
 

Advances and Applications in Mathematical Sciences 
Volume 19, Issue 10, August 2020, Pages 969-986 
© 2020 Mili Publications 

 

2010 Mathematics Subject Classification: 60K25. 

Keywords: generating function, Rouche’s theorem, steady-state distribution, single server. 

Received November 5, 2019; Accepted August 2, 2020 

PERFORMANCE OF BULK QUEUE UNDER 

VACATION AND INTERRUPTION 

JITENDRA KUMAR and VIKAS SHINDE 

Department of Applied Mathematics 

Madhav Institute of Technology and Science 

Gwalior, M.P., India 

E-mail: jkmuthele@gmail.com 

v_p_shinde@rediffmail.com 

Abstract 

This paper deals with bulk arrival and bulk service under vacation and interruption. To 

analyze the steady-state behavior as well as determine the different performance size 

distributions are obtained by using supplementary variable technique. Various performance 

indices such as expected probability, when the server is busy and on vacation and mean number 

of customers in the queue and system with utilization factor are carried out in order to validate 

the analytical result by numerical illustration. Objective of this paper is to analyze the 

performance of bulk queues with a single server. The sensitivity analysis is also performed to 

explore the effect of different parameters. 

1. Introduction 

In the recent era, the technology is growing very fast; performance 

evaluation is more concerned issue for design, development, configuration 

and modification of any system. Queueing model has more potential to on 

counter the routine life as well as industrial problems such as manufacturing 

and production systems, computer and transport systems, 

telecommunications and distribution systems etc. congestion situations are 

always arisen in real time system that can be solved by queueing model. In 

queueing model we deal with vacations which interrupt the ideal time for the 

server. Due to some technical problem the server could not perform the job 

such situation is known as interruption. Bulk queue models are more realistic 
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in many queueing systems with the assumption that arrival occurs in batches 

for example an elevator that brings several people to another floor, a 

collection of several packets that is transmitted through the network, etc. 

Generally such queueing model drawn the attention of researchers to analyze 

the performance of service systems. Such queueing models provide huge 

applications in our daily life. Neuts [17] studied the waiting time distribution 

for a bulk queue using a steady-state condition by Downton [7] and Medhi 

[15]. Fakinos [8] derived the relation between limiting queue size 

distributions at arrival and departure epochs. Briere and Chaudhry [3] and 

Kambo and Chaudhry [13] used numerical approaches to get the performance 

indices. Chaudhry and Templeton [5] gave a more extensive study on batch 

arrival/service queues. Miller [16] gave the batch arrival, batch service queue. 

Jaiswal [12] established batch service queues with random service size. 

Shinde and Patankar [20] investigated the bulk service queue with balking, 

reneging and multiple vacations under the transient state. Sikdar et al. [19] 

analyzed the batch arrival single-server queue with renewal input and 

multiple exponential vacations. Chen et al. [4] Markovian bulk-arrival and 

bulk service queue incorporating state-dependent control and obtain the 

behavior of queue length regarding hitting and busy period are also explored. 

Ghimire et al. [9] formulated a mathematical model to examine the fixed 

batch size service rate. Kumar and Shinde [14] evaluated the performance 

measure such as average number of customers in the queue, average number 

of customers in the system, average waiting time of customers in queue, 

average waiting time of customers in the system, response time and efficiency 

of the server corresponding to number of customers with bulk arrival and 

bulk service queueing model. The steady-state analysis of LMGI bx 1  

queue with multiple working vacations and partial batch rejection was 

considered by Yu, et al. [22] finite buffer bulk arrival, bulk service queueing 

system with multiple working vacations and partial batch rejection in which 

the inter-arrival and service times are respectively, arbitrarily and 

exponentially distributed. The supplementary variable and the embedded 

Markov chain techniques are used. The batch arrival NGM yx 1  queue 

with finite buffer under service’s vacation has been studied by Gupta and 

Sikdar [10]. Jain and Jain [11] considered the queueing model with vacation 

where the server work of a different rate instead of being computably idle 
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during the vacation in which the arrival rate varies according to the server 

status. Singh et al. [18] analyzed single server queueing model with bulk 

arrival and state-dependent rates. General distribution is considered for 

repair, delay to repair also for the service process. Ayyappan and Deepa [1] 

analyzed a queueing model with multiple vacation, closedown, essential and 

optional repair (first or second) or if there is no breakdown with probability, 

the server resumes closedown if less than a'  customers are waiting. 

Otherwise, the server starts the service under the general bulk service rule. 

Using supplementary variable technique, the probability generating function 

of the queue size at an arbitrary time is obtained for the steady-state case. 

Also 2 some performance measures and cost model are derived. Ayyappan 

and Viji [2] studied the behavior of a non-Markovian bulk service queueing 

model with unreliable server, stand-by server, loss and feedback, N-policy 

and Bernoulli schedule multiple vacation. The PGF of queue size and some 

important performance measures are derived  

The present paper is organized as follows: notation is given in section 2. 

In section 3, we described the mathematical model. Performance measures 

have been provided in section 4. In section 5, sensitivity analysis is 

mentioned. The conclusion is given in section 6. 

2. Notation 

The following notations have been used in the article.  

n = number of customers in the system  

N = Number of fixed customers in the system  

 = Arrival rate  

 = Customers in group or batch (as different size) for arrival rate  

 = Service rate  

l = Vacation length  

 = Customers in group or Batch (as different size) for service rate  

 = Utilization factor  1/   
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1,nP  Expected probability of customers in the queue, when the server is on 

vacation  

2,nP  Expected prob. of customers in the queue, when the server is 

interruption 

qL  Mean number of customers in the queue 

sL  Mean number of customers in the system 

qRt  Response time of customers in the queue 

sRt  Response time of customers in the system 

3. Model Description 

We consider a single-server queueing model with bulk arrival and bulk 

service under the vacation when the server is unavailable to provide the 

service for a certain period. The server vacations are valuable for the system 

in particular when the server wishes to consume his idle time for other 

ancillary work or server take rest. In interruption server is not working or 

under repair. Arrival pattern follows the Poisson process and service rate is 

exponentially distributed. Assume that the systems initially contain N 

customers, when the customers enter the system than the server starts the 

service in batch. After completion of the service if he finds more than N 

customers in the queue then the first N customers will be taken for service 

and serve them in a batch size of  and . 

Let    tCtN ,  be a random system where in  tN  be the random 

variable which represents the variety of clients in a queue at time t and  tC  

be the random variable which represents the server popularity 

(vacation/interruption) at time t.  

Here,  tPn 1,  is the probability of the server is on vacation if there are n 

clients with in the queue at time t, and  tPn 2,  is the probability of the server 

is an interruption, if there are n customers with in the queue at time t.  

The Chapman-Kolmogorov equations is employed 
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            taPtPqtpqptP NNn 2,1,1,01, 11   (1) 

              taPtPqtpPtPqptP NnNnnnn 2,1,1,11,1, 11     

for 3,2,1n  (2) 

       tPqtpPtP 1,02,02,0 1   (3) 

         tPqtpPtpPtP nnn 1,2,12,2,0 1    

for 1,,3,2,1  Nn   (4) 

       tpPtPaptP nn 2,12,2,0   for .Nn   (5) 

Apply steady-state condition from (1) to (5) we have 

          taPtPqtPqp NN 2,1,1,0 11   (6) 

            taPtPqtpPtPqp NnNnnn 2,1,1,11, 11    

for 3,2,1n  (7) 

     tPqtpP 1,02,0 1   (8) 

       tPqtpPtpP nnn 1,2,12, 1    for 1,,3,2,1  Nn   (9) 

     tpPtPap nn 2,12,   for .Nn   (10) 

Use generating function to summarize the above equations 
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Adding (8), (9) and (10) after multiply by nz  we have 
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From (12), we have 
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Equation (14) is representing generating function for the quantity of clients 

inside the queue while the server is on vacation. 

Now, from (13) and (14), we have 
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Equation (15) is representing the probability generating function for the 

number of customers in the queue when the server is an interruption. 

We put 1z  in (13), we have 
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Using the normalized condition     .111  HG   (17) 

Using the (1) in (17), we get 
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From the (16) and (18), we have. 

The steady-state probability that the sever is on vacation  
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The steady-state probability that the sever is interruption 
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The generating function  zG  has the property that it must converge 

inside the unit circle. We notice that the denominator of 

      qzqppzzG NN   11, 1  has 1N  zero’s Applying 

Rouche’s theorem, we notice that N zeros of this expression lies inside the 

1z  and must coincide with N zeros of numerator of  zG  and zero lies 

outside the circle .1z  Let 0z  be a zero which lies outside the circle 

.1z  As  zG  converges, k zeros of numerator and denominator will be 

cancelled, we obtain the generating function 
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Putting 1z  in (19), we get 
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Using (16) and (18) in (20), we obtain 
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From (19) and (21), we get 
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By apply partial fractions, we obtain 
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Now, compare the coefficient of nz  on both sides of the (23) 
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Form (24) and (25) are representing, the steady-state probability, when 

the server is on vacation and interruption mode. 

4. Performance Measures 

In this section, we define expected probability with vacation and 

interruption time and also obtained the average number of customers in the 

system, the average number of customers in the queue, response time in the 

system and queue with utilization factor. These measures are used to carry 

out the qualitative behavior of the queueing model with a single server. 
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 Mean number of customers in the queue:  





0 2,1,n nnq PPnL  

 Mean number of customers in the system:   





0 2,1,n nns nPPNnL  

 Mean Response time in the system: 
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5. Sensitivity Analysis 

In this section, we obtain some performance measures of the system with 

queueing model with various parameters as ,,,,,,, qlp  and N are 

chose so that they satisfy with utilization factor. Also, we study of expected 

probabilities corresponding to the server is on vacation and interruption. 

Here, arising some cases as given below: 

Tables 1, 4, 7, 10 and 15 represent the steady-state probability 

distribution when the server is on vacation mode for various values of  and 

also, tables 2, 5, 8, 11 and 14 are present the steady-state probability 

distribution, when the server is interruption mode for various values of . 

Tables 3, 6, 9, 12 and 15 show the performance measures the Mean 

number of customers in the system, the Mean number of customers in the 

queue, response time in the system and queue with utilization factor and 

also, obtain the mean from the probability distribution when the server is on 

vacation and interruption mode. 

Case I: Server is on vacation with 1  to ,10,3,2,10   

6,2.,10,8.  zqlp  and .2N  
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Table 1. Steady-state probabilities corresponding Case I. 

 

Case II: Server is interruption and 2N  with 1  to ,2,10   

.6,2.,10,8.,10,3  zqlp  

Table 2.  Steady-state probabilities corresponding Case II. 

 

Table 3. Performance of  RsRqLsLq ,,,  with utilization factor. 

 

Case III: Server is on vacation with 1  to ,10,3,3,10   

6,2.,10,8.  zqlp  and .2N  
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Table 4. Steady-state probabilities corresponding Case III. 

 

Case IV: Server is interruption with 1  to ,3,3,10   

6,2.,10,8.,10  zqlp  and .2N  

Table 5. Steady-state probabilities corresponding Case IV. 

 

Table 6. Performance of RsRqLsLq ,,,  with utilization. 

 

Case V: Server is on vacation with 1  to ,10,3,4,10   

6,2.,10,8.  zqlp  and .2N  
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Table 7. Steady-state probability corresponding Case V. 

 

Case VI: Server is interruption with 1  to ,10,3,4,10   

6,2.,10,8.  zqlp  and .2N  

Table 8. Steady-state probabilities corresponding Case VI. 

 

Table 9. Performance of RsRqLsLq ,,, with utilization factor. 
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Case VII:  Server is on vacation with of  1  to ,4,2,10   

6,2.,10,8.,10  zqlp  and .2N  

Table 10. Steady-state probabilities corresponding case VII. 

 

 

Case VIII: Server is interruption with 1  to ,10,4,2,10   

6,2.,10,8.  zqlp  and .2N  

Table 11. Steady-state probabilities corresponding case VIII. 

 

Table 12. Performance of RsRqLsLq ,,,  with Utilization factor. 
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Case IX: Server is on vacation with 1  to ,10,5,2,10   

6,2.,10,8.  zqlp  and  .2N  

Table 13. Steady-state probabilities corresponding case XI. 

 

Case X: Server is interruption with 1  to ,10,5,2,10   

6,2.,10,8.  zqlp  and .2N  

Table 14. Steady-state probabilities corresponding case X. 

 

Table 15. Performance of  RsRqLsLq ,,,  with utilization factor. 
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Fig. 1. Probability (Mean) and Utilization vs. Arrival rate. Fig. 2. Performance of Lq, Ls, Rq and Rs vs. Arrival rate. 

 

Fig. 3. Probability (Mean) and Utilization vs. Arrival rate. Fig. 4. Performance of RsRqLsLq ,,,  and Rs vs. Arrival 

rate. 

 

Fig. 5. Probability (Mean) and Utilization vs. Arrival rate. Fig. 6. Performance of RsRqLsLq ,,,  and Rs vs. Arrival 

rate. 
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Fig. 7. Probability (Mean) and Utilization vs. Arrival rate. Fig. 8. Performance of RsRqLsLq ,,, vs. Arrival rate. 

 

Fig. 9. Probability (Mean) and Utilization vs. Arrival rate. Fig. 10. Performance of RsRqLsLq ,,,  and Rs vs. Arrival 

rate. 

Figures 1, 3, 5, 7 and 9 are depicted steady-state probability (mean) and 

utilization vs. number of arrival. Steady-state probability and utilization are 

going to increase corresponding to growing arrival rate. This indicates the 

better performance of the proposed model. However, performance of mean 

number of customers in the system, mean number of customers in the queue, 

response time in the system and queue vs. arrival rate are illustrated in 

figures 2, 4, 6, 8 and 10. The response time of the system under vacation and 

interruption corresponding to the increased arrival rate becomes goes down 

constantly. 

6. Conclusion 

The model studied here can be applied in many real-time systems such as 

information transmission systems, transportation, flexible manufacturing 

systems, etc. the considered model is more adaptable and represents more 

robust physical systems of bulk discipline. Steady-state probability 

generation functions are obtained various systems characteristic. We also 

examine the performance measures to analyze the effect of the parameters 



PERFORMANCE OF BULK QUEUE UNDER VACATION … 

Advances and Applications in Mathematical Sciences, Volume 19, Issue 10, August 2020 

985 

over the system. Our study may be useful to the system designers to achieve 

a better grade of service. The sensitivity analysis of the model reveals the 

bulk size distribution parameters, have significant influence on the system 

performance indices by varying bulk size parameters (arrival and service) the 

congestion in queues and mean delay in service, can be reduced. 
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