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Abstract 

In this paper we define F-contractive type mappings in dislocated quasi-b-metric spaces 

and establish some fixed point theorems for F-contractive mappings. Supporting examples also 

are provided. 

Introduction 

In 1922, Banach [7] proved a fixed point theorem, which later on came to 

be known as the famous Banach contraction principle. Since then 

generalizations of the contraction principle in different directions as well as 

many new fixed point results with applications have been established by 

different researchers ([1], [2], [4]-[6], [8], [10], [12]-[16], [18], [19], [21]-[23], 

[26]-[29], [30]-[38]). 

It is a well-known fact that every Banach contraction is continuous. In 
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1968, Kannan [25] proved the following result for not necessarily continuous 

mappings. 

Theorem 1.1 (Kannan [25]). Let  00, dY  be a complete metric space. 

Suppose 000 : YYT   is a mapping such that  00000 , yTxTd  

     000000000000 ,,, YyxyTydxTxd   and for some .
2

1
0 0   

Then 0T  has one and only one fixed point ,00 Yz   and for any 00 Yx   the 

sequence  00 xTn  converges to .0z  

This result shows that there exist self mappings with only one fixed point 

which are not necessarily continuous. Incidentally, the result of Kannan also 

gave a characterization of the metric space  00, dY  in terms of the fixed 

point of .0T  This was shown by Subrahmanyam [41] in 1975, by proving that 

a metric space is complete if and only if every Kannan mapping has a unique 

fixed point. 

In 2012, Wardowski [43] introduced a new type of contraction called       

F-contraction (also called Wardowski-contraction [24]) and proved a fixed 

point theorem concerning F-Contractions. Since then much work has been 

done on the fixed point theory of F-Contraction mappings and their 

extensions ([25], [32], [33], [39], [40], [42], [44]-[48]). 

In this paper, we present result on fixed point theory in dislocated quasi 

b-metric spaces considering a new type of mappings which is a combination of 

F-Contraction by Wardowski [43] as well as Kannan contraction [25] 

mappings. 

2. Preliminaries 

We start by defining some of the terms used in this paper. 

Definition 2.1 (P. Hitzler and A. K. Seda [23]). Let .0 Y  Suppose that 

the mapping   ,0: 000 YYd  satisfies the following conditions:  

(d1)     0,, 000000  xydyxd  implies ,, 00000 Yyxyx   and  

(d2) there exists 1s  such that       000000000 ,,, yzdzxdsyxd   

.,, 0000 Yzyx   
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The triplet  sdY ,, 00  is called a dislocated quasi-b-metric space. The 

number s is called the coefficient of  ., 00 dY  

Example 2.1. Let  ,3,2,10 Y  we define  000 : YYd  by  
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Then  sdY ,, 00  is a dislocated quasi b-metric space with .1s  

Example 2.2. Let  1,00 Y  and define   ,0: 000 YYd  by  
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Then  sdY ,, 00  is dislocated quasi b-metric space with .2s  

Definition 2.2. Let  sdY ,, 00  be a dislocated quasi b-metric space. A 

sequence nx0  in 0Y  is said to dislocated quasi left converge to 00 Yx   if 

  .0,lim 000  xxd nn  

Definition 2.3. Let  sdY ,, 00  be a dislocated quasi b-metric space. A 

sequence  nx0  in 0Y  is said to dislocated quasi right converge to 00 Yx   if 

  .0,lim 000  nn xxd  

Definition 2.4 (F. M. Zeyada, G. H. Hassan and M. A. Ahmed [46]). Let 

 sdY ,, 00  be a dislocated quasi b-metric space. A sequence  nx0  in 0Y  is 

said to converge to 00 Yx   if it is both dislocated quasi left and right 

converge to 0x  i.e.,     .0,lim,lim 000000   nnnn xxdxxd   

0x  is called a dislocated quasi b-limit (or simply limit) of  .0nx   

Definition 2.5 (F. M. Zeyada, G. H. Hassan and M. A. Ahmed [46]). A 

sequence  nx0  in a dislocated quasi b-metric space  sdY ,, 00  is called 

Cauchy if for each  0,0 n  such that    nm xxdnnm 0000 ,,,   

and   ., 00 mn xxd  
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Definition 2.6 (F. M. Zeyada, G. H. Hassan and M. A. Ahmed [46]). A 

dislocated quasi b-metric space  sdY ,, 00  is called complete if every Cauchy 

sequence in it is dislocated quasi b-convergent.  

Definition 2.7. Let .0 Y  Suppose 000 : YYT   be a self map of .0Y  

An element 00 Yx   is called a fixed point of 0T  if .000 xxT   

Definition 2.8 (P. Hitzler and A. K. Seda [23]). Let  sdY ,, 00  be a 

dislocated quasi b-metric space. A map 000 : YYT   is called a contraction if 

there exists 10 0   such that     .,,, 000000000000 YyxyxdyTxTd     

Lemma 2.1[23]. Let  sdY ,, 00  be a dislocated quasi b-metric space. Let 

 nx0  be a sequence in 0Y  that converges to 0x  in .0Y  Then   .0, 000 xxd   

Lemma 2.2[23]. Let  sdY ,, 00  be a dislocated quasi b-metric space. Let 

 nx0  be a sequence which converges to 0x  and .00 Yy   Then .00 yx     

Definition 2.9 (Wardowski [44]). Let    FF  ,0:  has the 

following properties}  

FF :1  is strictly increasing.  

:2F  For each sequence    nn  of positive numbers 0lim  nn  if 

and only if   ,lim  nn F  

:3F  There exists  1,0k  such that   .0lim 0  Fk   

For a metric space  ,, 00 dY  a mapping 00: YYT   is said to be 

Wardowski F-contraction if there exists 0  such that   0, 00000 yTxTd  

implies       .,,, 00000000000 YyxyxdFyTxTdF    

In 2015, Cosentino et al. [11] introduced the following condition in 

definition 2.9 to obtain some fixed point results in b-metric spaces. This 

extended definition with the following condition added to definition 2.9.  

Suppose 1s  then  FFs    satisfies the following property}  

:4F  For any sequence    nn  of positive numbers if 

   1 nn FsF   for some ,0  then    .1
1


  n

n
n

n sFsF   



FIXED POINT THEOREMS FOR F-CONTRACTIVE TYPE … 

Advances and Applications in Mathematical Sciences, Volume 22, Issue 6, April 2023 

1303 

We observe .1F ” 

In 2015, Alsulami et al. [3] defined a generalized F-Suzuki type 

contractions in a b-metric space  sdY ,, 00  as a mapping 000 : YYT   such 

that there exists 0  and for all 000, Yyx   with ,00 yx   

   00000000 ,,
2

1
yxdyTxTd

s
  implies  

  00000 , yTxTdF  

           ,,,, 00000000000 yTydFxTxdFyxdF   

where  1,0,   and  1,0  with 1  and F satisfies conditions 

1F  and .2F  

In 2019, Goswami et al. [21], defined a new type of F-contractive 

mappings on b-metric spaces with F satisfying conditions 321 ,, FFF  and .4F  

Definition 2.10 (Nilakshi Goswami et al. [21]). For a b-metric space 

 sdY ,, 00  and ,sF   a mapping 000 : YYT   is said to be an                  

F-contractive type mapping if there exists 0r  such that 

    0,, 00000000 yTxdxTxd  implies 

            000000000000000 ,,,
3

1
, yTydFTxxdFyxdFyTxTdsF    

and     0,, 00000000 yTydxTxd  implies  

  00000 , yTxTsdF   

          .,,,,
3

1
0000000000000 XyxTxydFyTxdFyxdF   

3. Main results 

In this section, we introduce the notion of F-contractive type mappings on 

a dislocated quasi b-metric space and obtain fixed point results for such 

mappings.  

Definition 3.1. For a dislocated quasi b-metric space  ,,, 00 sdY  a 

mapping 000 : YYT   is said to be an F-Contractive type mapping if there 



CH. S. RAO, S. R. KUMAR, K. K. M. SARMA and L. RATHOUR 

Advances and Applications in Mathematical Sciences, Volume 22, Issue 6, April 2023 

1304 

exists 0  and sF 0  such that (i)     0,, 00000000 yTxdxTxd  implies  

     0000000000 ,,,max xTyTdyTxTdsF   

      000000 ,,,max
3

1
xydyxdF  

           0000000000000000 ,,,max,,,max yyTdyTydFxxTdxTxdF   

whenever ,04321   where     ,,,,max:1 0000000000 xTyTdyTxTd   

    ,,,,max:2 000000 xydyxd  

    ,,,,max:3 0000000 xxTdTxxd  

    ,,,,max:4 00000000 yyTdyTyd  

and (ii)     0,, 00000000 yTydxTxd  implies 

     0000000000 ,,,max xTyTdyTxTdsF  

      000000 ,,,max
3

1
xydyxdF  

           0000000000000000 ,,,max,,,max yxTdxTydFxyTdyTxdF   

whenever ,06521   where     ,,,,max:1 0000000000 xTyTdxTxTd    

         ,,,,max:5,,,,max:2 00000000000000 xyTdyTxdxydyxd   

    .,,,max:6 00000000 yxTdxTyd  

We first prove a lemma which is useful for later development. 

Lemma 3.1. Let   ,0:, GF  be such that F and G satisfy 1F  and 

F or G satisfies 2F  Then  GF   satisfies both 1F  and .2F  

Proof. Suppose 0n  and F has .2F  

Then   .nF  

Therefore     . nn GF  

Therefore     . nGF  
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Conversely suppose that     . nGF   

Then either   nF  or   .nG  

Therefore .0n  

Therefore  GF   has both 1F  and .2F  □ 

In view of this lemma, by taking   00 log xxF   and   00 xxG   for 

,00 x  then . GF  Similarly, by taking   00 log xxF   and 

   1log 00  xxG  for ,00 x  the .nGF   

Now we state and prove our first main theorem. 

Theorem 3.1. Suppose .1s  Let  sdY ,, 00  be a complete dislocated 

quasi b-metric space and let 000 : YYT   be an F-contractive type mapping 

i.e., for some 0  and sF 0  such that     0,, 00000000 yTydxTxd  

implies      0000000000 ,,,max xTyTdyTxTdsF  

            00000000000000 ,,,max,,,max
3

1
xxTdxTxdFxydyxdF   

     00000000 ,,,max yyTdyTydF  whenever ,04321   where 

         ,,,,max:2,,,,max:1 000000000000000 xydyxdTxyTdyTxTd  

         ,,,,max:4,,,,max:3 0000000000000000 yyTdyTydxxTdxTxd  and 

(ii)     0,, 0000000 yTydxTxd  implies  

     0000000000 ,,,max xTyTdyTxTdsF  

      000000 ,,max
3

1
xydyxdF  

           0000000000000000 ,,,max,,,max yxTdxTydFxyTdyTxdF   

whenever ,06521   where     ,,,,max:1 0000000000 xTyTdyTxTd    

         ,,,,max:3,,,,max:2 00000000000000 xyTdyTxdxydyxd  

    .,,,max:4 00000000 yxTdxTyd  Then 0T  has one and only one fixed 

point. 

Proof. Let 0,00 Yx  be as in definition (3.1) and consider the 
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sequence  nx0  where .,2,1,0,0010  nxTx nn  

Denote  1000 , nn xxd  by nu  and  nn xxd 0100 ,  by nv  and we may 

suppose that either 0nu  or .0  nvn  

Hence we may suppose that 0nu  for infinitely many n. 

Then since 0T  is an F-Contractive type mapping, when ,000 nn xxT   we 

have  

     nnnn xTxTdxTxTdsF 001000100000 ,,,max   

      nnnn xxdxxdF 0101000 ,,max
3

1
  

     nnnn xxTdxTxdF 00000000 ,,,max  

     101000100100 ,,,max  nnnn xxTdxTxdF  

     1200201000 ,,,max  nnnn xxdxxTdsF  

      nnnn xxdxxdF 0101000 ,,max
3

1
  

     nnnn xxdxxdF 0101000 ,,,max   

     102010100 ,,,max  nnnn xxdxxdF  

         nnnnnn vuFvuFvusF ,max,max
3

1
,max 11     

  11,max  nn vuF  

        nnnnnn vuFvuFvuF ,max
3

2
,max

3

1
,max 1111    

     1111 ,max,max
3

2
  nnnn vusFvusF  

     nnnn vuFvuF ,max
3

2
,max

3

1
11   

     nnnn vuFvusF ,max
3

2
,max

3

2
11   
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Multiplying on both sides with ,
2

3
 we get 

     nnnn vuFvusF ,max,max
2

3
11   

write  nnn vuw ,max  

   nn wFswF 12

3
  

   n
n

n
n wsFwsF 1

1

2

3


  for ,2,1,0n  (from 4F  

    


2

3
1

1
n

n
n

n wsFwsF   

By induction, from 4F  we have  

    


2

3
1

1
n

n
n

n wsFwsF   

and hence by induction  

      
 nwFwsFwsF n

n
n

n

2

3

2

3
01

1    (3.1) 

In the limit as ,n we get 

  ,lim 1
1 


 n
n

n wsF  

so that .0lim 1
1 


 n
n

n ws  (from 2F  

From condition ,3F  there exists  1,0k  such that 

    .0lim 1
1

1
1 





 n

nk
n

n
n wsFws  

Multiplying (3.1) with  kn
n ws 1

1


  yields  

         .
2

3
01

1
1

1
1

1
1

1 wFwswsnwsFws
k

n
nk

n
n

n
nk

n
n











    (3.2)   

on taking the limit as n  from (3.2), we get 

  .0lim 1
1 



k

n
n

n wsn  
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This inequality implies that there exists 1n  such that  

  .,1 11
1 nnwsn

k
n

n  
  Thus 

k

n
n

n

ws
11

1 1
  (3.3) 

.1nn  

Now we prove that   nnx  is a Cauchy sequence. 

For ,2,1,0n  and ,,3,2,1 p  the following chain of inequalities 

holds:  

      pnnnnpnn xxdxxdsxxd   01001000000 ,,,   

 pnnn xxsdsu  0100 ,  

    pnnnnn xxsdxxsdssu   020020100 ,,  

 pnnnn xxdsussu   0200
2

1
2 ,  

 pnnnnn xddsusussu   03
3

2
3

1
2 ,  

  

1
1

2
1

2
3

1
2







  pn
p

pn
p

nnn usususussu   

12
1

2
3

1
2




  pn
p

pn
p

nnn usususussu   

.
1 1

11 





pn

i
i

i

n
us

s
 

Hence 1nn  and 1p  inequality (3.3) implies  

   






 
ni i

k

ni
i

npnn

n
s

us
s

xxd
1 11100 .0

111
,   (3.4)  

Similarly  
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ni i

k

ni
i

nnpn

n
s

vs
s

xxd
1 11100 .0

111
,   (3.5)  

From (3.4) and (3.5),   nnx0  is a Cauchy sequence.  

Since  sdY ,, 00  is complete, there exists 00 Yz   such that 

.lim 00 zx nn   Suppose   ,0, 0000 zzTd  Also ,00 u  for infinitely many 

n, by our assumption. 

Then      001000100000 ,,,max zTxTdxTzTdsF nn   

            000000000101000 ,,,max,,,max
3

1
zzTdzTzdFzxdxzdF nn   

     10100100100 ,,,max  nnnn xxTdxTxdF  

     002000200000 ,,,max zTxTdxTzTdsF nn   

            0000000001001000 ,,,max,,,max
3

1
zzTdzTzdFzxdxzdF nn   

     102000200100 ,,,max  nnnn xxTdxTxdF  

Now the right-hand side .  

Since      0,,,max 01001000  zxdxzd nn   

Hence        0020020000 ,,,max zTxdxzTdsF nn  

Consequently,      .0,,,max 0020020000  zTxdxzTds nn   

Therefore   ,0, 2000 nxzTd  

and   .0, 0020  zTxd n  

Therefore .0020 zTx n   

But .020 zx n   

Therefore .000 zzT   

Therefore 0z  is a fixed point of .0T  
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To show the uniqueness of the fixed point, let 0z  be another fixed point of 

0T  with .00 zz   

Then 

     0000000000 ,,,max zTzTdzTzTdsF   

            00000000000000 ,,,max,,,max
3

1
zzTdzTzdFzzdzzdF   

     00000000 ,,,max zzTdzTzdF   

     000000 ,,,max zzdzzdsF   

            000000000000 ,,,max,,,max
3

1
zzdzzdFzzdzzdF   

     000000 ,,,max zzdzzdF   

           000000000000 ,,,max,,,max zzdzzdFzzdzzdsF    

     000000 ,, zzdFzzdF    

Hence 0  

which is a contradiction. This proves the result.  □ 

Example 3.1. Consider the dislocated quasi b-metric space  sdY ,, 00  

where  1,00 Y  and  

 
 













,if0

if
,

00

00
2

0
2
0

000
yx

yxyx
yxd  

0Y  is complete with .2s  Take   00 log xxF   for .00 x  Let the mapping 

000 : YYT   be defined by  













.1if0

10if
2

1

0

0
00

x

x
xT


 

Then 0T  is F-contractive type mapping and hence has unique fixed point. 

In fact, 0T  has a unique fixed point .
2

1
0 x  
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Proof. We show that 0T  is F-contractive type mapping with 

  00 log xxF   for 00 x  and .2log
3

2
  

Consider the inequality  

     0000000000 ,,,max xTyTdyTxTdsF  

            00000000000000 ,,,max,,,max
3

1
xxTdxTxdFxydyxdF   

     00000000 ,,,max yyTdyTydF  

whenever ,04321   where     ,,,,max:1 0000000000 xTyTdyTxTd  

         ,,,,max:3,,,,max:2 00000000000000 xxTdxTxdxydyxd     

    .,,,max:4 00000000 yyTdyTyd  

Now for  1,0, 00 yx  and 00 yx   inequality (3.6) does not hold.  

And if 1, 00 yx  the inequality (3.6) does not hold. 

Again for  1,00 x  and ,10 y  

     0000000000 ,,,max xTyTdyTxTdsF  

            00000000000000 ,,,max,,,max
3

1
xxTdxTxdFxydyxdF   

     00000000 ,,,max yyTdyTydF  

     0000000000 ,,,maxlog xTyTdyTxTd  

            00000000000000 ,,,maxlog,,,maxlog
3

1
xxTdxTxdxydyxd   

     00000000 ,,,maxlog yyTdyTyd  


































2

1
,0,0,

2

1
maxlog 00 dd  

       































 00000000 ,
2

1
,

2

1
,maxlog1,,,1maxlog

3

1
xdxdxdxd  
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     1,0,0,1maxlog 00 dd  


















4

1
,

16

1
maxlog  

       2
00

22
00 1,1maxlog

3

1
xdxd   






























 






 
2

00

2
2
00 4

1
,

2

1
maxlog xdxd  

  1,1maxlog  

 





















 1
4

1
1log

3

1

4

1
log

2
2

0x  

When ,00 y  we get  

16

1
log

3

1

4

1
log   

16log
3

1
1log

3

1
4log1log    

16log
3

1
4log    

16log
3

1
4log   

2log
3

4
4log   

2log
3

4
2log2   








 
3

4
22log  

.2log
3

2
  

Similarly for 10 y  and  ,1,00 y  we have .2log
3

2
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Thus 0T  is an F-contractive type mapping with ,2log
3

2
  and 0T  has 

unique fixed point. We observe that 
2

1
0 y  is the unique fixed point of .0T  

Definition 3.2. For a dislocated quasi b-metric space  ,,, 00 sdY  a 

mapping 000 : YYT   is said to be an F-contraction type mapping with 

index  ,1,00   if there exists 0  and sF   such that 

    0,, 00000000 yTydxTxd  implies 

     0000000000 ,,,max xTyTdyTxTdsF  

      000000 ,,,max xydyxdF  


         


2

,,,max,,,max 000000000000000 yyTdyTydxTxdxTxd
F


  

whenever ,04321   where     ,,,,max:1 0000000000 xTyTdyTxTd  

         ,,,,max:3,,,,max:2 00000000000000 xxTdxTxdxydyxd    

    ,,,,max:4 00000000 yyTdyTyd  and     0,, 00000000 yTydxTxd  

implies  

     0000000000 ,,,max xTyTdyTxTdsF  

      000000 ,,,max xydyxdF  


         


2

,,,max,,,max 0000000000000000 yxTdxTydxyTdyTxd
F


  

whenever ,06521   where     ,,,,max:1 0000000000 xTyTdyTxTd  

         ,,,,max:5,,,,max:2 00000000000000 xyTdyTxdxydyxd    

    .,,,max:6 00000000 yxTdxTyd  

Theorem 3.2. Suppose .1s  Let  sdY ,, 00  be a complete dislocated 

quasi b-metric space and let 000 : YYT   be an F-contractive type mapping 

with index 0  i.e., for some 
2

1
0,0    and sF   such that 

    0,, 00000000 yTydxTxd  implies 
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     0000000000 ,,,max xTyTdyTxTdsF  

      0000000 ,,,max xydyxdF  


         


2

,,,max,,,max 0000000000000000 yyTdyTydxxTdxTxd
F


  

whenever ,04321   where     ,,,,max:1 0000000000 xTyTdyTxTd  

         ,,,,max:3,,,,max:2 00000000000000 xxTdxTxdxydyxd    

    ,,,,max:4 00000000 yyTdyTyd  and     0,, 00000000 yTydxTxd  

implies  

     0000000000 ,,,max xTyTdyTxTdsF  

      0000000 ,,,max xydyxdF  


         


2

,,,max,,,max 0000000000000000 yxTdxTydxyTdyTxd
F


  

whenever ,06521   where     ,,,,max:1 0000000000 xTyTdyTxTd  

         ,,,,max:5,,,,max:2 00000000000000 xyTdyTxdxydyxd    

    .,,,max:6 00000000 yxTdxTyd  Then 0T  has one and only one fixed 

point. 

Proof. Let 00 Yx   and consider the sequence  nx0  where 

.,2,1,0,0010  nxTx nn  

Denote  100 , nn xxd  by nu  and  nn xxd 010 ,  by nv  and we may 

suppose that either 0nu  or .0  nvn  

Hence we may suppose that 0nu  for infinitely many n.  

Then since 0T  is an F-contractive type mapping when ,000 nn xxT   we 

have 

     nnn xTxTdxTxTdsF 00100100000 ,,,max   

      nnnn xxdxxdF 0101000 ,,,max   
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2

,,,max

,,,max

1010010010

000000


 nnnn

nnnn

xxTdxTxd

xxTdxTxd

F  

     10202010 ,,,max  nnnn xxdxxdsF  

      nnnn xxdxxdF 011000 ,,,max   



    

    


2

,,,max

,,,max

10202010

010100






 nnnn

nnnn

xxdxxd

xxdxxd

F  

      nnnn vuFvusF ,max,max 011     


   


2

,max,max 11 
 nnnn vuvu

F  

Suppose  111 ,max   nnn vuw   

   















 
 

 2
1

01
nn

nn
ww

FwFswF   

Suppose .1 nn ww   Then 

     1001   nnn wFwFswF   

     nnn wFwFswF 0101     

         nnnn wFwFswFswF 0101101     

Hence    nn wFswF
0

0
1

0 11 







   

   n
n

n
n wsFwsF

0

0
1

1

0 11 









   for ,2,1,0n  (from 4F  

Suppose .
2

1
0   Then 

     .
1 0

0
1

1
n

n
n

n
n

n wsFwsFwsF 





   

Thus .1
1

n
n

n
n wsws 
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Therefore .1
1

n
n

n
n wsws 
   

By induction 

         



 nwFwsFwsFwsF n

n
n

n
n

n
01

1
1

1 2   

    
 nwFwsF n

n
01

1  (3.7)  

We get for limit ,n  as  

  ,lim 1
1 


 n
n

n wsF  

so that .0lim 1
1 


 n
n

n ws  (from 2F  

 From condition  3F  there exists  1,0k  such that 

    .0lim 1
1

1
1 





 n

nk
n

n
n wsFws  

Multiplying (3.7) with  kn
n ws 1

1


  yields  

         .01
1

1
1

1
1

1
1 wFwswsnwsFws

k
n

nk
n

nk
n

nk
n

n











    (3.8) 

Taking the limit as n  to (3.8), we get 

  .0lim 1
1 



k

n
n

n wsn  

This inequality implies that there exists 1n  such that 

  .,1 11
1 nnwsn

k
n

n  
  Thus  

k

n
n

n

ws
11

1 1
  (3.9) 

for all .1nn  

Now we prove that   nn
x0  is a Cauchy sequence. 

For ,2,1,0n  and ,,3,2,1 p  the following chain of inequalities 

holds:  

      pnnnnpnn xxdxxdsxxd   010100000 ,,,   
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 pnnn xxsdsu  0100 ,  

    pnnnnn xxsdxxsdssu   0202010 ,,  

 pnnnn xxdsussu   020
2

1
2 ,  

 
pn

xddsusussu nnnn   03
3

2
3

1
2 ,  

  

1
1

2
1

2
3

1
2







  pn
p

pn
p

nnn usususussu   

12
1

2
3

1
2




  pn
p

pn
p

nnn usususussu   

.
1 1

11 





pn

i
i

i

n
us

s
 

Hence 1nn  and 1p  inequality 3.9 implies 

   









 ni i
k

ni
i

n

n
s

us
s

xxd
pnn 1 11100 .0

111
,   (3.10) 

Similarly  

   






 
ni i

k

ni
i

nnpn

n
s

vs
s

xxd
1 11100 .0

111
,   (3.11) 

From (3.10) and (3.11),   nn
x0  is a Cauchy sequence.  

Since  sdY ,, 00  is complete, there exists 00 Yz   such that 

.lim 00 zx nn   Now, 

     00100100000 ,,,max zTxTdxTzTdsF nn   

      0101000 ,,,max zxdxzdF nn   



    

    


2

,,,max

,,,max

101000100100

00000000


 nnnn xxTdxTxd

zzTdzTzd

F  
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     0020020000 ,,,max zTxdxzTdsF nn   

      010010000 ,,,max zxdxzdF nn   



    

    


2

,,,max

,,,max

1020020100

00000000


 nnnn xxdxxd

zzTdzTzd

F  

Now the right-hand side .  

Since      0,,,max 01001000  zxdxzd nn  

Hence        0020020000 ,,,max zTxdxzTdsF nn  

Consequently,      .0,,,max 0020020000  zTxdxzTds nn  

       002020000 ,,,max zTxdxzTdsF nn  

Therefore   ,0, 20000 nxzTd  

and   .0, 00200  zTxd n  

Therefore .0020 zTx n   

But .020 zx n   

Therefore .000 zzT   

Therefore 0z  is a fixed point of .0T  

To show the uniqueness of the fixed point, let 0z  be another fixed point of 

0T  with .00 zz   Then 

     0000000000 ,,,max zTzTdzTzTdsF   

      0000000 ,,,max zzdzzdF   


         


2

,,,max,,,max 000000000000 zzdzzdzzdzzd
F


  

     000000 ,,,max zzdzzdsF   

      0000000 ,,,max zzdzzdF   
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2

,,,max,,,max 000000000000 zzdzzdzzdzzd
F


  

           0000000000000 ,,,max2,,,max zzdzzdFzzdzzdsF    

     0000000 ,2, zzdFzzdF    

      0,2, 0000000 zzdFzzdF   

which is a contradiction. 

This proves the result. □ 

Definition 3.3. Let  sdY ,, 00  be a complete dislocated quasi b-metric 

space. A mapping 000 : YYT   is said to be a Kannan F-contractive type 

mapping if there exists 0  and sF   such that 

    0,, 00000000 yTydxTxd  implies  

     0000000000 ,,,max xTyTdyTxTdsF  

            0000000000000000 ,,,max,,,max
2

1
yyTdyTydFxxTdxTxdF   

whenever ,0321   where     ,,,,max:1 0000000000 xTyTdyTxTd  

         ,,,,max:3,,,,max:2 0000000000000000 yyTdyTydxxTdxTxd  and 

    0,, 00000000 yTydxTxd  implies 

     0000000000 ,,,max xTyTdyTxTdsF  

            0000000000000000 ,,,max,,,max
2

1
yxTdxTydFxyTdyTxdF   

whenever ,0541   where     ,,,,max:1 0000000000 xTyTdyTxTd  

         .,,,max:5,,,,max:4 0000000000000000 yyTdyTydxxTdxTxd  

Theorem 3.3. Let  sdY ,, 00  be a complete dislocated quasi b-metric 

space and 000 : YYT   be a Kannan F-contractive type mapping i.e., for 

some 0  and sF   such that     0,, 00000000 yTydxTxd  implies  

     0000000000 ,,,max xTyTdyTxTdsF  
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      00000000 ,,,max
2

1
xxTdxTxdF  

     00000000 ,,,max yyTdyTydF  

whenever ,0321   where     ,,,,max:1 0000000000 xTyTdyTxTd  

         ,,,,max:3,,,,max:2 0000000000000000 yyTdyTydxxTdxTxd  and 

    0,, 00000000 yTydxTxd  implies  

     0000000000 ,,,max xTyTdyTxTdsF  

      00000000 ,,,max
2

1
xyTdyTxdF  

     00000000 ,,,max yxTdxTydF  

whenever ,0321   where     ,,,,max:1 0000000000 xTyTdyTxTd  

         .,,,max:3,,,,max:2 0000000000000000 yxTdyTydxxTdxTxd  

Then 0T  has one and only one fixed point. 

Proof. Let 00 Yx   and consider the sequence  nx0  where 

.,2,1,0,0010  nxTx nn  

Denote  100 , nn xxd  by nv  and  nn xxd 010 ,  by nv  and we may suppose 

that either 0nu  or .0  nvn  

Hence we may suppose that 0nu  for infinitely many n. 

Then since 0T  is a Kannan F-contractive type mapping when 

,000 nn xxT   we have 

     nnnn xTxTdxTxTdsF 00100100000 ,,,max   

      nnnn xxTdxTxdF 00000000 ,,,max
2

1  

     101000100100 ,,,max  nnnn xxTdxTxdF  

     1020020100 ,,,max  nnnn xxdxxdsF  
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      nnnn xxdxxdF 01001000 ,,,max
2

1
  

     1020020100 ,,,max  nnnn xxdxxdF  

         1111 ,max,max
2

1
,max   nnnnnn vuFvuFvusF   

        nnnnnn vuFvuFvusF ,max
2

1
,max

2

1
,max 1111    

     1111 ,max,max
2

1
  nnnn vusFvusF  

     nnnn vuFvuF ,max
2

1
,max

2

1
11   

     nnnn vuFvusF ,max
2

1
,max

2

1
11   

Multiplying with 2 on both sides, we get  

     nnnn vuFvusF ,max,max2 11   

write  nnn vuw ,max  

   nn wFswF 12   

   n
n

n
n wsFwsF 1

12 
  for ,2,1,0n  (from 4F  

    
 21
1

n
n

n
n wsFwsF   

By induction, from 4F  we have 

    
 21
1

n
n

n
n wsFwsF   

and hence by induction 

      
 nwFwsFwsF n

n
n

n 22 01
1    (3.12)  

In the limit as ,n  we get 

  ,lim 1
1 


 n
n

n wsF  
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so that .0lim 1
1 


 n
n

n ws  (from 2F  

From condition 3F  there exists  1,0k  such that 

    .0lim 1
1

1
1 





 n

nk
n

n
n wsFws  

Multiplying (3.12) with  kn
n ws 1

1


  yields  

         .2 01
1

1
1

1
1

1
1 wFwswsnwsFws

k
n

nk
n

n
n

nk
n

n











    (3.13)  

Taking the limit as n  to 3.13, we get 

  .0lim 1
1 



k

n
n

n wsn  

This inequality implies that there exists 1n  such that 

  .,1 11
1 nnwsn

k
n

n  
  

Thus  

k

n
n

n

ws
11

1 1
  (3.14) 

for all .1nn  

Now we prove that   nnx0  is a Cauchy sequence. 

For ,2,1,0n  and ,,3,2,1 p  the following chain of inequalities 

holds:  

      pnnnnpnn xxdxxdsxxd   01001000000 ,,,   

 pnnn xxsdsu  0100 ,  

    pnnnnn xxsdxxsdssu   020020100 ,,  

 pnnnn xxdsussu   0200
2

1
2 ,  

 pnnnnn xddsusussu   030
3

2
3

1
2 ,  
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1
1

2
1

2
3

1
2







  pn
p

pn
p

nnn usususussu   

12
1

2
3

1
2




  pn
p

pn
p

nnn usususussu   

.
1 1

11 





pn

i
i

i

n
us

s
 

Hence 1nn  and 1p  inequality 3.3 implies 

   






 
ni i

k

ni
i

npnn

n
s

us
s

xxd
1 11100 .0

111
,   (3.15) 

Similarly  

   






 
ni i

k

ni
i

nnpn

n
s

vs
s

xxd
1 11100 .0

111
,   (3.16) 

From (3.15) and (3.16),   nnx0  is a Cauchy sequence.  

Since  sdY ,, 00  is complete, there exists 00 Yz   such that 

.lim 00 zx nn   Now, 

     001000100000 ,,,max zTxTdxTzTdsF nn   

      00000000 ,,,max
2

1
zzTdzTzdF  

     10100100100 ,,,max  nnnn xTxdxTxdF  

     0020020000 ,,,max zTxdxzTdsF nn   

      00000000 ,,,max
2

1
zzTdzTzdF  

     1020020100 ,,,max  nnnn xxdxxdF  

Now the right-hand side .  

Since      0,,,max 01001000  zxdxzd nn  

Hence        0020020000 ,,,max zTxdxzTdsF nn   
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Consequently,      .0,,,max 0020020000  zTxdxzTds nn   

      .,,,max 0020020000  zTxdxzTdsF nn  

Therefore   ,0, 20000 nxzTd  

and   .0, 00200  zTxd n  

Therefore .0020 zTx n   

But .020 zx n   

Therefore .000 zzT   

Therefore 0z  is a fixed point of .0T  

To show the uniqueness of the fixed point, let 0z  be another fixed point of 

0T  with .00 zz   Then 

     0000000000 ,,,max zTzTdzTzTdsF   

      00000000 ,,,max
2

1
zzTdzTzdF   

     00000000 ,,,max zzTdzTzdF   

     000000 ,,,max zzdzzdsF   

      000000 ,,,max
2

1
zzdzzdF   

     000000 ,,,max zzdzzdF   

           000000000000 ,,,max,,,max zzdzzdFzzdzzdsF    

     000000 ,, zzdFzzdF    

which is a contradiction. 

This proves the result. □ 

Now we introduce the notion of a boundedly compact dislocated quasi-b-

metric space 0Y  and obtain a fixed point result for a self-map on .0Y  

This is an extension of the notion as boundedly compact metric space [17], 
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to dislocated quasi-b-metric spaces. 

 Definition 3.4. A dislocated quasi-b-metric space  sdY ,, 00  is said to be 

boundedly compact if every boundedly sequence in 0Y  has a convergent 

subsequence. 

Theorem 3.4. Let  sdY ,, 00  be a boundedly compact dislocated quasi    

b-metric space. Suppose 000 : YYT   be a Kannan F-contractive type 

mapping. Then 0T  has one and only one fixed point. 

Proof. Since  sdY ,, 00  is boundedly compact, every Cauchy sequence is 

bounded and hence contains a convergent subsequence, consequently the 

sequence itself is convergent (being Cauchy). Thus 0Y  is complete, now the 

result follows from Theorem 3.3. □ 

Now we extend the definition of asymptotically regular maps on 

dislocated quasi b-metric spaces, which is an extension of the notation 

available in metric spaces [9]. 

Definition 3.5. For a dislocated quasi b-metric space  ,,, 00 sdY  a 

mapping 000 : YYT   is called asymptotically regular if 

  0,lim 0
1

00 
 xTxT nn

n  and   .0,lim 00000
1

0 XxxTxT nn
n 

  

Theorem 3.5. Let  sdY ,, 00  be a complete dislocated quasi b-metric 

space. Suppose 000 : YYT   is an asymptotically regular mapping such that, 

for some 0  and ,sF   if    0,, 00000000 yTydxTxd  implies 

     0000000000 ,,,max xTyTdyTxTdsF  

           0000000000000000 ,,,max,,,max yyTdyTydFTxxTdxTxdF   

whenever ,0321   where     ,,,,max:1 0000000000 xTyTdyTxTd  

         ,,,,max:3,,,,max:2 0000000000000000 yyTdyTydxxTdxTxd  and 

    0,, 00000000 yTydxTxd  implies  

     0000000000 ,,,max xTyTdyTxTdsF  

           0000000000000000 ,,,max,,,max yxTdxTydFxyTdyTxdF   
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whenever ,0541   where     ,,,,max:1 0000000000 xTyTdyTxTd  

         .,,,max:5,,,,max:4 0000000000000000 yxTdxTydxyTdyTxd  

Then 0T  has a fixed point .00 Yz   

Proof. Let 00 Yx   and consider the sequence  nx0  where ,000 xTx n
n   

for every .n  

Denote  100 , nn xxd  by nu  and  nn xxd 010 ,  by nv  and we may 

suppose that either 0nu  or 0nv  for all .n  

Since 0T  is asymptotically regular, we have 0lim  nn u  and 

.0lim  nn v  

Now, for mn   and 0,0  mn uu  we have 

     1010010100 ,,,max  nmmn xxdxxdsF  

     000
1

00
1

000 ,,,max xTxtdxtxTdF nnnn   

     000
1

000
1

0000 ,,,max xTxTdxTxTdF mmmm   

     .,max,max mmnn vuFvuF   

on letting ,n  we get 

       1010010100 ,,,maxlim nmmnn xxdxxdsF  

(or)      ,0,,,maxlim 1010010100  nmmnn xxdxxds  

showing that  nx0  is a Cauchy sequence. 

Since  sdY ,, 00  is complete, there exists 00 Yz   such that 

.lim 00 zx nn   

By hypothesis, we have .0Yn   

     0000000000 ,,,max zTxTdxTzTdsF nn  

     00000000 ,,,max zzTdzTzdF  

     nnnn xxTdxTxdF 00000000 ,,,max  
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Hence on letting ,n  we get (since   .0,lim 0000  nnn xTxd  

      ,,,maxlim 0000000000   zTxTdxTzTdsF nnn  

that is,      .0,,maxlim 0000000000  zTxTdxTzTds nnn  

Hence  nxT 00  is a fixed point of .0Y  

Since the convergent sequence  nx0  converges to both 0z  and 00zT  we 

conclude that .000 zzT   Thus 0z  is a fixed point of .0T  

To show the uniqueness of the fixed point, let 0z  be another fixed point of 

0T  with .00 zz   Then 

     0000000000 ,,,max zTzTdzTzTdsF   

     00000000 ,,,max zzTdzTzdF   

     00000000 ,,,max zzTdzTzdF   

     000000 ,,,max zzdzzdsF   

     000000 ,,,max zzdzzdF   

     000000 ,,,max zzdzzdF   

           000000000000 ,,,max,,,max zzdzzdFzzdzzdsF    

     000000 ,, zzdFzzdF    

which is a contradiction. 

This proves the result. □ 

Now we introduce the notion of F-expanding mapping on a dislocated 

quasi-b-metric space, this extends the similar notion available in b-metric 

sequence [20]. 

Definition 3.6. Let  sdY ,, 00  be a dislocated quasi b-metric space and 

.sF   A mapping 000 : YYT   is said to be an F-expanding type mapping 

if there exists 0  such that     0,, 00000000 yTydxTxd  implies  
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     000000 ,,,max xydyxdsF  

      0000000000 ,,,max
3

1
xTyTdyTxTdF  

     00000000 ,,,max xxTdxTxdF  

     00000000 ,,,max yyTdyTydF  

whenever ,04321   where     ,,,,max:1 000000 xydyxd  

         ,,,,max:3,,,,max:2 000000000000000000 xxTdxTxdxTyTdyTxTd    

    ,,,,max:4 00000000 yyTdyTyd  and     0,, 00000000 yTydxTxd  

implies  

     000000 ,,,max xydyxdsF  

      0000000000 ,,,max
3

1
xTyTdyTxTdF  

     00000000 ,,,max xyTdyTxdF  

     000000 ,,,max yxTdxTydF  

whenever ,06521   where     ,,,,max:1 000000 xydyxd  

         ,,,,max:5,,,,max:2 000000000000000000 xyTdyTxdxTyTdyTxTd    

    .,,,max:6 00000000 yxTdxTyd  

The following lemma can be easily established. 

Lemma 3.2. Let .0 Y  Suppose 000 : YYT   is surjective. Then there 

exists a mapping 000 : YYT   such that 
00 TT   is the identity map on .0Y  

Theorem 2.6. Let  sdY ,, 00  be a complete dislocated quasi b-metric 

space. Suppose 000 : YYT   is surjective is an F-expanding type mapping. 

Then 0T  has a unique fixed point .00 Yz   

Proof. By Lemma 3.2, there exists a mapping 000 : YYT   such that 


00 TT   is the identity map on .0Y  

Let 0x  and 00 Yy   and .00 yx   Let 00 xTu   and .00 yTv   Clearly 

.vu   
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            uTvTdvTuTdFuvdvudsF 00000000 ,,,max
3

1
,,,max   

           vvTdvTvdFuuTduTudF ,,,max,,,max 00000000   

Since   00000 xxTTuT    and   ,00000 yyTTvT    we get 

     xTyTdyTxTdsF  000000 ,,,max  

            00000000000 ,,,max,,,max
3

1
xxTdxTxdFxydyxdF   

     yyTdyTydF ,,,max 00
  

showing that 
0T  is an F-contractive type mapping. 

By theorem 3.1, 
0T  has a unique fixed point 00 Yz   and for every 

00 Yx   the sequence  00 xT n  converges to .0z  

In particular, 0z  is also a fixed point of 0T  since 000 zzT   implies that 

  .000000 zzTTzT    

Finally, if wTw 0  is another fixed point, then 

            000000000000 ,,,max
3

1
,,,max zTwTdwTzTdFzwdwzdsF   

           wzTdzTwdFzwTdwTzdF ,,,max,,,max 000000000000   

Thus      wzdFwzsdF ,, 0000   

which is a contradiction. 

Hence the fixed point of 0T  is unique.  

Now, we can define a Kannan F-expanding type mapping as follows. 

     000000 ,,,max xydyxdsFt   

      00000000 ,,,max
2

1
xxTdxTxdF  
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     00000000 ,,,max yyTdyTydF  

whenever ,0321   where     ,,,,max:1 000000 xydyxd  

         ,,,,max:3,,,,max:2 0000000000000000 yyTdyTydxxTdxTxd  if 

    0,, 00000000 yTydxTxd  and  

            00000000000000 ,,,max
2

1
,,,max xyTdyTxdFxydyxdsF   

     00000000 ,,,max yxTdxTydF  

whenever ,0541   where     ,,,,max:1 000000 xydyxd  

         ,,,,max:3,,,,max:2 0000000000000000 yxTdxTydxyTdyTxd  if 

    .0,, 00000000 yTydxTxd  

Theorem 3.7. Let  sdY ,, 00  be a complete dislocated quasi-b-metric 

space. Suppose 000 : YYT   is surjective and a Kannan F-expanding type 

mapping. Then 0T  has one and only one fixed point .00 Yz   
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