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Abstract

In this paper we define F-contractive type mappings in dislocated quasi-b-metric spaces
and establish some fixed point theorems for F-contractive mappings. Supporting examples also

are provided.

Introduction

In 1922, Banach [7] proved a fixed point theorem, which later on came to
be known as the famous Banach contraction principle. Since then
generalizations of the contraction principle in different directions as well as
many new fixed point results with applications have been established by
different researchers ([1], [2], [4]-[6], [8], [10], [12]-[16], [18], [19], [21]-[23],
[26]-[29], [30]-[38]).

It 1s a well-known fact that every Banach contraction is continuous. In
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1968, Kannan [25] proved the following result for not necessarily continuous
mappings.

Theorem 1.1 (Kannan [25]). Let (Y, dy) be a complete metric space.
Suppose  Ty:Yy —>Y, is a mapping such that do(Tpxg, Toyo)

<hoido(xg, Toxo) + do(yo, Toyo)} YV xg, yo € Yo and for some 0<Ag < %

Then T, has one and only one fixed point zy € Yy, and for any xg € Y,y the

sequence {Tj'xq} converges to z.

This result shows that there exist self mappings with only one fixed point
which are not necessarily continuous. Incidentally, the result of Kannan also
gave a characterization of the metric space (Y, dy) in terms of the fixed

point of 7j. This was shown by Subrahmanyam [41] in 1975, by proving that
a metric space is complete if and only if every Kannan mapping has a unique

fixed point.

In 2012, Wardowski [43] introduced a new type of contraction called
F-contraction (also called Wardowski-contraction [24]) and proved a fixed
point theorem concerning F-Contractions. Since then much work has been
done on the fixed point theory of F-Contraction mappings and their
extensions ([25], [32], [33], [39], [40], [42], [44]-[48]).

In this paper, we present result on fixed point theory in dislocated quasi
b-metric spaces considering a new type of mappings which is a combination of
F-Contraction by Wardowski [43] as well as Kannan contraction [25]
mappings.

2. Preliminaries

We start by defining some of the terms used in this paper.

Definition 2.1 (P. Hitzler and A. K. Seda [23]). Let Y, # ¢. Suppose that
the mapping dy : Yy x Yy — [0, o) satisfies the following conditions:

(d1) do(xg, yo) = do(¥p, x9) = 0 implies x5 = yy %o, Yo € Yy, and

(d2) there exists s>1 such that dy(xg, yo)<s(dy(xg, 20) + do(20, Y0))
Y %, Yo, 20 € Yp.
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The triplet (Y, dy, s) is called a dislocated quasi-b-metric space. The
number s is called the coefficient of (Y, dp).

Example 2.1. Let Y, = {1, 2, 3, ...} we define d; : Yy x Yy — R by
1 ifxg <y
do(xg, ¥0) =10 ifxg =y
2 ifxy > p.
Then (Yy, dy, s) is a dislocated quasi b-metric space with s = 1.

Example 2.2. Let Y = [0, 1] and define d, : Y x Yy — [0, «) by

do(x9, y0) =

9 .
(g +50)* ifxg # ¥o
if X0 = Xo-

Then (Yy, dy, s) is dislocated quasi b-metric space with s = 2.

Definition 2.2. Let (Yj, dy, s) be a dislocated quasi b-metric space. A
sequence X, in Y, is said to dislocated quasi left converge to xy € Yy if
lim,,_,, dy(x0,,, x9) = 0.

Definition 2.3. Let (Yj, dy, s) be a dislocated quasi b-metric space. A
sequence {xg,} in Y, is said to dislocated quasi right converge to xy € Yy if
lim,,_,, dy(xg, x0,,) = 0.

Definition 2.4 (F. M. Zeyada, G. H. Hassan and M. A. Ahmed [46]). Let
(Yy, do, s) be a dislocated quasi b-metric space. A sequence {xg,} in Y, is

said to converge to xg € Yy if it is both dislocated quasi left and right
converge to xg i.e., lim,_,, dy(xg,, xo) = lim,,_,,, dy(xg, xo,) = O.
xo 1is called a dislocated quasi b-limit (or simply limit) of {x,,}.

Definition 2.5 (F. M. Zeyada, G. H. Hassan and M. A. Ahmed [46]). A
sequence {xp,} in a dislocated quasi b-metric space (Yj, dy, s) is called
Cauchy if for each ¢ >0, 3ny € N such that Vm, n>ng, dy(xg,, %o,) < €

and d(xg,,, Xom) < €.

Advances and Applications in Mathematical Sciences, Volume 22, Issue 6, April 2023



1302 CH. S. RAO, S. R. KUMAR, K. K. M. SARMA and L. RATHOUR

Definition 2.6 (F. M. Zeyada, G. H. Hassan and M. A. Ahmed [46]). A
dislocated quasi b-metric space (Y, dy, s) is called complete if every Cauchy

sequence in it is dislocated quasi b-convergent.
Definition 2.7. Let Y, = ¢. Suppose T : Yy —> ¥, be a self map of Y,

An element x; € Y is called a fixed point of T if Tpyxg = xp.

Definition 2.8 (P. Hitzler and A. K. Seda [23]). Let (Y, dy, s) be a
dislocated quasi b-metric space. A map Tj : Y — Yj is called a contraction if

there exists 0< Ao < 1 such that dy(Thxg, Toyo) < odo(x0, ¥o) ¥ %o, Yo € Yo-

Lemma 2.1[23]. Let (Y, dy, s) be a dislocated quasi b-metric space. Let

{x0,,} be a sequence in Y, that converges to xq in Yy. Then dy(xg, x9) = 0.

Lemma 2.2[23]. Let (Y, dy, s) be a dislocated quasi b-metric space. Let

{x0,,} be a sequence which converges to xy and yy € Yy. Then xy = Y.

Definition 2.9 (Wardowski [44]). Let F ={F : (0, ) > R/F has the
following properties}

F : F is strictly increasing.

F; : For each sequence {a,},.y of positive numbers lim, , o, =0 if
and only if lim,_, F(a,,) = —oo,

Fj : There exists k < (0, 1) such that lim,_,o+ o*F(a) = 0.

For a metric space (Yy, dy), a mapping 7 :Yy) —> Y, is said to be
Wardowski F-contraction if there exists © > 0 such that dy(Thxg, Toyg) > 0

implies t + F(dy(Toxo, Toyo)) < F(do(x0, ¥0)) ¥ x0, Yo € Yo.

In 2015, Cosentino et al. [11] introduced the following condition in
definition 2.9 to obtain some fixed point results in b-metric spaces. This
extended definition with the following condition added to definition 2.9.

Suppose s>1 then F, = {F € F > F satisfies the following property}

F,: TFor any sequence {a,},.y of positive numbers if

t+ F(sa, )< F(o,,_1) for some t > 0, then t + F(s"a,)< F(s" o, ).
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We observe F = F.”

In 2015, Alsulami et al. [3] defined a generalized F-Suzuki type
contractions in a b-metric space (Yp, dy, s) as a mapping T : Yy — Yy such

that there exists t©>0 and for all Vxg, y5 €Yy with x4 # g,
1 . .
55 d0(Toxo, Toyo) < do(xo, yo) implies

T + F(dy(Toxo, Toyo))

< a(F(do(x0, ¥0))) + B(F(do(x0, Toxo))) + v(F(do(v0, To¥0)))
where o, B €[0,1] and y € [0, 1) with o + B+ y =1 and F satisfies conditions

F and Fj.

In 2019, Goswami et al. [21], defined a new type of F-contractive
mappings on b-metric spaces with F' satisfying conditions F|, Fy, F3 and Fj.

Definition 2.10 (Nilakshi Goswami et al. [21]). For a b-metric space
(Y, dg, s) and F e F,, a mapping Tp:Yy > Y, is said to be an
F-contractive type mapping if there exists r >0 such that
do(xo, Toxo)do(x0, Toyo) # O implies

T+ F(s dy(Toxo, Toyo ))gé{F(do(xo, ¥0)) + F(dy(xg, Txo)) + F(do(y0, Toyo))}
and dy(xg, Toxo)do(yo, Tpyo) = O implies

1+ F = (sdy(Tpxo, Toyo))

<5 1F(do(xo, 30)) + F(do(wo, Tozo)) + F(do(yo, Txo))} ¥ %0, 30 € Xo.

3. Main results

In this section, we introduce the notion of F-contractive type mappings on
a dislocated quasi b-metric space and obtain fixed point results for such

mappings.

Definition 3.1. For a dislocated quasi b-metric space (Yp, dy, s), a

mapping 7 : Yy > Y is said to be an F-Contractive type mapping if there
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exists T > 0 and F e F, such that (i) dy(xg, Toxg)dy(xg, Toyo) # O implies
t + F(s max {do(Toxo, Toy0), do(Toyo, Toxo)})

< 5 1F(max {dy(x9, ¥0), do(¥0, %0)})

Wl

+F(max {do (%, Toxo), do(Toxo, x0)} + Flmax {do(yo, Toyo): do(Toyo, Yo}
whenever 1x 2x 3x 4 # 0, where 1 : max {do(Tpxg, Toyo ) do(Toyo, Toxo))
2+ max {dy (%9, 30): do(0, x0);
3 : max {dq(xo, Txo), do(Toxo, xo)},
4 : max {dy(¥o, To¥o): do(To¥o, Yol
and (i) do(xo, Toxo)do(¥0, To¥o) = O implies

T+ F(s max {dy(Toxg, Toyo) do(Toyo, Toxo)})
<%{F(max {do(x0, ¥0) do(¥0> %0)})

+F(max {do(xo, Ty0). do(Toyo, %o)}) + F(max {do(y0, Toxo), do(Toxo, Yo)})}
whenever 1x2x5x6 =0, where 1:max{dy(Tpxg, Tpxo), do(Toyo, Toxo)}s

2 : max {dy(x9, ¥0), do(¥0, %0} 5 : max {dy(x0, Toyo), do(Toyos %)}
6 : max {dy (9, Toxo) do(Toxo, o)}

We first prove a lemma which is useful for later development.

Lemma 3.1. Let F, G : (0, ©) - R be such that F and G satisfy F, and
For G satisfies Fy Then (F + G) satisfies both F; and F.

Proof. Suppose a,, - 0 and F has F;.
Then F(a,,) — —o.
Therefore F(a,,)+ G(o,,) — —o.

Therefore (F + G)(a,,) — —oo.
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Conversely suppose that (F + G)(a,,) — —o.
Then either F(a,,) - —© or G(a,,) — —o.
Therefore o,, — 0.
Therefore (F + G) has both F; and F,. o

In view of this lemma, by taking F(xy)=logxy and G(xy)= xy for
xy >0, then F+GeF. Similarly, by taking F(xy)=1logx, and
G(xg) = log(xg + 1) for x5 > 0, the F + G € F,,.

Now we state and prove our first main theorem.

Theorem 3.1. Suppose s >1. Let (Y, dy, s) be a complete dislocated
quasi b-metric space and let 1 : Yy — Yy be an F-contractive type mapping
i.e, for some t©>0 and Fye F, such that dy(xg, Toxg)do(vo, Toyo) # O
implies t + F(s max {do(Toxo, Todo ) do(Toyo, Toxo)})

<5 {F(max {dg(xo, 30), do(yo, x0)}) + F(max {do(xo, Txo), do(Tyo, xo))

+F(max {dy(y9, To¥o), do(Toyos ¥o)})} whenever 1x2x3x4 # 0, where
1 - max {do(Toxo, ToYo): do(Toyo, Txo)}, 2 - max {dg (%, ¥0), do(¥0 %0 )}
3+ max {d (%0, Toxo), do(Toxo, %0)}, 4 : max {do(¥o, To¥o): do(Toyo, o)), and
(i) do(xo, Toxo)do(y, Toyo) = O implies

©+ F(s max {dy(Toxo, Toyo ) do(Toyo, Toxo)})
g%{F(max {do(x0, Y0), do(yox0)})

+F(max {dy(xo, Toyo) do(Toyo %o)}) + Flmax {dy (v, Toxo), do(Toxo, o))}

whenever 1x2x5x6 #0, where 1: max{dy(Thxg, Tpyo) do(Toy0, Toxo)}s

2 : max {do (%o, Y0)» do(30» %0)} 3 : max {d(xo, Toyo). do(Todo0, %o}
4 : max {dy(yg, Toxo), do(Toxg, ¥o))- Then Ty has one and only one fixed

point.

Proof. Let x3 €Yy, 7> 0 be as in definition (3.1) and consider the
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sequence {xg,} where xu,.1 = Tpxg,, n =0,1, 2, ....

Denote dy(xq,,, Xons1) by w, and do(xg,41> X0n) by v, and we may

suppose that either u, >0 or v, >0Vn e N
Hence we may suppose that u,, > 0 for infinitely many n.

Then since Tjy is an F-Contractive type mapping, when Tyxg, # xq,, We

have

© + F(s max {dy(Toxon» ToXon+1) do(ToXon+1> ToXon)})
<5 {F(max {dg (o, %0n1), dFons1%0n))
+F(max {dy(x0,, ToXon), do(ToXon> %on)})

+F(max {dy(X0n41> To%on+1) do(ToX0n+1> Xon+1)})}

©+ F(s max {dy(ToXon+1> *Xon+2) do(Xon+2s Xn+1)})
< % {F(max {dy(x0pn, Xon+1)» A(X0n41%0n)})

+F(max {dy (X0, %on+1) AXon+1> *on)})

+F(max {dy(Xn41, Xon+1)» AXon+2> *on+1)})}

4 F(smax {1, 01 )< g (F(max uy, v,}) + Flmax fu, v,)

+F(max {un+1’ Un+1})}

1 2
T+ F(max {un+1’ Un+1}) - § F(max {un+1’ Un+1} < § F(max {un’ Un})

2
T+ g F(S max {un+17 Un+1}) <T+ F(S max {un+1’ Un+1 })

1 2
- g F(max {un+1’ Un+1 }) < g F(max {un’ Un})

2

3 F(max {u,, v,})

g Flsma iy, 0ye))<
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Multiplying on both sides with %, we get

3
9 T+ F(S max {un+1’ Un+1})< F(max {un’ Un})
write w, = max {u,, v,}

5wt Flstn)< Flwy)

g’t + F(s" ™ w, 1)< F(s"w,) for n =0,1,2, ... (from F})

F(s" 1) < Fs"w,) — 5

By induction, from F; we have
n+1 n 3
F(S wn+1)<F(S wn)_§T
and hence by induction
n+l n 3 3
F(s""w,,1)< F(s wn)—gté...gF(wO)—gnr (3.1)

In the limit as n — oo, we get

n+l

lim,, ., F(S wn+1) =%,

so that lim,, ., s""w,,; = 0. (from F,)

From condition F3, there exists k& € (0, 1) such that
: k
hmnaoo(sn-'—lwn-%—l) F(Sn+1wn+1) = 0.
Multiplying (3.1) with (s""'w,.; )" yields
n+l k n+l 3 n+l k n+l k
(8" w0 ) F (8" ) + 5 nls™ 10 ) T < (8™ a0 ) o). (3.2)

on taking the limit as n — « from (3.2), we get

n+l1

: %
lim,, o, 2(s™ " wp41)" = 0.
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This inequality implies that there exists n; € N such that

n(s"w, .1 )¥ <1, Vn>n,. Thus

=

n+l

§ W, < (3.3)

S
| =

Vnz=n.
Now we prove that {x,},_r is a Cauchy sequence.

For n=0,1,2,... and p =1, 2, 3, ..., the following chain of inequalities
holds:

do(x0y,» x0n+p)< s{do(Xon» X0n+1) + do(Xon+1 x0n+p)}
= suy, + sdo(Xop41, x0n+p)

< sy, + 8{sdy(X0p415 Xon+2) + 580(Xon+2> Xonsp))
_ 2 2
= Sl + S Uy 41 + 5 do(Xop42, x0n+p)

2 3 3
<SUp + 8 Up g1 + 87U g + 8°d(dy i3, Xonip)

2 3 p-1 p-1
SSUy + 87Uy + 8 Upyg + .+ 87 Uy 9+ 8T UL

2 3 p-1 p
SSUR +8 Uy +8 Upyo + ...+ 87 Uy p o0+ UL

1 n+p-1
= . SU;.
Sn—l i=1

Hence Vn>n; and p>1 inequality (3.3) implies
1 © g 1 o 1
d(xOn, x0n+p)<in=ns ui<FZi=1T - 0. (3.4)
k
n

Similarly
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1 © g 1 L |
d(x0n+p, xon)égljzi:ns U; <inle - 0. (3.5)
k
n

From (3.4) and (3.5), {xg,},cy is a Cauchy sequence.

Since (Y, dy, s) 1is complete, there exists zyeY, such that
lim,,_,, X, = 2o- Suppose do(Thzp, zg) = 0, Also g > 0, for infinitely many

n, by our assumption.

Then t + F(s max {dy(Tozo, ToXon+1)> do(Toxon+1> To20)})

< 5 tF(max {dy (20, Xon+1) A(Xon41 20)}) + Flmax {dy (29, Tozo), do(Tozo, 20)})

ol

+F(max {do(xX0,41, ToX0n+1)» ATo¥on+1> Xon+1))}

©+ F(s max {dy(Thzo, ToxXon+2) do(ToXon+2s To0)})
< % {F(max {dy(20, Xon+1)s do(X0n+1, 20)}) + F(max {dy(29, Tozo), do(Toz0, 20)})

+F(max {dy(%0n41> To%on+2)> do(ToXon+2> *on+1)})}

Now the right-hand side — —o.

Since max {dy(20, Xon+1) do(*on+15 20)}) = 0

Hence F(s max {dy(Tpz20, *on+2), do(Xon+2> To20)}) — —
Consequently, s max {dy(T29, *on+2) do(Xon+2, 1020)}) = O.

Therefore d(Tyzg, xp,.2) — O,
and d(xg,,49, Tozo) — O.
Therefore xq,,o — Tp2p.

But xg,,2 — 2p-

Therefore Tpzg = zp.

Therefore zj is a fixed point of 7j,.
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To show the uniqueness of the fixed point, let z; be another fixed point of

Ty with zy # zp.
Then

T+ F(s max {dy(Tozo, To20) do(Toz0, To20)})
S%{F (max {dy (29, 20), do(20, 20)}) + F(max {dy (29, Toz0) do(Toz0, 20)})

+F(max {dy (20, To20), do(To20, 20)})})

©+ F(s max {do (20, 20); do (20, 20)})
<%{F (max {dy(20, 20); do(20 20)}) + F(max {do (20, 20), do(20, 20)})

+F(max {dy(20, 20), do(20, 20)})}
T+ F(S max {d0(207 26)7 dO(Zb7 ZO)})gF(maX {dO(ZO’ Zb)’ do(Zb, ZO)})
©+ F(do (20, 20)) < F(do (20, 20))

Hence t<0

which is a contradiction. This proves the result. ]

Example 3.1. Consider the dislocated quasi b-metric space (Y, dy, S)
where Y, = [0, 1] and

(3 +y0)F  ifxg =y
do(xod’o):{ 00 ° °

0 if X0 = o>

Y, is complete with s = 2. Take F(xg) = log xq for xy > 0. Let the mapping
Ty : Yy > Y, be defined by

1 .

= <
TOxOZ 9 1f0\x0<1

0 1fx0 =1.

Then 7Tj, is F-contractive type mapping and hence has unique fixed point.

In fact, Ty has a unique fixed point xy = 3

Advances and Applications in Mathematical Sciences, Volume 22, Issue 6, April 2023
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Proof. We show that 7 is F-contractive type mapping with

F(xg) = log xq for xq >0 and t = glog 2.
Consider the inequality
© + F(s max {do(Toxo, To¥0) do(Too, Toxo)})
< {F(max do(o, 30). oo, o)) + F(max {do(xo, Tyko): dolTowo, %))
+F(max {do(yo, Too): do(Toyo, o))}
whenever 1 x2x3x4 # 0, where 1 : max {dy(Tpxo, To¥o), do(Toyo> Toxo)}s
2 : max {do(x0, o), do(¥0, x0)}, 3 : max {do(xo, Toxo), do(Toxo, xo)h
4 : max {dy (50, Too): do(Zbyo, Yo)}-
Now for x, y9 € [0, 1) and xy # ¥ inequality (3.6) does not hold.
And if xg, yg =1 the inequality (3.6) does not hold.
Again for xy € [0, 1) and yy =1,

©+ F(s max {dy(Toxo, Toyo): do(Toyo, Toxo)})
< 5 1F(max {do(wo, 30, do(3o, %0)}) + F(max {do(xo, Tyxo), do(Toxo, o))

+F(max {dy(yo, Toyo) do(Toyo, Yo)})}

= 1 + log (max {do(Toxo, Toy0), do(Toyo, Toxo)})
< % {log (max {dy(x9, o), do(0, %0 )}) + log(max {dy(xg, Toxo), do(Toxo, Xo)})
+log(max {dy (5o, ToYo)» do(ToYo> Yo)})}
1 1
= 1+ log (max {dO(E , OJ, dg(O, §j})

flog (max {do 1, xo). do(xo, 1) + Iog masx {do( 0. 5 ) o[ 3. 30 )}

<

Wl =
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+log (max {dy(1, 0), do(0, 1)})}
<t max {2, 1)
<5 {log (max {dg (8 + 12, do(1 +x0)2))
{3l
+log (max {1, 1})}
=1+ 1og%<%10g [(1 +x0)7 &jz Xl]

When yy = 0, we get
1 1 1
log =~ <= log —
T+ og4 3log16
1 1
r+log1—1og4<§10g1—§log16
1
t—log4<—§log16
1
t<10g4—§10g16
4
t<10g4—§10g2
4
r<210g2—§log2
4
<l - =
T og2(2 3)

T =§log2.

Similarly for yo =1 and yg < [0, 1), we have t© = %log 2.
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Thus 7j is an F-contractive type mapping with t© = glog 2, and 7j has

unique fixed point. We observe that yg = 1

5 is the unique fixed point of Tj,.

Definition 3.2. For a dislocated quasi b-metric space (Y, dy, s), a
mapping Ty : Yy > Yy is said to be an F-contraction type mapping with
index Ay €[0,1), if there exists ©>0 and F e F

such that
do(x, Toxo)do(yo, Toyo) # O implies

© + F(s max {do(Toxo, Toyo ) do(Toyo, Toxo)})
<MF(max {dy(xg, Yo ) do(vo, %0)}
4 p(max {do(x0, Toxg), do(Txo, x0)} +2 max {d (50, To¥0). do(ToYo. yo)})}

whenever 1x2x3x4 =0, where 1:max{dy(Toxg, Toy0) do(Toyo, Toxo)}s
2 : max {dy(x0, y0), do(%0, %0)}» 3 : max {do(x0, Toxo), do(Toxo, o)}

4 : max {dy(yo, Toyo) do(Toyo, Yo)},  and
implies

do(xo, Toxo)do(vo, Toyo) = 0

1+ F(s max {dy(Thxg, Toyo)» do(Toyo, Toxo)})
<MF(max {dy(xg, ¥0), do(0, X0)}

- P {do(x0, Toyo), do(Toyo, xo)} + max {dy(yo, Toxo), do(ToXo, o)}

: )

whenever 1x2x5x6 %0, where 1:max/{dy(Tpxg, T0Y0), do(Toyo, Toxo)}s
2 : max {do(xo, Y0): do(50> %0)} 5 : max {do(xo, Toyo). do(Todo, %o}
6 : max {do (5, Tox0)» do(Loxo, 5o)-

Theorem 3.2. Suppose s >1. Let (Y, dy, s) be a complete dislocated
quasi b-metric space and let 1 : Yy — Yy be an F-contractive type mapping

with index MLy i.e., for some ‘C>0,0§7\.<l and F e Fy such that

do(xo, Toxo)do(yo, Toyo) # O implies
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T+ F(s max {dy(Toxo, Toyo) do(Toyo, Toxo)})
<o tF (max {dy (%0, Y0), do(¥0s x0)}

+ p(max {do(x0, Toxo), do(Toxg, %o)} + max {dy(yo, ToYo), do(ToYo, yo)})}
2

whenever 1x2x3x4 #0, where 1: max{dy(Thxy, Toyo) do(Toy0, Toxo)}s
2 : max {dy(x0, y0), do(%0, %0)}» 3 : max {do(x0, Toxo), do(Toxo, o)},

4 : max {dy(yo, Toyo) do(Toyo, Yo)},  and  dy(xg, Toxo)do(¥o, Toyo) = O
implies

© + F(s max {do(Toxo, Toyo ) do(Toyo, Toxo)})
<hoiF (max {dy(xo, ¥0), do(¥o, xo)}

+ F(max {do(x0, To0), do(Toyo, xo)} + max {do(yo, Toxo), do(ToXo, yo)})}
2
whenever 1x2x5x6 # 0, where 1: max{dy(Thxy, Toyo) do(Toyo, Toxo)},
2 : max {do(x0, o), do(0, %0)}, 5 : max {do(x0, To¥0), do(Toy0, %o)}

6 : max {dy(yo, Toxo), do(Toxg, ¥o9)- Then Ty has one and only one fixed
point.

Proof. Let x5 €Y, and consider the sequence {xy,} where

Xon+1 = Toxon, n = O, ]_, 2,

Denote d(xg,,, Xon+1) by u, and d(xp,.1, X0,) by v, and we may
suppose that either u, >0 or v, >0 Vn e N

Hence we may suppose that u,, > 0 for infinitely many n.

Then since Tj is an F-contractive type mapping when Tyxg, # xg,, We

have
T+ F(s max {dy(Toxo, Toxon+1)» AToXon+15 To%on)})

<o tF(max {d(xg,,, *on+1)s AXon+1> Xon)})
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max {d(xOn’ TOxOn)’ d(T0x0n7 xOn)}

+ F(+ max {d(x0n+1’ T0x0n2+1 )9 d(TOx0n+1’ X0n+1 )})}

T+ F(s max {d(x0,,11, Xon+2) d(Xon+2> Xon+1)})
<o tF(max {d(xgy,, Xon+1)s A%n41, Xon)})

max {d(Xgy,, *on+1)» A*on+1> Xon)}

N F(+ max {d(Xg,41, x0n52)’ d(x0p+25 x0n+1)})}

T+ F(s max {un+1’ Un+1})< )“O{I?(InaX {un’ Un})

+ F(max {un’ vn} + r2nax {un+1’ vn+1})}

Suppose wy;1 = Max {t4, 1, V41

t+ F(sw,.,)< xO{F(wn )+ F (%j}

Suppose w,, ;1 =>w,. Then
T+ F(sw11) <hoF(wy) + Ao F Wy 1)
T+ F(swyi1) = MoF(Wy41) <hoF(wy)
T+ (1= 20)F(swpy1) < T+ Flswni1) = hoF (Wp 1) <hoF(wy,)

T 7\.0

<0
Hence =7 + F(swy,,1)< T F(w,)

+ F(s"Mw,,1)< 7 }LOK F(s"wy,) for n = 0,1, 2, ... (from F})
-0

T

1-12g
1

Suppose 0 <A < 3 Then

Ao
T-7g

F(s"w, 1)< F(s"w,) < F(s"w,,).

n+l n
Thus s""w, .1 < s w,.
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Therefore 5" ™w,,; < s"w,.
By induction
F(s"w,,1) < F(s"w,) -t < F(s" w,_1) -2t < ... < F(wy) - nt
F(s" wy1) < Flwg) - e
We get for limit n — oo, as
lim,, ., F(s""'w, 1) = 0,

n+1

so that lim,_,, s""w,,; = 0. (from F,)

From condition (F3) there exists k € (0, 1) such that
1imy, oo (8" 1101 )* F (8™ 41) = 0,
Multiplying (3.7) with (s"*'w, ;)" yields
(" w1 ) F (™ a0 + 0™ M 1) e < (8" w1 ) Fawp ).
Taking the limit as n — o« to (3.8), we get
lim,, ., n(s"w,.,)F = 0.

This inequality implies that there exists n; e N such

n(s"w, .1 )¥ <1, Vn>n,. Thus

n+l 1
§ Wp S
nk
for all n>n,.

Now we prove that {xon Jneny 1s @ Cauchy sequence.

3.7

(3.8

that

(3.9

For n=0,1,2,... and p =1, 2, 3, ..., the following chain of inequalities

holds:

d(xop, x0n+p) < s{dy(%ons Xon+1) + d(X0p115 X0n+p )}
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= Suy, + 8dp(Xop415 x0n+p)
<suy, + s{sd(X0,11, Xon+2) + 5d(X0p195 Xon+p )
_ 2 24
= Sl + 87Uy + 57d(X0p42, x0n+p)
<su, + s2un+1 + sSumz + s3d(dn+3, X0

n+p)

2 3 p-1 p-1
SSUR + 8 Uy + S Uy + .o+ 87 Uy p o+ 8T Uy p

2 3 p-1 p
SSUy +8 Uy +S U0+ + 8T Uy 9+ S ULy

1 n+p-1 ;
= — : su;.
sn*I 1=1

Hence Vn>n; and p>1 inequality 3.9 implies
1 © 1 |
d(xon’ x0n+p)< Sn—l Zi:ns Ui S Sn—l Zi=1_l -0
k
n

Similarly

1 © g 1 © 1
d(X0n+ ps xon)g—sn_1 Zizns v; <—sn_1 Zi:l Y — 0.
nk

From (3.10) and (3.11), {xg_ },cy is a Cauchy sequence.

1317

(3.10)

(3.11)

Since (Y, dy, s) 1is complete, there exists 2zyeY, such that

lim,, o, X0, = 2g- Now,
©+ F(s max {dy(Toz0, ToxXon+1), AToxon+1> To20)})
<hotF(max {d(2g, Xop+1) A*on115 20)))
max {dy(2g, Thzo), do(Tozo, 20)}

N F(+ max {dy (X041, T0x0n2+1)’ do(Toxon+1 x0n+1)})}
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T+ F(s max {dy(Toz0, Xon+2)» do(Xon+2, To20)})

<o tF(max {dy (20, %on+1) do(Xon+1- 20)})

max {dy(z0, Tozo), do(Toz0> 20)}

N F(+ max {do(Xo,11, x0n2+2)’ do(x0,+2, x0n+1)})}

Now the right-hand side — —.

Since max {dy(20, Xon+1) do(*on+15 20)f = 0

Hence F(s max {dy(Tpz0, Xon+2), do(Xon+2 Toz0)}) — —©

Consequently, s max {dy(Thz0, *on+2): do(*on+2: Toz0)} — O.
F(s max {do(Tp20, Xon+2) d(xon+2: Tozo)}) — —0

Therefore dy(Tpzg, xons2) = O,

and dy(xon2. Thz0) — 0.

Therefore xq,.o — Tp2p-

But xq,,.9 — 2p.

Therefore Tpzg = zp.

Therefore z is a fixed point of Tj,.

To show the uniqueness of the fixed point, let z be another fixed point of

TO with 20 = 26. Then
T+ F(s max {dy(Tpzo, Toz0), do(Toz0, Tozo)})

<X {F (rnax {dO (ZO s 20 )’ d()(zb’ 20 )})

4 p(oax {do (20, 20), do(20, 20)} ; max {dy(20, 20)s do(20, Zb)})}

T+ F(S max {dO(ZO’ Zb)’ dO(Zb’ ZO)})

<o tF(max {dy(z0, 20), do(20, 20)})
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+ p(Rax {do (20, 20), do(20, 20)} ; max {dy (2, 20) do(20, Zb)})}

T+ Fs max {do(20, ), do(20, 20)}) < 2o F(max {dp(20, 20), do(20, 20)})
T+ Fdo(20, 20)) <210 F (do(20, 20))
T+ Fldo(20, 20)) — 2hoF(do (20, 20))< 0
which is a contradiction.
This proves the result. u]

Definition 3.3. Let (Yj, dy, s) be a complete dislocated quasi b-metric
space. A mapping Ty : Yy —> Yy is said to be a Kannan F-contractive type

mapping if there  exists >0 and FeF, such  that
do(x0, Toxo)do(¥0, Toyo) # 0 implies

©+ F(s max {dy(Toxo, Toyo) do(Toyo, Toxo)})

<5 1F(max {dy(xo, Toxo ), do(Toxo, xo)}) + F(max {dy(vo, Toyo), do(Toyos Y0)})}

N

whenever 1x2x3 %0, where 1:max/{dy(Tpxo, T0Y0), do(Toyo, Toxo)}s

2 : max {dy(xo, Thxo), do(Thxo, xo)}, 3+ max {do(vo, Toyo) do(Toyo, ¥o)) and
do(xg, Toxo)do(yo, Thyo) = 0 implies

©+ F(s max {dy(Toxo, Toyo ) do(Toyo, Toxo)})

<5 1F(max {dy(xq, Toyo ), do(Toyo, x0)}) + F(max {dy(vo, Toxo ), do(Toxo, Yo )}

Do

whenever 1x4x5 =0, where 1:max{dy(Tpxg, Toy0) do(Toyo, Toxo)}s
4 : max {do(xo, Toxo ), do(Toxo, %o}, 5 : max {do (30, To¥0): do(Toyo, o)-

Theorem 3.3. Let (Y, dy, s) be a complete dislocated quasi b-metric
space and Ty : Yy > Yy be a Kannan F-contractive type mapping i.e., for
some © >0 and F e Fy such that dy(xq, Toxo)do(yo, Toyo) # O implies

T+ F(s max {dy(Toxo, Toyo), do(Toyo, Toxo)})
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1
<5 {F(max {dy(xo, Toxo ), do(Toxo, x0)})

+ F(max {dy(vo, Toyo) do(Toyo> Yo}

whenever 1x2x3#0, where 1:max{dy(Thxg, Tpyo) do(Toy0, Toxo)}
2 : max {dq(xo, Toxo), do(Toxo, %o)}> 3 : max {do(y0. To¥o): do(Toyo y0)»  and
do(xo, Toxo)do(Yo, Toyo) = O implies

1+ F(s max {dy(Thxo, Toyo)» do(Toyo, Toxo)})
< % {F(max {dy(x0, Toyo ), do(Toyo, *o0)})

+F(max {dy(yo, Toxo) do(Toxo, ¥o))}

whenever 1x2x3 %0, where 1:max{dy(Thxy, Tpyo) do(Toyo, Toxo)},
2 : max {dg(x0, Toxo ), do(Toxo, %0)}, 3 : max {do (50, Toyo ) do(Toxo, Yo)}-

Then Ty has one and only one fixed point.

Proof. Let x3e€Y, and consider the sequence {xy,} where

Xon+1l = Toxon, n = 0, 1, 2,

Denote d(xq,,, X0n+1) by v, and d(xg,41, Xo,) by v, and we may suppose
that either v, >0 or v,, >0 Vn e N.

Hence we may suppose that u,, > 0 for infinitely many n.

Then since 7 is a Kannan F-contractive type mapping when

Toxon # Xon, We have
T+ F(s max {do(Toxon, Toxon+1)» dToxon+1, ToXon)})

< 5 {F(max {dy(x0y,, Toxon ) do(Toxons Xon)})

DO =

+F(max {do(X0n41> To%0n+1) do(ToXon+1> Xon+1)})}

T+ F(s max {dy(X0,41> Xon+2) do(Xon+2> X0n+1)))
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<% {F(max {dy(x0p> X0n+1), do(X0n+15 X0n)})

+F(max {dy(X0s+1> Xon+2) do(X0n+2> Xon+1)})}

1321

1
T+ F(s max {un+1’ Un+1}) < § {F(max {un’ Un}) + F(max {un+l’ Un+1 })}

1 1
T+ F(s max {un+1’ Un+1}) - § F(maX {un+1’ Un+1})< E F(max {una Un})

1
Tty F(S max {un+1’ Un+1}) <T+ F(S max {un+1’ Un+1 })

2

1 1
- § F(maX {un+1’ Un+1 }) < § F(max {un’ Un })

g s max g, vya)) < g Flmax fu, v,)
Multiplying with 2 on both sides, we get
2t + F(s max {t, 11, Up41}) < F(max {uy, v, })
write w,, = max {u,, v,}
2t + Flstw,1) < Fw,)
2t + F(s"Mw, 1)< F(s"w,) for n = 0,1, 2, ... (from F,)
F(s" ", 1)< F(s"w,) — 2t
By induction, from F; we have
F(s"w,, 1)< F(s"w,) — 2t
and hence by induction
F(s"w, 1)< F(s"w,) — 2t<...< F(wy) - 2nt
In the limit as n — oo, we get

lim,, F(sn+1wn+1) =%,
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so that lim, ., s""lw,,; = 0. (from F)

From condition Fj there exists & e (0, 1) such that

1imn—>oo(sn+1wn+1)kF(snﬂwnﬂ) = 0.

Multiplying (3.12) with (s""'w,,;)* yields

(" w41 ) F(5" 1wy 40) + 205 1010 )1 < (5" w0 ) Fawg ). (3.13)

Taking the limit as n — « to 3.13, we get

lim,,_,,, n(3n+1wn+1 )k =0.

This inequality implies that there exists n; € N such that

1 e
(" w, 1) <1, Vazn.

Thus
n+l 1
S Wy 41 g —1 (3 14)
nk

for all n>n,.

Now we prove that {xg,}, .y is a Cauchy sequence.

For n=0,1,2,... and p =1, 2, 3, ..., the following chain of inequalities
holds:

do(X0n> Xon+p) <S1do(Xons Xon+1) + do(X0n+15 Xon+p )}
= 81, + 5do(X0n415 Xon+p)
< sy, + 8{sdy(X0p415 Xon+2) + 5do(Xon+2, Xonsp))
= Sty + 8%ty 41 + 5°do(Xop2, X0n+p)

2 3 3
<SUp + 8 Up 11 + 8 U yg + 87dy(dp 3, x0n+p)
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2 3 p—1 p-1
SSUR + 8 Uy + 8 Ui + .o+ 87 Uy p 9 +ST Uy p

1

2 3 p- p
SSUy + 8 Uy + S Upo + .+ 8T Uy p 9+ S UL p

1 n+p-1 ;
= . SU;.
sn*1 1=1

Hence Vn>n; and p>1 inequality 3.3 implies

1 © i 1 o 1
d(xOn, x0n+p)<sn__12i:ns u; gsn_—lzizl_l — 0. (3.15)
nk
Similarly
1 © i 1 o 1
d(Xon+ p. xon)<F zi:ns bi <in:1T -0 (3.16)
k
n

From (3.15) and (3.16), {xg,},cy 1s a Cauchy sequence.

Since (Yy, dy, s) 1is complete, there exists 2z €Y, such that
lim,, ., %o, = 29. Now,

v+ F(s max {do(Tozo, Toon ). do(Toxon1: Tozo))
< (F(max do(z0. Tozo). do(Tozo. 20))
+ F(ma {do(x0n.41. Toon1): do(T¥on 1. o1}
-+ F(s max {do(Tyzo. %ns2) doFon2: To0))
< {F(max do(z0, Tozo). do(Tzo, 7))

+ F(max {dy (X041, *on+2)> do(X0n+2, on+1)})}
Now the right-hand side — —oo.
Since max {dy (29, *on+1)> do(*on+1> 20)f = 0

Hence F(s max {dy(Th20, Xon+2) do(X0n+2, To20)} = —©
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Consequently, s max {dy(Thzg, Xon+2)> do(Xon+2, To20)} — O.
F(s max {do(Tozo, Xon+2) do(Xon+2 Tozo)}) = —.
Therefore dy(Thzg, X0ns2) — O,
and dy(xon12, Tozp) — 0.
Therefore xq,.0 — Tpzp.
But xg,,2 — 2p-
Therefore Tpzg = zp.
Therefore z; is a fixed point of Tj,.

To show the uniqueness of the fixed point, let z be another fixed point of

Ty with zy # zj. Then
T+ F(s max {dy(Tpz0, T620), do(Toz0, Tozo)})
1 ' '
<5 {F(max {dy (20, Toz0) do(Toz0, 20)})

+ F(max {dy(20, Tozo), do(Tozo, 20)})}

T+ F(S max {dO(ZO’ Zb)’ dO(Zb’ ZO)})
< % {F(max {dy (20, 20), do(20, 20)})

+ F(max {do(20, z0); do(20, 20)})}
T+ F(S max {dO(ZO’ Zb)’ dO(Zb’ 20)})<F(max {dO(ZO7 Zb)’ dO(Z(’)’ ZO)})
T+ F(dy(20, 20)) < Fdo (20, 20))

which i1s a contradiction.
This proves the result. |

Now we introduce the notion of a boundedly compact dislocated quasi-b-

metric space Y, and obtain a fixed point result for a self-map on Yj,.

This is an extension of the notion as boundedly compact metric space [17],
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to dislocated quasi-b-metric spaces.

Definition 3.4. A dislocated quasi-b-metric space (Yp, dy, s) is said to be
boundedly compact if every boundedly sequence in Y; has a convergent

subsequence.

Theorem 3.4. Let (Y, dy, s) be a boundedly compact dislocated quasi
b-metric space. Suppose Ty :Yy > Yy be a Kannan F-contractive type

mapping. Then T has one and only one fixed point.

Proof. Since (Y, dy, s) is boundedly compact, every Cauchy sequence is

bounded and hence contains a convergent subsequence, consequently the

sequence itself is convergent (being Cauchy). Thus Y, is complete, now the

result follows from Theorem 3.3. o

Now we extend the definition of asymptotically regular maps on
dislocated quasi b-metric spaces, which is an extension of the notation

available in metric spaces [9].

Definition 3.5. For a dislocated quasi b-metric space (Yj, dy, s), a

mapping T :Yy > Y 1s called asymptotically regular if
lim,, .. (Tgtx, T3 xy) = 0 and lim,, ., (T8 xg, Toxg) = 0 V xg € X,.

Theorem 3.5. Let (Y, dy, s) be a complete dislocated quasi b-metric
space. Suppose Ty : Yy — Yy is an asymptotically regular mapping such that,
for some t >0 and F e Fg, if dy(xg, Toxo)do(yo, Toyo # O implies

©+ F(s max {dy(Toxo, Toyo ) do(Toyo, Toxo)})
< F(max {dy(xo, Thxo ), do(Toxo, Txo)}) + F(max {do(vo, Toyo), do(Toyo, ¥o)})

whenever 1x2x3 %0, where 1:max{dy(Tyxo, Toyo) do(Toyo, Toxo)},

2 : max {dy(xo, Thxo), do(Thxo, xo)}, 3 : max {do(vo, Toyo) do(Toyo, Yol and
do(x0, Toxo)do(yo, Toyo) = 0 implies

©+ F(s max {dy(Toxo, Toyo ) do(Toyo, Toxo)})

< F(max {dy (o, Toy0 ), do(Toyo %o)}) + F(max {do(vo, Toxo), do(Toxo, ¥o)})
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whenever 1x4x5 =0, where 1:max{dy(Tyxo, Toyo) do(Toyo, Toxo)},
4 : max {do(xo, To0 ), do(Thyo, %o)}> 5 : max {do (v, Toxo); do(Toxo, yo))-

Then T has a fixed point z, € Y.

Proof. Let x; € Y, and consider the sequence {xg,} where xq, = T5'x,

for every n € N.

Denote d(xq,, Xon+1) by w, and d(xg,.1, Xo,) by v, and we may
suppose that either u, >0 or v, >0 forall n e N.

Since 7T, 1is asymptotically regular, we have lim, ,, u, =0 and

lim,, , v, =0.
Now, for n < m and u, > 0, u,, > 0 we have
T+ F(s max {do(X0p415 Xom+1) do(Xom+1> Xon+1)})
< F(max {dy(T§'xg, " x0), do(™ %o, T8'x0)})
+ F(max {do(T4"xo, T80, do(T5" 0, T5"x0)})
= F(max {u,,, v,}) + F(max {u,,, v,,}).
on letting n — oo, we get
lim,, . F(s max {do (X041, Xom+1)s do(Xom+1, Xops1)) = —

(or) im,,_,,, s max {dO(x0n+1a x0m+l)’ dO(xOerla x0n+1)} =0,

showing that {x,} is a Cauchy sequence.

Since (Y, dy, s) 1is complete, there exists 2zyeY, such that

lim,, ., %o, = 29-
By hypothesis, we have Vn €Y.
t + F(s max {do(Tozo, Toxon ) do(Toxon, Tozo)})
< F(max {dy(=20, Tozo ) do(Tozo0, 20)})

+ F(max {dy(x0,,, Toxon ), do(ToXons *on)})
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Hence on letting n — oo, we get (since lim,,_,., do(xo,,, ToX0,) = 0).
t+ lim,, o, F(s max {do(Tozo Toxon), do(Toxon, Tozo)f) < -,
that is, lim,,_,,, s max {dy(Tpzo Toxon) do(Toxon, To20)}) = O.
Hence {Tyxg,} is a fixed point of Y.

Since the convergent sequence {xg,} converges to both z; and Tz, we

conclude that Tz = zy. Thus z; is a fixed point of Tj,.

To show the uniqueness of the fixed point, let z; be another fixed point of

Ty with 2y # z5. Then
1t + F(s max {dy(Tozo, Toz0), do(Toz0, Tozo)})
< F(max {do (20, Tozo ), do(Tozo 20)})
+F(max {do (20, Tozo)» do(Tozo- 20);)
T+ F(s max {dy(20, 20), do(20, 20)})
< F(max {do(20, 20 ): do(20, 20)})
+F(max {do (20, 20): do(20 20)})}
t+ F(s max {dy(20, 20 ), do(20, 20)})< F(max {do (20, 20), do(20, 20)})
t+ F(do (20, 20)) < F(do (20, 20))
which is a contradiction.

This proves the result. |

Now we introduce the notion of F-expanding mapping on a dislocated
quasi-b-metric space, this extends the similar notion available in b-metric
sequence [20].

Definition 3.6. Let (Yj, dy, s) be a dislocated quasi b-metric space and
F e F,. Amapping Tj : Yy — Y] is said to be an F-expanding type mapping
if there exists © > 0 such that dy(xq, Toxo)do(¥o, Toyo) # O implies
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T+ F(s max {dy(x0, o), do(30, %0)})

< 5 1F(max {dy(Toxo, Toyo ), do(Toyo, Toxo)})

Ll =

+F(max {dy(xo, Toxo), do(Toxo, Xo)})
+F(max {dy(yo, Toyo ) do(Toyo» Yo)})}

whenever 1x2x3x4 %0, where 1 : max {dy(xg, ¥0), do(¥0, %0)}s
2 : max {dy(Toxo, Toyo) do(Toyo, Toxo)}, 3 : max {dy(xo, Toxo), do(Toxos o)

4 : max {dy (30, To¥0), do(ToYo, Yo)}» and  dy(x, Toxo)do (5o, Toyo) = 0
implies

© + F(s max {dy (%0, 50): do(y0, %0)})
< % {F(max {dy(Toxo, Toyo)s do(Toyo, Toxo)})

+F(max {do(xo, Ty0). do(To¥0 %0)})
+F(max {d(yo, Toxo ) d(Toxo, Yo}
whenever 1x2x5x6 =0, where 1 : max {dy(xg, ¥0), do(¥0, X0)}s

2 : max {dy(Toxo, Toyo), do(Toyo, Toxo )} 5 = max {dy(xg, Toyo), do(Toyo» *o)}s
6 : max {dy (o, Toxo)» do(ToXo, ¥o)}-

The following lemma can be easily established.
Lemma 3.2. Let Yy # ¢. Suppose Tjy : Yy — Y is surjective. Then there
exists a mapping Ty : Yy — Y such that Ty o Ty is the identity map on Y.

Theorem 2.6. Let (Y, dy, s) be a complete dislocated quasi b-metric
space. Suppose Ty : Yo — Yy is surjective is an F-expanding type mapping.
Then Ty has a unique fixed point zy € Y.

Proof. By Lemma 3.2, there exists a mapping TS 1Yy > Yy such that

Ty o Ty is the identity map on Y.

Let xo and yy € Yy and xy # yo. Let u = Tyxg and v = Tyyy. Clearly
u # .
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1
T+ F(s max {dO(u’ U)? dO(v’ u)})< § {F(max {do(TOU, TOU)’ dO(TOU’ Tou)})
+F(max {do(u, Tow), do(Tou, w)y) + F(max {do(v, Tov), do(Tov, v)})}
Since Tou = Ty(Thxg) = x9 and Tov = To(Tyvo) = ¥o, We get
T+ F(s max {d(Txo, Toyo) d(Tpy, Tox)})
1 * *
< g (F(max ido(xo, o). do(¥0, *o)y) + Flmax {dy(x, Tox), d(Toxo, o)})
+ F(max {d(y, Toy), dTpy, y))}
showing that T} is an F-contractive type mapping.

By theorem 3.1, Tg has a unique fixed point zy € ¥, and for every

xo € Yy the sequence {T"x(} converges to z.

In particular, z, is also a fixed point of Tj, since Tz = 2 implies that

Tozo = To(Tpzo) = zo-

Finally, if w = Tyw is another fixed point, then

©+ F(s max {dy(29, w), do(w, 29)}) < 5 {F(max {dy(Tozo, Tow), do(Tow, Tozo)})

SV

+F(rnax {dO(ZO’ TOw)’ dO(%wa ZO)}) + F(max {d()(w’ TbZO)’ dO(TOZO’ w)})}
Thus 1 + F(sdy(zg, w)) < F(dy(zg, w))
which is a contradiction.

Hence the fixed point of 7j is unique.

Now, we can define a Kannan F-expanding type mapping as follows.

t + F(s max {dy(x0, Y0), do(0, %0)})

S%{F (max {dy(xg, Toxo), do(Tpxo, Xo)})
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+F(max {do(v0, Toy0). do(To¥0, y0)})}
whenever 1x2x3 =0, where 1 : max {dy(xg, ¥0), do(¥0, X0)}s

2 : max {dy(xq, Toxg), do(Toxo, xo)}, 3 : max {dy(vo, Toyo) do(Toyo> o)) if
do(x0, Too)do (30, Toyo) # 0 and

©+ F(s max {dy(x9, 5o), do(50, %0)}) < % {F(max {dy(xo, Toyo) do(Toyo, %o)})
+F(max {dy (0, Toxo ) do(Toxo, Yo)})}
whenever 1x4x5 =0, where 1 : max {dy(xg, ¥0), do(¥0, X0)}s

2 : max {dg(x0, Toyo), do(Todo, o)}, 3 : max {do(vo, Toxo), do(Toxo, Yo)}  if
do (%0, To%0)do (30, To¥o) # O.

Theorem 3.7. Let (Y, dy, s) be a complete dislocated quasi-b-metric
space. Suppose Ty : Yy —> Yy is surjective and a Kannan F-expanding type

mapping. Then Ty has one and only one fixed point zy € Y.
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