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Abstract

A graph G(V, E) is observed to admit vertex prime and edge ternion sum labeling when
the vertices of the graph are labeled with unique integral values from [1, |V [] in a way that for
each edge wv, the end vertices u and v are designated labels that share no common positive

factors except 1 and the edges of the graph are assigned labels with distinct integral values from
[1,| V|+|E|] such that the ternion sum of the designated labels of the vertices u, v and the

edge wv is an unique constant. In this research article we have instigated a new category of

labeling named as vertex prime and edge ternion sum labeling and we investigate that the path,
odd cycle, star, comb, coconut tree and crown graphs admit vertex prime and edge ternion sum
labeling and we also establish and deduce the ternion sum of the above stated graphs.

1. Introduction

In this research article the graphs examined are non-oriented, non-
disconnected, finite with no multiple edges and loops. We symbolize the
vertex set by V(G) with cardinality | V(G)| and the edge set by E(G) with

cardinality | E(G)|. Graph labeling is one of the important branches of graph
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theory in which the vertices or edges or both are assigned integral values
with some conditions. There are various applications of graph labeling such
as astronomy, management of database, theory of coding, communication
network addressing, x-ray crystallography, circuit design and much more.
The notion of Prime labeling was introduced by R. Entringer. In this research
article we have instigated a new category of labeling named as vertex prime
and edge ternion sum labeling and we investigate that the path, odd cycle,
star, comb, coconut tree and crown graphs admit vertex prime and edge
ternion sum labeling. We also establish and deduce the ternion sum of the
above stated graphs.

2. Preliminaries

Definition 2.1 [3]. A star graph Kj ,,n >3 1is constructed by
considering a single vertex with n pendent edges from the single vertex.

Definition 2.2 [6]. The path graph B,, n > 2 is constructed by forming a

route from one vertex to another by virtue of placing edges linking successive

vertices of the path.

Definition 2.3 [6]. The cycle graph C,, n > 3 is constructed by forming

a route from one vertex to another by virtue of placing edges linking
successive vertices where the last edge connects the last vertex with the

starting vertex.
Definition 2.4 [1]. The comb graph P, ® K is constructed by appending
absolutely one pendent edge at every vertex of the path P, for n > 2.
Definition 2.5 [4]. The coconut tree, CT(m, n) is constructed by
connecting path P, with star K; , by introducing an edge between end
vertex of path P, to the apex vertex of star K; , whenever m > 2 and

n > 3.

Definition 2.6 [5]. The crown graph C, ® Kj, n > 3 is constructed by

attaching exactly one pendent edge at every vertex of the cycle C, for n > 3.

Definition 2.7 [2]. A graph G(V, E) is observed to admit prime labeling
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when the vertices of the graph are labeled with unique integral values from
[1,|]V]] in a way that for each edge wuy the end vertices u and v are

designated labels that share no common positive factors except 1.
3. Main Results

Definition 3.1. A graph G(V, E) is observed to admit vertex prime and

edge ternion sum labeling when the vertices of the graph are labeled with

unique integral values from [1, | V|] in a way that for each edge wu, the end

vertices u and v are designated labels that share no common positive factors
except 1 and the edges of the graph are assigned labels with distinct integral
values from [1, | V| +|E|] such that the ternion sum of the designated labels

of the vertices u, v and the edge uv is an unique constant.

Definition 3.2. The ternion sum for a graph G is defined as the unique

constant obtained by taking the sum of the designated labels of the vertices

u, v and the edge uv of the graph G. It is denoted by T,(G).

4. Vertex prime and edge ternion sum labeling of path graph

Theorem 4.1. The path graph P, for n > 2 admits vertex prime and

edge ternion sum labeling with ternion sum Ty(P,) = 2n.
Proof. Let P, be the Path for n > 2.

Then V(P,) = {v, vg, ..., U,}. In general, V(P,)={y;/1<i<n} and
| V(P,)| =n

The Edge set E(P,) = {e}, eg, ..., €,_1}-
In general, E(P,) = {¢; = vjv;;1/1<i<n-1} and |E(P,)|=n-1

Let us define the labeling of the vertices as a bijective mapping,
f:V(P,)—>1{,23, ..., n} by

f(Ui)=i,1Si§n
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Let us define the labeling of the edges as an injective mapping,
g:EP,)—>{,23 ...,2n-1} by g(¢)) =2n-1-2i,1<i<n-1

Then for the edges v;v;,1, we observe
gef(f(v;), f(vi1) = gef(, i +1) =1, 1<i<n-1
we also observe that for 1 < i < n —1, the ternion sum, Ty(P,) of the labels
f@) + flvi) + 8le) = (@) + (@ +1) + (20 -1 - 21)
=i+1+1+2n—-1-2i = 2n, aunique constant.

Therefore, path graph P, admits vertex prime and edge ternion sum

labeling with ternion sum T(P,) = 2n.

The path graph and its vertex prime and edge ternion sum labeling are as
in the following figures 4.1.1, 4.1.2 and 4.1.3 respectively.

1 €3 €z .. €n-2 €np-1

v, v, Vg o Vicx Va

Figure 4.1.1. Path graph P,.

Illustration 4.1.

11 9 7 3 3 1

4 5 6 T

Figure 4.1.2. vertex prime and edge ternion sum labeling of path graph F;
with Ty(P;) = 14.

17 15 13 11 9 7 5 3 1

Figure 4.1.3. vertex prime and edge ternion sum labeling of path graph P
with Ty(Pg) = 20.
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5. Vertex prime and edge ternion sum labeling of odd cycle graph

Theorem 5.1. The odd cycle C,, for n >3 and n is odd, admits vertex

prime and edge ternion sum labeling with ternion sum T, (C,) = 2n.
Proof. Let C,, be the Cycle graph for n > 3 and n is odd.

Then V(C,) = {iy, ug, ..., u,}. In general, V(C,)={y;/1<i<n} and
| V(C) | =n

The Edge set E(C,,) = {e;, e, ..., €, }.

In general, E(C,)={e; =wu;1/1<i<n-1}U{e, =u,y} and
| E(C) | = n.

Let us define the labeling of the vertices as a bijective mapping,
f:V(C,) > 1,23, ...,n} by, fly;)=i,1<i<n.

Let us define the labeling of the edges as an injective mapping,
g:EC,) > {1,238 ...,2n} by gle;))=2n-1-2i,1<i<n-1

gle,) =n-1

Then for the edges w;u;,1, we observe

gef(f(w;), f(wis1)) = gef(i, i+1)=1,1<i<n-1 and

gef(fw), fw)) = gef(n, 1) = 1
we also observe that for 1 <7 < n -1, the ternion sum Ty(C,,) of the labels
) + f(wig) + gle;) = () + (@ +1) + (2n -1 - 2i)

=i+i+1+2n—-1-2i = 2n, aunique constant

Also, f(vy) + f(v1) + glep) = (W) + (M) +(n - 1)

=n+1+n-1=2n, aunique constant

Therefore, odd cycle C, admits vertex prime and edge ternion sum

labeling with ternion sum Ty(C,,) = 2n.

Advances and Applications in Mathematical Sciences, Volume 21, Issue 12, October 2022



6808 V. ANNAMMA and N. HAMEEDA BEGUM

The cycle graph and its vertex prime and edge ternion sum labeling are
as in the following figures 5.1.1 and 5.1.2 respectively.

u, y
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Figure 5.1.1. Cycle graph C,,.

INlustration 5.1.
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Figure 5.1.2. vertex prime and edge ternion sum labeling of cycle graph Cq

with T,(Cq) = 18.
6. Vertex prime and edge ternion sum labeling of star graph

Theorem 6.1. The star graph K; , for n >3 admits vertex prime and

edge ternion sum labeling with ternion sum Ty(K; ,) =n + 3.
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Proof. Let K; , be the star graph for n > 3.

The  vertex  set V(Ky, ) = {u, vg, vg, ..., vy} In  general,

V(Ky, ) = {w, v/l <i<njand | V(K ,)|=n+1
The Edge set E(K; ,,) = {e1, eg, ..., ey).
In general, E(K; ) = {e; = uv;/1 <i <njand |E(K; ,)|=n
Let us define the labeling of the vertices as a bijective mapping,
f:V(Ky,)—> 11,23 ...,n+1}
flw) =1
fy;)=i+1,1<i<n

Let us define the labeling of the edges as an injective mapping,
g :EKy ,)—>1{1,23 ...,2n+1} by gle,))=n—-i+1,1<i<n

Then we observe that for edges uyj;,
gef(f(w), f(v;)) = gef(1,i+1)=1,1<i <n and
we also observe that for 1 < i < n, the ternion sum T4(K; ,) of the labels
fw)+ fv;)+8le) =)+ @+ +(n-i+1)
=14+i+1+n-i+1=n+3, aunique constant

Therefore, the star graph K; , admits vertex prime and edge ternion

sum labeling with ternion sum Ty(K; ,) = n + 3.

The star graph and its vertex prime and edge ternion sum labeling are as
in the following figures 6.1.1, 6.1.2 and 6.1.3 respectively.
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L [ ] ™y

-
Figure 6.1.1. Star graph.

Illustration 6.1.

Figure 6.1.2. Vertex prime and edge ternion sum labeling of star graph
Kl, 13 Wlth TS(KI, 13) = 16.
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z

Figure 6.1.3. Vertex prime and edge ternion sum labeling of star graph K; g

with T(Kq, g) = 11.

7. Vertex prime and edge ternion sum labeling of comb graph

Theorem 7.1. The comb graph P, ® K; for n > 2 admits vertex prime

and edge ternion sum labeling with ternion sum Ty (P, ® K;) = 4n.
Proof. Let G = P, ® K; be the Comb graph for n > 2.

Then V(G)={uy,uy,...,u,,01,09,...,0,}. In general, V(G)={u;,v;/1<i<n}
and | V(G)| = 2n and E(G)={e},e,...,€,,_9,€,1,%1,X, .., Xp)-

In general, E(G)={¢; = yju;.1/1<i<n-1U{x; =uuv;/1 <i<n} and
|E(G)| = 2n-1.

Let us define the labeling of the vertices as a bijective mapping,
f:VG) - {1,238, ...,2n} fly;)=20-1,1<i<n

fv)=2i,1<i<n

Let us define the labeling of the edges as an injective mapping,
g:EG)—> {1,238, ...,2n—1} by

gle)=4n-4i,1<i<n-1

glx;)=4n-4i+1,1<i<n
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Then, we observe
For the edges w;u;,1, g¢f(f(w;), f(u;41))
=gcf(2i-1,20+1)=1,1<i<n-1
for the edges w;v;, gof (f(w;), f(w;)) = gcf(2i —1, 2i)) =1,1 < i < n and
we also observe that for 1 <i <n -1, the ternion sum T,(P, ®K;) of the
labels
fi) + f(us1) + 8(e;) = (20 = 1) + (2i + 1) + (4n — 4i)

=21 -1+ 2i+1+4n - 4i = 4n, a unique constant

Also,for 1 <i<n-1,
fw) + fw) + glx;) = (2

=21 -1+ 2i+4n —4i +1 = 4n, a unique constant.

1)+ (20) + (4n — 41 + 1)

Therefore, the comb graph P, ® K; admits vertex prime and edge ternion

sum labeling with ternion sum T,(P, © K;) = 4n.

The comb graph and its vertex prime and edge ternion sum labeling are

as in the following figures 7.1.1, 7.1.2 and 7.1.3 respectively.

Uy €1 Uz e Uz €3 Usg ... . ey—2 Uy—1 €x-1 U,
X1 X2 X3 Xy eoe . Xn-1 Xn
21 125] V3 Vs oo . Vn-1 VUp

Figure 7.1.1. Comb graph.

INlustration 7.1.
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1 28 3 7 16 9 12 11 8 13 4 15
29 13 9 5 1
2 6 8 10 12 14 16

Figure 7.1.2. vertex prime and edge ternion sum labeling of comb graph
P8 ®K1 Wlth TS(PS @Kl) = 32

36 32 7 28 9 24 11 20 13 16 1512 17 8 19 4 21

FERERREFFEELE

12 14 16 18 20 22

Figure 7.1.3. Vertex prime and edge ternion sum labeling of comb graph
[)11 ®K1 Wlth TS(P]_]_ @Kl) = 44

8. Vertex prime and edge ternion sum labeling of coconut tree graph

Theorem 8.1. The coconut tree graph CT(m, n) for m > 2, n > 3 admits

vertex prime and edge ternion sum labeling with ternion sum
T,(CT(m, n)) = 2m + 2n + 2.

Proof. Let CT(m,n)= P, ®K; , be the coconut tree graph for

m=>2n>3.
The vertex set V(CT'(m, n)) = {u, v, vy, ..., Uy, Uy, Ug, «..) Up )

In general, V(CT(m, n)) = {u, v;, uj/1 <i<n, 1< j<my and
| V(CT(m, n))| = m+n+1.

The Edge set E(CT'(m, n)) = {e}, €, ..., €y, X1, X9, +.., Xp }-

In general, E(CT(m, n))=1ej = ujuj /1 <j<m-1;Ulem = uyujU
{x; = wu;/1 <i < n} and |E(CT(m, n))| = m+n.

Let us define a vertex labeling f : V(CT(m, n)) > {1, 2,3,..., m+n+1}

f) =1
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fu)=i+1,1<i<n
fwj)=n+1+j,1<j<m

Let us define an edge labeling
g :E(CT(m,n) > 11,2, 3,..., 2m+ 2n + 1} by
glej)=2m-2j-1,1<j<m-1g(e,)=m+n
glx;))=2m+2n-i,1<i<n
Then, we observe
for the edges wju; 1, gcf(f(w;), f(uj.1))
=gefn+1+j,n+2+j)=1,1<j<m-1
for the edges u,,u, gcf(f(u,,), f(w) = gef(n +1+m,1) =1 and for the edges
wv;, gef(fw), fv;)) = gef(1,i+1) =1,1<i < n and we also observe that for
1<j<m-1, the ternion sum T(CT(m,n)) of the labels
flwj)+fwjg)+glej)=(m+1+j)+(n+1+j+1)+((2m-2j-1)
=n+l+j+n+l+j+1+2m-2j-1
= 2m + 2n + 2, a unique constant
Also,for1<i<n-1,
flup)+ fw)+gle,)=mn+1+m)+ Q)+ (m+n)
=n+l+m+l+m+n=2m+2n+2
Also, for 1 <i < n,
fw)+ )+ glx;) =) +@+1)+(2m+ 2n —1)
=1+i+1+2m+2n—1i
= 2m + 2n + 2, a unique constant.

Therefore, the coconut tree graph CT(m, n) for m > 2, n > 3 admits

vertex prime and edge ternion sum labeling with ternion sum
T,(CT(m, n)) = 2m + 2n + 2.
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The coconut tree graph and its vertex prime and edge ternion sum
labeling are as in the following figures 8.1.1, 8.1.2 and 8.1.3 respectively.

€ €2 €3 o a ™ €n-1 o, €n

uy uz uy Uy *%e LRI T u,

Figure 8.1.1. Coconut Tree graph.

Figure 7.1.2. Vertex prime and edge ternion sum labeling of coconut tree
graph CT'(6, 6) with T,(CT(6, 6)) = 26.

Figure 7.1.3. Vertex prime and edge ternion sum labeling of coconut tree
graph CT(9, 7) with T,(CT(9, 7)) = 34.
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9. Vertex prime and edge ternion sum labeling of crown graph

Theorem 9.1. The crown graph C,, ® K; for n > 3 and n is odd admits

vertex prime and edge ternion sum labeling with ternion sum
Ts(CnG)Kl):4n

Proof. Let G = C,, ® K; be the Crown graph.

The vertex set V(G)={y, ug, ..., u,, v, Vg, ...,u,}. In general,
V(G)={u, v;/1 <i<n} and | V(G)| = 2n and
E(G) = {e1, €9, s €y_15 €p» X1> X2, -ovs Xp )

In general, EG)={e =wu 11 <i<n-1}U{e = w1y}

Ufx; = wu;/1 <i < n} and |EG)| = 2n.
Let us define a vertex labeling, f : V(G) - {1, 2, 3, ..., 2n}
flyy))=20-1,1<i<n
fv)=2i,1<i<n
Let us define an edge labeling g : E(G) — {1, 2, 3, ..., 2n} by
gle,) = 2n
gle)=4n-4i,1<i<n-1
glx;)=4n-4i+1,1<i<n
Then, we observe
For the edges w;u;,1, 8cf(f(w;), f(141))
=gcf(2i-1,20+1)=1,1<i<n-1
for the edges wv;, gcf(f(w;), f(v;)) = gef(2i -1, 21) =1,1 <i < n and

we also observe that for 1 < i < n, the ternion sum T,(C,, ® K;) of the labels
fl) + flig) + gle;) = (20 = 1) + (2 + 1) + (4n - 4i)

=20-14+20+1+4n - 41
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= 4n, a unique constant
flu) + fn) + 8le,) = (2n —1) + (1) + (2n)
=2n-n+1+1+2n
= 4n, a unique constant
Also, f(u;)+ f(g;) + g(x;) = (20 —1) + (20) + (4n — 40 + 1)
=2-1+2i+4n-4i+1
= 4n, a unique constant.

Therefore, the crown graph C,® K; admits vertex prime and edge

ternion sum labeling with ternion sum Tg(C,, © K7) = 4n.

The crown graph and its vertex prime and edge ternion sum labeling are

as in the following figures 9.1.1 and 9.1.2 respectively.

vy

Figure 9. 1. 1. Crown graph.
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1"

Figure 9.1.2. Vertex prime and edge ternion sum labeling of crown graph
Cll @Kl Wlth TS(Cll @K]_) = 44.

10. Conclusion

In this research article we have instigated a new category of labeling
named as vertex prime and edge ternion sum labeling and we have also
investigated that the graphs such as the path, odd cycle, star, comb, coconut
tree and crown graphs admit vertex prime and edge ternion sum labeling and
we have also deduced the ternion sum of the each of the above stated graphs.
To investigate graphs that admit vertex prime and edge ternion sum labeling
1s interesting and engrossing.
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