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Abstract 

Let G be a simple graph of order p. The geosaturation number of a graph ( )EVG ,=  is the 

least positive integer m such that every vertex of G lies in a geodetic set of cardinality m and is 

denoted by ( ).Ggs  The geosaturation polynomial of a graph G of order p is the polynomial 

( ) ( )
( )

( )
 =

=
GV

Ggsi

ixiGgxG ,,,  where ( )iGg ,  is the number of geodetic sets of G of size i and 

( )Ggs  is the geosaturation number of G. If ba,  and c are integers such that 12 − ab  and 

,1 acb +  then there exists a connected graph G of order a, diameter b and ( ) .cGgs =  

Moreover, the geosaturation polynomial is ( ) ( ) ( ) =
−−+−=

a

ci

i
ci xCcaxG .1, 1  In this paper, 

we obtain several results connecting ( ) ( )GgsGg ,  and other graph theoretic parameters. 
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1. Introduction 

Throughout this paper, G denotes a graph with order p. By a graph we 

mean a finite undirected graph without loops or multiple edges. For graph 

theoretic terms we refer Harary [3]. In particular, for terminology related to 

domination theory we refer Hayanes [4] and for terminology related to 

geodetic theory we refer [1]. 

2. Geodetic Polynomial of a Graph 

Definition 2.1. The geodetic polynomial of a graph G of order p is the 

polynomial ( ) ( )
( )

( )
 =

=
GV

Ggi
ixiGgxG ,,,  where ( )iGg ,  is the number of 

geodetic sets of G of size i and ( )Gg  is the geodetic number of G. 

Definition 2.2. A root of ( )xG,  is called a geodetic root of G and is 

denoted by ( )( )., xGZ   

Theorem 2.3. Let T be any tree, ( ) 
+

= −=
nm

ni
i

ni xmCxT .,  

Proof of Theorem 2.3. Let T be a tree with nm +  vertices, where m is 

the cardinality of non-pendent vertices and n is the cardinality of pendent 

vertices. Let  .,,,,,,, 2121 mn yyyxxxX =  Since ix ’s are pendent 

vertices, ix ’s belongs to the geodetic set. Therefore,  nxxx ,,, 21   is the 

geodetic set. If we remove a pendent vertex ix  and add a non-pendent vertex 

     ,,,,, 21 injj xxxxyy −  for ni ,,2,1 =  and mj ,,3,2,1 =  is 

not a geodetic set, since ix  does not lie any geodesic path. Therefore, 

 nxxx ,,, 21   is the one and only minimal geodetic set. Hence ( ) .nTg =  

Now, the number of geodetic set with cardinality n is 1. The number of 

geodetic set with cardinality 1+n  is .1mC  The number of geodetic set with 

cardinality 2+n  is .2mC  Proceeding like this, the number of geodetic set 

with cardinality mn +  is .mmC  Therefore, 

( ) mn
m

nn xmCxmCxxT ++ +++= 1
11,  
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
+

=
−=

nm

ni

i
ni xmC .  

2.1 Graph with two Geodetic Roots 

Theorem 2.4. Let T be a tree of order p. Then ( )( )  .1,0, −=xTZ   

Proof of Theorem 2.4. Let T be a tree with bap +=  vertices, where a 

is the cardinality of non-pendent vertices and b is the cardinality of pendent 

vertices. Since zero is the geodetic root with multiplicity b, for every tree 

( )xTT ,,   has two distinct roots, we have ( ) ( ) ,, bpb cxxxT −
+=  for some 

,0c  where ( ) .GVp =  Therefore, the coefficient of 1−px  is ( )cbp −  and 

so ( )  .0Ncbp −  This means that c is a rational number. Since every 

rational algebraic integer is an integer, we have .Nc   Now, we have to 

prove that .1=c  Since T is a tree, the coefficient of 1−px  in ( )xT,  is .bp −  

Then .1=c  Therefore-1 is a root of multiplicity .bp −  Hence 

( )( )  .1,0, −=xTZ   □  

Problem 2.5. Characterize Graphs with three geodetic roots. 

Problem 2.6. Characterize geodetic roots of all connected graphs. 

3. Geosaturation number and Polynomial of a graph 

3.1. Geosaturation number of a Graph 

Definition 3.1. The geosaturation number of a graph ( )EVG ,=  is the 

least positive integer m such that every vertex of G lies in a geodetic set of 

cardinality m and is denoted by ( ).Ggs  

Definition 3.2. A graph G is said to be a class 1 or class 2 according as 

( ) ( )GgGgs =  or ( ) ( ) .1+= GgGgs  

Any complete graph nK  is of class 1 and tree T is of class 2. 

Observation 3.3. For any graph GG,  has a cut-vertex, then G is of class 

2. 

Theorem 3.4. Let G be a connected graph of order .2p  Then 
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( ) ( ) ( ) pGgGgsGg c ===  if and only if G is the complete graph with p 

vertices. 

Proof of Theorem 3.4. We know that the result holds for .2=p  We 

now consider the case where .3p  Assume that ( ) ( ) ( ) .pGgGgsGg c ===  

Suppose to the contrary that there are two non-adjacent vertices ba,  in G. 

Let P be an ba −  geodesic and let x be a vertex on P which is adjacent to a. 

Then ( )  xGV  is a geodetic set of G, which is a contradiction to our 

assumption. Hence G is a complete graph. Conversely, if ,KpG =  then 

obviously ( ) ,pGgs =  by theorem in [2], ( ) nGg =  and by theorem in [1], 

( ) .pGgc =  Therefore ( ) ( ) ( ) .pGgGgsGg c ===  □ 

Theorem 3.5. For any two positive integers a and b with ,2 ba   there 

exists a connected graph G with ( ) aGgs =  and ( ) .bGV =  

Proof of Theorem 3.5. Clearly, the result is true for .2 ba   Since if 

,2=b  then ,2PG =  while if ,3=b  then  ., 33 KPG   Let us consider the 

case that .4b  If ,ba =  let bKG =  and if ,1−= ba  let .1,1 −= bKG  For 

,2− ba  let G be a graph obtained from the star 2,1 −bK  with support x 

leaves 221 ,,, −bxxx   by adding a new vertex y and joining y to the vertices 

( ).21 −− biaxi  Then  yxxx a ,,,, 221 −  is the geodetic set. Therefore 

( ) .1−= aGg  But the vertices  xxxx baa ,,,, 21 −−   does not belong to any 

geodetic set of cardinality .1−a  Therefore ( ) .aGgs =  □  

Theorem 3.6. If G is a connected graph with ( ) ,1= G  then 

( ) ( ).GgGgs c=  

Proof of Theorem 3.6. If ,pKG =  then ( ) 1= G  and 

( ) ( ) ,pGgGgs c ==  so we only have to consider the case .pKG   Since 

( ) ( ) 1,1 −== pGG  and .2diamG  Since ,pKG   there exists at least 

two non-adjacent vertices in G. Therefore, .2=diamG  Let S be the 

minimum cardinality geodetic set of G and let Sx   (such a vertex in G). 

Since S is a geodetic set, there exists a vertices Syx ,  such that a belongs 

to a yx −  geodesic. Since ,2=diamG  it follows thatthe yx −  geodesic 
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containing a must be the path .xay  Also, a does not belong to any geodetic 

set, ( ) ( ) .1+= GgGgs  Also, by theorem in [1], a must be in the connected 

geodetic set. Therefore ( ) ( ).GgGgs c=  □ 

Theorem 3.7. For every non-trivial tree T of order ( ) 2, +−= mpTgsn  if 

and only if T is a caterpillar. 

Proof of Theorem 3.7. Let T be any non-trivial tree of order p. Let 

( )vudm ,=  and let vvvvvuP mm == −110 ,,,:   be a diameteral path. Let 

a be the number of end vertices of T and b be the number of internal vertices 

of T other than .,,, 121 −mvvv   Then .1 pabm =++−  This implies that 

1+−−= bmpa  therefore ( ) aTg =  and so ( ) .1+−−= bmpTg  T is a 

caterpillar if and only if all the internal vertices of T lie on the diametrical 

path P if and only if 0=b  if and only if ( ) .1+−= mpTg  But the vertices 

121 ,,, −mvvv   are does not lie on any geodetic set. Then ( ) .2+−= mpTgs  

Hence T is a caterpillar if and only if ( ) .2+−= dnTgs  □ 

Corollary 3.9. For a wounded sider T of order ( ) 2, +−= mpTgsn  if 

and only if T is obtained from ( )1,1 nK n  by subdividing at most two of its 

edges. 

Proof of Corollary 3.9. It is clear that an wounded spider T is a 

caterpillar if and only if T is obtained from ( )1,1 nK n  by subdividing at 

most two of its edges. Now, the corollary follows from the above theorem.  □  

3.2 Geosaturation Polynomial of a graph 

Definition 3.10. The geosaturation polynomial of a graph G of order p is 

the polynomial ( ) ( )
( )

( )
 =

=
GV

Ggsi
ixiGgxGs ,,,  where ( )iGg ,  is the number of 

geodetic sets of G of size i and ( )Ggs  is the geosaturation number of G. 

Theorem 3.11. For any tree ( ) 
+

+= −=
nm

ni
i

ni xmCxTsT
1

.,,   

Proof of Theorem 3.11. Let T be a tree with nm +  vertices, where m is 

the cardinality of non-pendent vertices and n is the cardinality of pendent 

vertices. Let  .,,,,,,, 2121 mn uuuvvvX =  Since iv ’s are simplicial 
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vertices, iv ’s belongs to the geodetic set. Therefore,  nvvv ,,, 21   is the 

geodetic set. Hence ( ) .nTg =  But the non-pendent vertices iv ’s does not 

belongs to the geodetic set. Therefore ( ) .1+= nTgs  Now, the number of 

geodetic sets with cardinality 1+n  is .1mC  The number of geodetic sets with 

cardinality 2+n  is .2mC  The number of geodetic sets with cardinality 3+n  

is .2mC  Proceeding like this, the number of geodetic sets with cardinality 

mn +  is .mmC  Therefore, ( ) 
+

+= −=
nm

ni
i

ni xmCxTsT
1

.,,   □ 

Theorem 3.12. For a positive integers ba,  and 1+ bc  with 

,2aba   there exists a connected graph G with bGdiamaradG == ,  and 

( ) .cGgs =  Moreover, the geosaturating polynomial is 

( ) ( ) ( )
−++

= −−−+=
3

1 .2,
cba

ci
i

ci xCbaxGs  

Proof of Theorem 3.12. Let ,1=a  then 1=b  or 2. If ,1=b  let 

.cKG =  Then ( ) .cGg =  This implies that ( ) .cGgs =  If ,2=b  let 

.1,1 −= cKG  Then ( ) .1−= cGg  But the support vertex does not lie on the 

geodetic set. Therefore, ( ) .cGgs =  Now, Let .2aba   Let aC2  be the even 

cycle of order a2  with the vertices avvv 221 ,,,   and let 1+−abP  be a path of 

order 1+− ab  with the vertices .,,, 10 abuuu −  Let 3,1 −cK  be a star graph 

with vertices .,,, 310 −cwww   Let G be a graph obtained from aC2  and 

1+−abP  by identifying 1v  in aC2  and 0u  in 1+−abP  and also identifying the 

vertex 1−−abu  with 0w  in .3,1 −= cKG  The Graph G is shown below: 

 

Figure 1. G. 
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Then aGrad =  and .bGdiam =  Let  321 ,,,, −−= cab wwwuM   be 

the pendent vertices of the graph G with .2−= cM  Clearly, all the 

pendent vertices belongs to the geodetic set. Let  .1+= avMN   Clearly N 

is a geodetic set with .1−= cN  Therefore ( ) .1−= cGg  But 

 1211121 ,,,,,,,,, −−+− abaa uuuvvvv   does not lie on the geodetic set. 

Therefore ( ) .cGgs =  Now, we form a geosaturation polynomial. Let G be a 

graph with 3−++ cba  vertices. Since ( ) ( ) cGgscGg =−= ,1  and this can 

be done in ( ) 12 Cba −+  ways. Therefore, the number of geodetic set with 

cardinality c is ( ) .2 1Cba −+  Now, the number of geodetic set with 

cardinality 1+c  is ( ) .2 1Cba −+  Also, the number of geodetic set with 

cardinality 2+c  is ( ) .2 3Cba −+  Proceeding like this, The number of 

geodetic set with cardinality 3−++ cba  is ( ) .2 2−+−+ baCba  Therefore, 

the geosaturation polynomial is 

( )xGs ,  

( ) ( ) ( ) ( )
2

2
1

21 222 −++
−+

+ −+++−++−+= cba
ba

cc xCbaxCbaxCba   

( ) ( ) ( )
−++

=
−−−+=

3

12,
cba

ci

i
ci xCbaxGs  

.1+av  

Problem 3.13. For any three positive integers ba,  and 1+ bc  such 

that ,2aba =  does there exist a connected graph G with 

bGdiamaGrad == ,  and ( ) .cGgs =  

Theorem 3.14. If ba,  and c are integers such that 12 − ab  and 

,1 acb +  then there exists a connected graph G of order a, diameter b 

and ( ) .cGgs =  Moreover, the geosaturation polynomial is ( )xGs ,  

( ) ( ) .1 1 =
−−+−=

a

ci

i
ci xCba  

Proof of Theorem 3.14. We prove this theorem by considering three 

cases. 



C. SHEEJA and D. NIDHA 

Advances and Applications in Mathematical Sciences, Volume 22, Issue 1, November 2022 

362 

Case (i). Let .2=b  If ,1+= bc  then .3=c  Let 3213 ,,: uuuP  be a 

path of order 3. Now, we choose 3−a  new vertices 321 ,,, −awww   and 

joining each ( )31 − aiwi  to 1u  and .3u  The graph G in Figure 2 is the 

resultant graph. 

 

Figure 2. G. 

Then G has order a and diameter 2. Clearly,  31, uuM =  is the 

minimum cardinality geodetic set of G. Therefore ( ) .12 −== cGg  But 

 3212 ,,,, −awwwu   does not lie on the geodetic set. Thus ( ) .cGgs =  Now, 

let .1 acb +  Consider a complete graph  ,,,,, 1211 +−− caa wwwK   

221 ,,, −cvvv   as its vertex set. Now, add a new vertex x to .1−aK  Then a 

graph G by joining x with ( ).11 +− caiwi  The graph G in Figure 3 is the 

resultant graph. 
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Figure 3. G. 

Then G has order a and diameter .2=b  Let  .,,,, 221 xvvvM c−=   

Clearly M is the minimum cardinality geodetic set of G. Therefore, 

( ) .1−= cGg  But  121 ,,, +−cawww   does not lie on the geodetic set. Thus 

( ) .cGgs =  

Case (ii). Let .23 − ab  Consider a path 1211 ,,,, ++ bb uuuP   as its 

vertex set of length b. Now, choose 2−−− cba  new vertices 

221 ,,, +−− cbawww   and joining ( )21 +−− cbaiwi  to 1u  and .3u  

Also, we can choose 3−c  new vertices 321 ,,, −cvvv   and joining 

( )31 − civi  to .bu  Then graph G in Figure 4 is the resultant graph. 

 

Figure 4. G. 

Then G has order a and diameter b. Let  1221 ,,,, +−= bc uvvvM   be 

the set of all pendent vertices. Clearly, all the pendent vertices belongs to 

geodetic set. Now,  1uM   is a geodetic set. Therefore ( ) .1−= cGg  But 
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 bcba uuuwww ,,,,,,, 32221  +−−  does not lie on the geodetic set. Thus 

( ) .cGgs =  

Case (iii). Let .1−= ab  Then .ac =  Let G be the complete graph of 

order c. Then ( ) .cGg =  This implies that ( ) .cGgs =  Now, we form a 

geosaturation polynomial. Let G be a graph with c vertices. Since 

( ) ( ) cGgscGg =−= ,1  and this can be done in ( ) 11 Cca +−  ways. Therefore, 

the number of geodetic set with cardinality c is ( ) .1 1Cca +−  Now, the 

number of geodetic set with cardinality 1+c  is ( ) .1 2Cca +−  Also, the 

number of geodetic set with cardinality 2+c  is ( ) .1 3Cca +−  Proceeding like 

this, the number of geodetic set with cardinality a is ( ) .1 1+−+− caCca  

Therefore, 

( )xGs ,  

( ) ( ) ( ) ( )
1

1
2

21 111 +−
+−+−+++−++−= ca

ca
c xCcaxCcaxCca   

( ) ( ) ( ) =
−−−+=

a

ci

i
ci xCcaxGs .2, 1  

4. The Geosaturation Polynomial of .1KG   

In this section, we study the geosaturation number and geosaturation 

polynomial of .1KG   

Lemma 4.1. For a connected graph G of order ( ) .,1 1 pKGgsp =−   

Proof of Lemma 4.1. Let  121 ,,, −pvvv   be the vertices of a connected 

graph G. Add 1−p  new vertices  121 ,,, −puuu   to G. Now, connect iu  to 

iv  for .11 − pi  If T is a geodetic set of G, then for every 

.,11, Tupii i −  This implies that .1−= pT  But  121 ,,, −pvvv   

does not lie any geodetic set. Therefore, ( ) .1 pKGgs =  

Remark 4.2. By lemma 4.1, ( ) ,0,1 =kKGg   for every ., pkk   So we 

shall compute ( )kKGg ,1  for each .2, pkpk   
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Theorem 4.3. For any graph G of order p and ,2pkp   we have 

( ) ( ).,1
p
pkkKGg

−
=  Hence ( ) ( ) .11, −+=

pp xxxGs  

Proof of Theorem 4.3. Let G be any graph with vertex set 

 .,,, 21 pvvv   Add p new vertices  puuu ,,, 21   and join iu  to iv  for 

.1 pi   By previous lemma 4.1, ( ) .11 += pKGgs   Suppose that T is a 

geodetic set of 1KG   of size k. There are ( )p
pk−

 possibilities to choose the 

remaining vertices. Therefore, ( ) ( ).,1
p
pkkKGg

−
=  
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