasi-Oz-space but not a fuzzy extremally disconnected space, since

clly Ao v B]) =1 —(y Ao v B]) which is not fuzzy open in (X, T).

The following proposition gives a condition under which a fuzzy quasi-Oz
-space becomes a fuzzy extremally disconnected space.

Proposition 4.5. If clint(u) is a fuzzy open set for each fuzzy Gs-set pin
a fuzzy quasi-Oz-space (X, T'), then (X, T) is a fuzzy extremally disconnected
space.

Proof. Let A be a fuzzy open set in (X, T'). Then, by Theorem 2.4, cl(}) is
a fuzzy regular closed set in (X, 7T'). Since (X, T') is a fuzzy quasi-Oz-space,
for the fuzzy regular closed set cl(A) in (X, T), there exists a fuzzy Gg-set p
in (X, T') such that cl(}) = clint(n). By hypothesis, cl/int(n) is a fuzzy open
set in (X, T') and thus cl(}) is a fuzzy open set in (X, T'). Hence (X, T) is a
fuzzy extremally disconnected space.

The following proposition shows that fuzzy quasi-Oz-spaces are not fuzzy
hyperconnected spaces.

Proposition 4.6. If (X, T) is a fuzzy quasi-Oz-space, then (X, T) is not
a fuzzy hyperconnected space.

Proof. Let L be a fuzzy open set in (X, T'). Then, by Proposition 3.9,
there exists a fuzzy Gg-set u in (X,7) such that A <clint(n). Then
A <clu) and thus cl(A)#1, in (X,T) Hence (X,T) is not a fuzzy
hyperconnected space.

Proposition 4.7. If (X, T') is a fuzzy extremally disconnected space, then
(X, T) is a fuzzy quasi-Oz-space.

Proof. Let (X, T) be a fuzzy extremally disconnected space. Then, by
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Theorem 2.5, (X,T) is a fuzzy Oz-space. By Proposition 4.1, the fuzzy
Oz-space (X, T) is a fuzzy quasi-Oz-space. The following proposition gives a
condition under which fuzzy submaximal spaces become fuzzy quasi-Oz-
spaces.

Proposition 4.8. If there exists a fuzzy residual set p in a fuzzy
submaximal space (X, T) such that X\ = clint(u), for each fuzzy regular
closed set ). in (X, T), then (X, T) is a fuzzy quasi-Oz-space.

Proof. Let X be a fuzzy regular closed set in (X, T'). By hypothesis, there
exists a fuzzy residual set pin (X, 7') such that A = c/int(n). Since (X, T) is
a fuzzy submaximal space, by Theorem 2.6, the fuzzy residual set u is a fuzzy
Gs-set in (X, T'). Thus, for the fuzzy regular closed set A, there exists a fuzzy
Gs-set p in (X, T) such that A = clint(n), implies that (X, T) is a fuzzy

quasi-Oz-space.
Conclusion

In this paper, a new class of fuzzy topological spaces, namely fuzzy
quasi-Oz-spaces, is introduced in terms of fuzzy regular closed sets and fuzzy
Gs-sets. It is established that the existence of fuzzy regular open sets in

fuzzy quasi-Oz-spaces ensures the existence of somewhere dense fuzzy
F, -sets and each fuzzy regular closed set in a fuzzy quasi-Oz-space contains

a fuzzy open set. It is obtained that each fuzzy regular closed set in a fuzzy
quasi-Oz-space lies between the interior of some fuzzy Gg-set and the closure

of some fuzzy Gg-set and each fuzzy regular open set in a fuzzy quasi-Oz-
space lies between the interior of some fuzzy Fj-set and the closure of some
fuzzy F,-set. Also it is obtained that each fuzzy regular closed set is

contained in the closure of some fuzzy somewhere dense set in a fuzzy
quasi-Oz-space. It 1s found that fuzzy Oz-spaces are fuzzy quasi-Oz-spaces
and a condition under which a fuzzy quasi-Oz-space becomes a fuzzy
Oz-space i1s obtained. It is established that fuzzy extremally disconnected
spaces are fuzzy quasi-Oz-spaces and fuzzy perfectly disconnected spaces are
fuzzy quasi-Oz-spaces. It 1s found that fuzzy quasi-Oz-spaces are not fuzzy
hyperconnected spaces. A condition under which fuzzy submaximal spaces
become fuzzy quasi-Oz-spaces is obtained in terms of fuzzy residual sets.
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